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AHOTAIIA

Toaybuax O. M. Oueparopu B rijibOEpPTOBUX MPOCTOPAX CUMETPUIHUX AHATITUIHUX
dyHKIIIH HA OAHAXOBOMY MPOCTOPI 3 CUMETPUYHOI CTPpyKTypow. Ksamidikariiina
HayKOBa IIpallsd Ha MIpaBax PYKOIHCY.

Huceprariis Ha 3100yTTa HAYyKOBOIO CTYIIEHs JTOKTOpa biocodii 3a cneriainb-
HicTio 111 — Maremaruka. — Ilpukapnarchkuii HalllOHAJBHUIT YHIBEPCUTET iMeHi
Bacunsa Credannka, Isano-®pankiscbk, 2021. [HcTuTy T NpUKIaIHUX TPOOIEM Me-
xaniku i maremaruku im. A.C. ITliacrpuragsa HAH VYkpaiau, JIpsis, 2021.

Ananitnani yHKIII HA HECKIHIEHHOBUMIPHUX OAHAXOBHX IIPOCTOPAX € BAXKJIHA-
BUM O0O’€KTOM CYYaCHOTO HEJIHIHHOro (GyHKIIOHAJILHOTO aHadidy. bararo mikaBmx
MUTaHb Teopil omeparopiB Ta Teopil (PYHKIIN BAAETbCA AOCTIAUTH TPU BUBYEHHI
TiTEOEPTOBUX MPOCTOPIB aHAMITUIHUX (DYHKITIH Bi O/THIET Ta 6AaraThboX KOMIIJIEKCHUX
sminumx. Y poborax b. Koyna, T. I'amenina, 1. aynbaenno, A. dedanga, O.B. Jlo-
nymancbkoro, A.B. BaropoaHioka ta iHIMX 10CTIIXKEHO ripbbepTOBI MpOCTOpH aHa-
giTnaHuX QYHKIINR Ha TaKUX HiAMHOXKHHAX B o 9K KyJisl, HAIIBIPOCTIpP, ITOJIIUCK,
HECKIHYEeHHUH JTOOYTOK CKIHYEHHOBHMIPHUX IOJIIMCKIB, TOMIO. Y OaraTbox BUIIAJI-
KaxX TaKWil TIIKOEPTIB MPOCTip MOXKHA 300Pa3UTH Y BUTJISAI TPOCTOPY JHHIAHUX He-
nepepBHUX (PYHKIIOHAJIB HA cuMerpudHoMy mpoctopi Poka 3 NMEeBHOI 3BaXKEHOIO
HOPMOIO.

Cepen moiHoMia/IbHEX Bi/IoOparkeHb 9aCcTO BUPI3HSAIOTH IIOJIIHOMU 3 [EBHUMH
nogarkopuMu BiactuBocTamu. Y poborax A.C. Himeposcbkoro, C.M. Cemenosa, M.
lonsagesa, P. T'onzano, X. Xapawmino, P. Anenkapa, P. Apona, I1. Taginno, I. Yepne-
ru, A.B. 3aropoguioka Ta iHIIX JOC/iIKYBaJINCh CHMETPUYHI TOTIHOMA Ha, TPOCTO-
pax 3 MEeBHOK CUMETPUYHOIO CTPYKTYPOIO Ta ajaredpu, MOPOJKEH] UMK MOJTIHOMa-
vu. Ciig BIA3HAYUTH, [0 CAMETPUYIHI TTOJIHOMH HA CKIHYEHHOBHMIPHUX ITPOCTOPAX
€ KJIACHIYHUM 00’€KTOM ayirebpu Ta KoMbiHaTopuku. Bonu BimirpaloTh BaxKJIUBY POJIb
B Teopii ['asya, Teopii iHBapiaHTiB, 3a JOMOMOIOI CUMETPUYHHUX ITOJIHOMIB MOXKHA
MOJIeJTIOBATH KOMYTAITHI CHIBBLIHOIIIEHHST MiXK OTlepaTOpaMM HAPOJXKEHHS 1 3HU-
IIIEHHS y KBAHTOBIM MexaHiIri.

Y dyHKIIOHAJILHOMY aHaJ i3l CUMETPUYH] TOJIHOMHU JIOC/IXKYBAJIUCH B 3a1a~
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Jax alpoKCHUMAIlii HelepepBHUX PYHKIIHN Ha IificHux 6aHaxoBux mpocropax. Cume-
TPUYHI HOJiHOMHY Ha {1 JAf0Th MPHUKJIAIM 7151 KOKHOTO N MTOJIHOMIB 12— TOT'0 CTeIeHs,
sIKi He JIe’KaTh B 3aMUKaHHI aJredpHu, MOPO/IZKeHi#l TOJIiIHOMaMu CTeneHs He OLTBIITOTro
3a n—1. Taki nmoginomu, myasa n > 1, He € anpokcuMOBHUME. TaK0XK, OyJI0 TOCiI2KEHO
TOMOJIOTi9HI ayirebpu aHaTiTUIHUX (PYHKILIA, MTOPOXKEHUX CUMETPUIHUMHU TOJiHO-
mMaMu Ha npocropax £, 1 < p < 0o, Lpy[0,1],1 < p < o0, mig 6araTbOX BHIIAIKIB
OIIMCAHO CHEKTP TAKUX ajreop.

Y nmaHi#t aucepTariiiiHiii poOOTI AOCTIAXKEHO BJIACTHBOCTI TIiJbOEpPTOBOrO
npocropy HP(£1), IOPOIZKEHOro IIPOCTOPOM CHUMETPHYHUX TIOJIHOMIB Ha {1, OIOB-
HEHUM Y JIesIKiil eBKJIiIOBifi HOpMi 3 meBHOIO Baroio b = by. 3o0kpema, JOCIiIKEHO
YMOBH HenepepBHOCTI ¢dpyHKIioHAIIB HA H 2 (£1), siKi BU3HAYEH] K 3HAYCHHS €JIEMEH-
1iB 3 H?(¢1) y dixkcopanmx Toukax mpocropy ¢1. Posrnamyro omeparopu 3 H?(¢1)
B cebe, MOPOIKEHI IK KOMIIO3UINST 3 CHMETPUIHUMHU BiIoOparkeHHaAMHU Ha, {1, TOCJTIi-
TPKeHO TpupoHi 6asuch Ha HP((1), posriaHyTo omepaTopu AudepeHIiioBaHHsS Ha
npocropi H®(¢1).

Y BCTymi OOrpyHTOBAHO AKTyaJbHICTH TEMU JOCJIi/I?KEHHsI, BCTAHOBJIEHO
3B’A30K poboru 3 maykoBumu Temamu. ChopmyaboBaHo MeTy Ta 3aBJaHHs TOCi-
JIZKEHH$I, OIMMCAHO HAYKOBY HOBU3HY OTpUMAHUX pe3yibTaTiB. [lomano cimcok my0ti-
Karliii Ta iHdopMalliro Tpo ampodariii pe3yabTaTiB JUCEPTAIIHOT POOOTH.

Y neprioMy po3JiJii 3JIHCHEHO OrJidj JITepaTypu 3a TEMOK JIMCEePTaIiifHOl
pobOTH Ta TIO/IAHO OCHOBHI PE3YJIbTATU JIUCEPTAIlii.

Y apyromy po3idijii HaBeJIEeHO OCHOBHI O3Ha4YeHHA Ta CPOPMYJIbOBAHO Bigomi
pe3yJIbTaTu, AKi BUKOPUCTOBYIOTHCA B OCHOBHHUX PO3JLIaX IUCEPTAINAHOI poOOTH.
3okpema, y miapo3miiai 2.1 HaBeIeHO O3HAYUEHHsI MOJiHOMIaIbHOIO BiZoOpaskeHHs Ha
OaHaXOBOMY MTPOCTOPI Ta cPOPMYTHOBAHO OCHOBHI BJIACTUBOCTI, TaKi K MOJISIPU3a-
mifina ¢gpopmyia, ONUCAHO CTAHAAPTHI ajaredpaidri Oasmcu B aaredpi CUMETPUIHUX
noninomiB Ha C". 3B’430K Mixk muMn Ga3ucaMu BU3HAYAETHCSA BIJJOMUMHU PEKYpPEH-
tauMu popmyntamu Heiorona. Takox, po3riigHyTO CHMETPUYHI aHAITHIHI (DYHKITIT
Ha npocropi ¢, renepytodi dyukuii P(t), G(t), H(t) Ta cuiBBiIHONIEHHS MiXK HAMH.

Kpim Toro, posrisuyTo abcrpakTHi (3Bakeni) cuMerpuyuni npocropu Poka F,, HaL



4

JedKUM Tinb0epToBUM IpocTopoM F, cupsxKeHi 10 1ux npoctopis H,. , HaBeJeHo
O3HAYEeHHs BiATBOPIOIOYOTO SIpPA.

Y pozair 3 A0CHiIKEHO TiMhOEPTOBI MPOCTOPU CUMETPUYHUX AHATITUIHUX
dyukIiit Ha (7.

Y migposgiai 3.1 onucano anrebpaiuxi 6a3ucu B MPOCTOPI CUMETPUIHUAX TOJIi-
nomiB Ps(/1), 30kpema, 6a3ucH MOPOAZKEHI CTEICHEBUMHU, €JIEMEHTAPHUMU T2, TOBHHU-
MM CEMeTpUIHUMH mojinomamu. O0rpynToBano posmupenHs ¢gpopmya Hbiorona Ta
dopmyn Bapinra Ha HeCKiHUeHHOBUMIPHMI BUIIQIOK.

Y migpos3aiai 3.2 BBeIeHO CKaAsIpHUNE J0OYTOK HA MPOCTOPI CHMETPUYIHHUX I10-
ninomis Py (¢1) i posrasnyTo nonosnenns H°(¢1) mporo mpocTopy BiIHOCHO JAHOIO
ckasgpraoro no6yTKy. O64ncieno paziyce 36izkmocti enementis HY(¢1) ax amamiTu-
qyauX QyHKIHiH Ha (1. 3pobiieHO MOPIBHAHHS IIHOIO IIPOCTOPY 3 PiBHOMIPHOIO ajre-
Oporo TLINX aHATITUIHUX (DYHKII# 0OMekeHOoTo TUITY Ha, /1.

Y miaposaimi 3.3 gocaimkeHo 300paXKeHHsa MHOXKWHU CKIHYeHHUX MYJbTUMHO-
xxuH My y npocTopi cuMeTpudHuX 1MoJiiHOMIB. BBeeHo BijHOIIEHHST €KBiBAJIEHTHO-
CT1 ~ Ha MPOCTOPl CKIHYEHHUX MOCJIAOBHOCTENR Cog @ T ~ Y TOJL 1 TIIBKHA TOJ1, KOJIN
Yy =0(x) = (To1)s- -+ To(n)s---) A gedaxol migcranosku o : N — N.

BHafiIeHO IesKy IPUPOIHY METPHKY p Ha 300paskeHHI P MHOKHUHE Cg /Y
MTPOCTOPI CUMETPUYIHUX TTOJIHOMIB.

Y mizpo3aiii 3.4 po3riisiHy TO TPOCTIP CUMETPUYHUX aHAJITUIHUX DYHKIH Hp
Ha Cop, SKi € JIHIHHOI KOMOIHAIIEI JAeIKOro ajredbpaidHoro 6a3ucy CUMETPUIHUX
noainomis { @, }. BecranosieHo i30MopdisM 1Oro mpocTopy [0 IPOCTOPY BCIX ILIUX
dbyukniit H(C) na C.

Y migposaini 3.5 Becranoieno 38’a30K mpocTopy HP(f1) 3 abCTpakTHEM Hpo-
cropoMm QPoka. Omumcano MHOXKHHY (), IKa CKIAJAETHCI 3 TUX TOYOK & € (1, IO
byuxmionamu 6,: f + f(z) € nenepepsrumu na H°(¢1). Takox, nobynoBaHo npu-
poaHuit i3omerpudHuii i3omopdizm cumerpuynoro npocropy Poka Fy i mpoctipy
HZ(4y). 9k Hacaigok, OTpPUMAHO HEOIHOPIIHI CUCTEMH OPTOHOPMOBAHUX BEKTOPIB y
cuMeTpudHOMY TpocTopi PoKa Ta MepeHeceHo BigoMi KOMOIHATOPHI CIiBBIIHOIIEHHS

Ha BUIIQ/IOK T€H30PHUX TOJIHOMIB.
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Y deTBepTOMY PO3JILIL PO3LMIAHYTO MYJIbTUILIIKATUBHI OIlepaTOpH Ha riabdep-
TOBUX TPOCTOPAX CUMETPUYHUX AHAJITUIHUX (DYHKITI.

Y migposmimi 4.1 mocaigyKeHO MYJbTUILIIKATHUBHI (DYHKITIOHAJM Ha TiabOep-
TOBUX MPOCTOPAX CHUMETPUYHUX aHagiTuuHuxX yukiii. [Toka3zano, mo gkio Ha
H®({1) 3amano MyabTUILIIKATHBHY HOPMY, TO JiHIMHWI MyIbTHILIKATHBHEN dyH-
Kiionasn ¢ Ha Pg(¢1) Gyae HenepepBHUM TOMI 1 TIABKM TOMI, KOJIM IHOCJIIOBHICTH
a = {ar, = ¢(P)} HaNeXKUTDL 3BazkeHOMY TOiAHCcKy DY.

Taxozk, m06yI0BaHO 306parkenHs mpocropy HY(¢1) y Burisam mpoctopy ana-
JiTUIHUX PYHKIIH HA MHOXKUHI MYJIBTATLIIKATUBHUX (DYHKITIOHAJIIB.

VY nigposain 4.2 posrssinyTo oneparopu komno3suiii Ha H(¢1). Tlokazano, 1o
st KoxKHOT pyHKii h € W rakoi, mo [|h|| =7 < 11 h(0) = 0 oneparop KoMo3wuriii
Cr,: f — f o Fj, € nenepepsuum omneparopom 3 Hg(¢1) B Hs(¢1).

Kpim Toro, y mpoMy migpo3misi AOCITIIKEHO OMepaTop KOMO3UIII 3 CUMeTpH-
YHUM MHOYKEHHSM, YMOBU HOT0 HETepepBHOCTI Ta CAMOCIPSKEeHHOCTi. BcTaHOBIHO
dopmynm Ail mpOTo oreparopa Ha anaredpaidHux Oa3Mcax.

Y nigpo3aini 4.3 posrasHyTo Gioproronanbhi Gazucu B HZ(¢1). Tlokazano,
o B npocropi HZ(¢1) nimiiini 6asucu {Hy} i {M)} e GioproronanbHuMu, T0OTO
(Hjy, Mu> = 0y, JJIg JOBIIBHUX PO3OUTTIB A, L.

Y minpozaini 4.4 mocizKeHo cuMeTpudHi ApoOOBi BiOOpakKeHHs i CUMeTpHu-
4He (DYHKITIOHAJbHE YUCJICHHSI.

Y nigposaia 4.5 po3rastHyTO BiaTBOpIOHoUe sapo y npocropi Hg(¢1), onucano
OT0 BJIACTUBOCTI.

Y miaposgini 4.6 m0CTiAXKEHO BJIACTUBOCTI OlepaTopa CHUMETPUYHOIO 3CYBY
Ay: Ps(41) — Ps(¢1) nasa xoxuoro y € £1. Ay(P) — ninifiHuii omeparop Ha IpocTopi
Py(f1). Mu 6ymemo To3HAIaTH THM caMiM cuMBoioMm A, — omepatop Ha H2({1) 3
MaKCHUMAaJIbHOIO 0bjacTio BusHadeHHd. [lokazano, mo A, — minbHO BU3HAYeHWIT B
npoctopi H?(¢1) omeparop, y € ¢1. SIKmo MuokuHa p MiCTHTL BiAKpHUTY TIimzMHO-
KuHy 1 x ey € Y mia KoxuOro x € (Y, o Ay — 3aMKHeHui (To6TO Mae 3aMKHEHH
rpadik). dximo icaye zg € p Takwmii, mo xoey ¢ p, To oneparop Ap — HEOOMEKE-

HUil.
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Tako:x, moKazaHo, 1Mo AKIIO (), MICTUTH BIAKPUTY IIiIMHOXKHUHY, TO OIEPATOPD
A, Oyne obMerxkeHMM TOAI 1 TiIBPKH TOJI, KOJU BiH BU3HAUEHMH HA BCbOMY IIPOCTOPI
H®(¢y) (i npuitmMae 3HaUeHHS B ILOMY TIPOCTOP ).

Y nigposini 4.7 posrusmyTo oneparop audepenuirosanns na npocropi HC (£1).

Posrignemo Binobpaxenus O (P,) = tP, t € C, i O(c) = ¢, e ¢ = const.
[IponoskuMO #Oor0 3a JIHIHHICTIO 1 MYJIBTHILTIKATHBHICTIO Ha IIPOCTIp MOJIHOMIB
Ps(4y).

Posrasuemo oneparop tumny audgepeHItiioBaHHS:

O:(An(f(2))) — f(=)
, ,

Dy.f = lim heQ, h#0.

Hoseneno, mo Dy, h € Q, h # 0 — minsHOBU3HAUEHHMIT onepaTop B mpocropi HY (),
JUIst IKOTO BUKOHYEThCst nipasuio Jleiouina Dy (fg) = Du(f)g + fDr(g) ans Beix
f,g 3 obnacti BuzHauenus Dj. Kpim Toro, mokaszamo, mo s gosijabHoro h € (1,
h # 0 oneparopu Dy, ta D; B mpocropi H,(¢1) 3a10BOTIBHSIIOTH TAK 3BAHE KAHOHIYHE
KOMyTalliiiHe criBBigHOmeHHs Ha ipocTopi H(fq).

Kaov06i ca08a: cumempuswna anasimusha GyHKYLA HG OAHATO080MY NPOCO-
Pi, 21AB0EPMOBUTE NPOCTIED AHANMUNHUT PYHKYLT, cumempuunus npocmip Doxa,
ONePamop KoMno3uuli 6 nNPocmopi GHANMUNHUL GYHKULT, onepamop Jdudeperiito-

GaHHA.

ABSTRACT

Holubchak O. M. Operators on Hilbert spaces of symmetric analytic functions on a
Banach space with a symmetric structure. Qualifying scientific work as a manuscript.

A Thesis for a Philosophy Doctor Degree in Mathematics, speciality 111
Mathematics. — Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk,
2021. Pidstryhach Institute for Applied Problems of Mechanics and Mathematics,
Lviv, 2021.

Analytical functions on infinite-dimensional Banach spaces are an important
object of modern nonlinear functional analysis. Many interesting issues of operator
theory and function theory can be explored in the study of Hilbert spaces of analytic

functions from one and many complex variables. In the works of B. Cole, T. Gamelin,
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I. Zauldendo, A. Defand, O.V. Lopushansky, A.V. Zagorodnyuk and others, were
studied Hilbert spaces of analytic functions on subsets of /5 like a sphere, a half-
space, a polydisk, an infinite product of finite-dimensional polydisks, etc. In many
cases, such a Hilbert space can be represented as a space of linear continuous functi-
onals on a symmetric Fock space with a certain weighted norm.

Among polynomial mappings, polynomials with certain additional properti-
es are often distinguished. In the works of A.S. Nimerovsky, S.M. Semenov, M.
Gonzalez, R. Gonzalo, H. Haramilo, R. Alencar, R. Aron, P. Galindo, I. Chernega,
A.V. Zagorodnyuk and others were studied symmetric polynomials in spaces wi-
th a certain symmetric structures and algebras generated by these polynomials.
It should be noted that symmetric polynomials on finite-dimensional spaces are a
classical object of algebra and combinatorics. They play an important role in Galois
theory, the theory of invariants, using symmetric polynomials can be modeled relati-
ons between the operators of birth and annihilation in quantum mechanics.

In functional analysis, symmetric polynomials were investigated in the
problems of approximation of continuous functions on real Banach spaces. Symmetric
polynomials on ¢; give us examples of n-homogeneous polynomials that do not
belong to the closure of the algebra generated by polynomials of degree not greater
than n — 1. Also, it was investigated topological algebras of analytic functions
generated by symmetric polynomials on the spaces £,, 1 < p < oo, L,[0,1],
1 < p < oo, and for many cases, the spectra of such algebras were described.

In this dissertation work, the properties of the Hilbert space H?(¢1), generated
by the space of symmetric polynomials on ¢;, endowed with some Euclidean norm
with a certain weight b = by are investigated. In particular, conditions of continuity
of point-evaluation functionals on H?(¢;), at points of the space £; are obtained.
Operators of composition with symmetric mappings on £; on H?(¢1) are considered,
natural bases on H’({1) are studied, differentiation operators on space H({;) are
investigated.

In the introduction the relevance of the research topic is substantiated, the

connection of work with scientific topics is established. The purpose and tasks of the
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research are formulated, the scientific novelty of the obtained results is described.
The list of publications and information on approbation of results of dissertation
work is given.

The first section reviews the literature on the topic of the dissertation and
presents the main results of the dissertation.

The second section presents the main definitions and formulates the known
results that are used in the main sections of the dissertation. In particular, Section
2.1 gives the definition of polynomial maps in Banach spaces and formulates basic
properties, such as the polarization formula, describes standard algebraic bases in
the algebra of symmetric polynomials on C". The relationship between these bases is
determined by Newton’s known recurrent formulas. Also, symmetric analytic functi-
ons on space ¢, generating functions P(t), G(t), H(t) and the relationship between
them are considered. In addition, the abstract (weighted) symmetric Fock spaces F,
over some Hilbert space £, conjugate to these spaces H, are considered, and the
definition of the reproducing nucleus is given.

In Section 3, Hilbert spaces are symmetric analytical functions on ¢; are investi-
gated.

In Section 3.1 algebraic bases in the space of symmetric polynomials P;(¢;)
are described. In particular, bases are generated by power, elementary and complete
symmetric polynomials are considered. The extension of Newton’s formulas and
Waring’s formulas to an infinite-dimensional case is substantiated are given.

In Section 3.2, we introduce a scalar product on the space of symmetric
polynomials P,(¢1) and consider the replenishment H?(¢;) of this space with respect
to this scalar product. The convergence radius of the elements H’({1) as analytic
functions on ¢; is calculated. This space is compared with a uniform algebra of
integer analytic functions of bounded type on ¢;.

In Section 3.3 the representation of the set of finite multisets M in the space of
symmetric polynomials is studied. The equivalence relation ~ on the space of finite
sequences cqo is introduced: = ~ y if and only if y = o(z) = (z51),- -+, Tom)s---)

for some substitution o : N — N.
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Some natural metric p was found in the range P of the set cgo / ~ in the space
of symmetric polynomials.

In Section 3.4 the space of symmetric analytic functions Hp on cgg, which
are linear a combination of some algebraic basis of symmetric polynomials {Q,,}
considered. The isomorphism of this space to the space of all entire functions H(C)
to C is established.

Section 3.5 is devoted to connections between the space HY(¢1) and the
abstract Fock space. It is Described the set €2, which consisting of all points x € ¢4
such that the functionals &,: f + f(x) are continuous on H?(f;). Also, a natural
isometric isomorphism is constructed between the symmetric Fock space Fy and
the space HZ(¢1). As a result, nonhomogeneous systems of orthonormal vectors in
the symmetric Fock space are obtained and the known combinatorial relations are
transferred to the case of tensor polynomials.

In the fourth section, we consider multiplicative operators on Hilbert spaces
of symmetric analytic functions.

In Section 4.1, the multiplicative functionals on Hilbert spaces of symmetric
analytic functions are considered. It is shown that if the norm on H?(¢;) is multipli-
cative, then the linear multiplicative the functional ¢ on Ps(¢1) will be continuous
if and only if the sequence a = {ar = ¢(Ps)} belongs to the weighted poly-disk D.

Also, it is constructed a representation of the space HY(¢1) in the form of a
space of analytical functions on a set of multiplicative functionals.

In subsection 4.2 the operators of composition on Hy(¢1) are considered. It
is shown that for each function h € W such that that [|h]| = r < 1 and h(0) = 0
the composition operator Cp, : f — f o F}, is a continuous operator from H(¢1) to
Hy ().

In addition, in this section investigates the composition operator with
symmetric multiplication, the conditions of its continuity and self-conjugation. The

formulas of action of this operator on algebraic bases are established.
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Section 4.3 considers biorthogonal bases in HZ(¢;). It is shown that in the space
HZ(¢y) the linear the bases {H} and {M,} are biorthogonal, i. e. (Hx, M,) =6,
for arbitrary partitions A, u.

In Section 4.4, symmetric fractional mappings and symmetric functional
calculus are investigated.

In Section 4.5 it is discussed the reproducing kernel in the space H;(¢1) and is
described its properties.

In Section 4.6 it is investigates the properties of the symmetric shift operator
Ay: Ps(l1) = Ps(4y) for each y € ¢1. Ay(P) — a linear operator on the space Ps (7).
We will denote it by the same symbol A, the operator on H’(¢;) with the maximal
domain. It is shown that A, is a densely defined operator in H®(¢y), y € 1. If the
set {2, contains an open subset and x ey € 2, for each x € €2, then A, is closed. If
there exists xp € 2 such that zo e y ¢ ), then the operator A, is unbounded.

Also, it is shown that if €2, contains an open subset, then the operator A, will
be bounded if and only if it is defined on the whole space H?(/1).

In Section 4.7 a differentiation operator on the space H?( elly) is introduced.

Let us consider the mapping ©;(P,) = tP, t € C, and O(c) = ¢, where ¢ =
const. We extend it by the linearity and the multiplicity to the space of polynomials

P(¢1). Let us consider Consider the following differentiation type operator:

QM@ = f5) Lo
: | | .

Das = iy

It is proved that Dy, h € Q, h # 0 is a densely defined operator in the space H?(/),
for which the Leibniz rule holds Dy (fg) = Dr(f)g + fDr(g) for all f,g from the
domain Dy,. In addition, it is shown that for an arbitrary h € €, h # 0 operators Dy,
and D; in the spaces H,(¢1) satisfy the so-called canonical commutation relations
on the space Hy(¢1).

Key words: symmetric analytic functions on o Banach space, Hilbert spaces
of analytic functions, symmetric Fock space, composition operators in the space of

analytic functions, differentiation operators.
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H(X)— anrebpa mimx GyHkmiit ra X

Hy(X) — agrebpa 1mianx ((QYHKIIH 00MeKEeHOro THILY

(obMerkeHnxX Ha 0OMEKeHWX MHOXKWHAX) Ha X

Hps(X) — aJredpa CUMETPUIHUX IINX PYHKIIH 0bMeKe-

HOTO TUITY Ha X

H b(fl) — TLTHOEPTIB TPOCTIPp CUMETPUIHUX AHATITHIHUX

dyHKIIIT 3 Barowo b = by,

Dy, — nudepentioanns B mpocropi HY(41)
Ps(t1) — IIPOCTIPp CUMETPUYHUX IIOJIIHOMIB Ha {1
n — 3BaKennit cumerpuanuit npoctip Poka
Hy — CIIPSZKEHWH IPOCTIP 10 3BasKEHOr'0 CUMETPUIHO-

ro nipoctopy Poka

0y — PYHKITIOHAT 3HAUYEHHT B TOYII T
A — PO3OUTTSI HATYPAJIBHOTO YuCia 1N = ||
Qp — objiacTb B mmpocTopi 1 jjist TKOT BCl (DyHKITIOHA-

8, € HemepepBHUMHU B pocTopi HY(41)
Dy — MTOJTLTUCK B TIPOCTOPI {2

7 — i3omopdizm y mpocrip HY(¢) 3 Bigmosimoro

npocropy ®oka
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BCTVYII

AxrtyanpHicTh Temu. Ha cborogni icHye Be/lMKa KIiJBbKICTH HaIps-
MiB Ta MUIAXIB PO3BUTKY Cy4YaCHOI'O HEJIHIHHOIO (pyHKIIOHAJIBHOI'O aHAJII3Y,
30KpeMa, Teopis AudepeHiiaabHuX BiIoOparkeHb Ha 0aHAXOBUX MHOI'OBH/IAX,
Teopid JIHIHHWX BiI0OpaKeHb, TEOPisd MPO HEPYXOMY TOUKY, TEOPid Miph Ha
O6amaxoBUX MpocTOpax Ta iH. BakjmBe Miciie y 1IbOMY CIUCKY 3aiiMae Teopid
AHAJITUIHUX PYHKINNH HA KOMILIEKCHHX OaHAXOBUX IIpocTOpax. AHasiTuvHi
PYHKIIT Ha a0CTpakKTHUX HaHAXOBUX MTPOCTOPAX, 9K 1 YV KIACUIHOMY BUTIAJKY,
MOJIAI0THCS Y BUIJISII JIOKAJBHO 3012KHUX PsiJiiB, 10 CKJIAJIAI0THCI 3 MOJiHO-
MiaJIbHUX Bigobparkens (mosinomis). [TosinoMu Ha 6aHAXOBUX IPOCTOPAX €, ¥
MEBHOMY CEHCl, HaMIIPOCTIIMMU HeJIHITHUMY BijIoOpakeHHsaMu. g Hux Mo-
JKHA MEPEeHecTU 3HAYHY KiJbKICTh Pe3y/bTaTiB JIHIMHOINO (PYHKIIIOHAJIBHOIO
aHasizy. Hampukaam, 11 moiHOMIB Ha 6aHaXOBUX MPOCTOPaX BUKOHYETHCS
TEeopeMa PO eKBIBAJIEHTHICTH HENEePEPBHOCTI Ta OOMEXKEeHOCTI Ha obMerKe-
HUX MHOXKHHAX, TeopeMma Ipo 3aMKHeHuil rpadik (mis cenapabeabHux Oa-
HAXOBUX IPOCTOPIB), aHasor Teopemu lama-Banaxa, sKuii Ha3MBAETHCSA Te-
opeMoro 1po mpojoBxkenass Apona-Beprepa nosiHOMiaIbHUX (DYHKITIOHAIIB
y APYruil CIpsi>KeHWil IPOCTip, IPUHIUII PiBHOMIPHOI oOMexkeHocTi Banaxa-
[MITeftnrayca, mpoTe, He BUKOHYEThCA MOBHUIT aHaorT Teopemu ['ana-bamaxa,
Teopema, po obepHeHuit oreparop.

AnamitTuani QyHKIIT HA HECKIHYEHHOBUMIPHUX 0AHAXOBUX MPOCTOPAX €
BaXKJIMBUM O0’€KTOM CYYaCHOT'O HEJIHIMHOTO PyHKIIIOHAJIBLHOTO aHaJi3y. ba-
raTo IiKaBUX ITUTaHb TeoPil orepaTopiB Ta Teopil PYyHKIIH BIAETHCSA JOCTI -
TH TIPU BUBYEHHI T1JIHOEPTOBUX MPOCTOPIB aHAJITUIHUX (PYHKINH BiJT OHIET
Ta 6araTbOX KOMILIEKCHUX 3MIHHUX. 30KPEMa, BAXKJIUBUMHU € mpocTopu ap/ii

H? ananituannx dbyHKIil Ha Kyoii, mosigucky Ta samisiomuai B C”. Takox,
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mobpe BijoMi riyibOepTOBI mpocTopy Iianx aHagsiTundHuX QyHKIn Ha C". Y
poborax B. Koymna, T. lNamenina, 1. Baynpaenno, A. Hedanga, O.B. Jlomy-
manchbkoro, A.B. BaropogHioka Ta iHINUX JOCIIIXKEHO Mab0epToBl IIPOCTOPHU
AHAJITHIHAX (DYHKITNN Ha TaKAX HMIIMHOXKUHAX B fo SIK KYJIsI, HaIIIBIPOCTIp,
MOJIJTUCK, HECKIHYEeHHUH JJ00YTOK CKIHYEHHOBUMIPHUX ITOJIJINCKIB, TOIIO. Pe-
3yJIbTATU 1TUX JOCIIIKEeHb MalOTh BIJIHOIIEHHS JIO OIUCY MOJesiell IOBe iH-
KW 17eaJbHOTO Ta3y DO30HIB y KBAHTOBIM MexaHimi. ¥ 0ararboxX BUTAIKAX
TaKUl rIbOePTIB MPOCTIP MOXKHA 300pa3uTHU Y BUTJIA/L [TPOCTOPY JIHIHHUX
HelrepepBHUX (PYHKITIOHAJIB Ha cuMeTpuaHoMy mpocTopi Poka 3 MeBHOIO 3Ba-
JKEHOI0 HOPMOI0. Y KBaHTOBIi# MexaHiri cuMmerpuauuit mpoctip ®oka ommcye
IpoCTip cTaHiB cucremu OO30HIB.

Cepenr mosriHOMIaJIBHUX BiJIOOpaKeHb YacTO BUPI3HSIOTH IMOJIHOMHU 3
MEBHUMU JI0JIATKOBUMU BJACTUBOCTSMU. Hanpwukjiajy, moiHoMiaabHl (yH-
KI[IOHAJIN CKIHYEHHOTO THIy (CKiHYeHHI CyMU CKiHYeHHUX J00YTKIB JHHIHHIX
dbyHKIIOHAIB), apPOKCHMOBaHI mosiHOME (Ti, Ki HAOINKAIOTHCS TOTIHOMA-
MU CKiHYEHHOTO THITY), CJIADKO HElepepBHi MOJIHOMU Ta, iH.

Y poborax A.C. Himeposcbkoro, C.M. Cemenosa, M. I'onzasesa, P. ['on-
3a0, X. Xapawmino, P. Amenkapa, P. Apona, II. laxinmo, I. Yepneru, A.B.
3aropoHIOKA Ta IHIMMX JIOC/IIKYBAJIUCH CUMETPUYIHI ITOJIHOMU HA ITPOCTO-
pax 3 MMeBHOIO CUMETPUYIHOIO CTPYKTYPOIO Ta ajaredpu, IOPOJIKEeH] IIUMHA T10JTi-
HoMamu. CiT BII3HAYUTH, 1110 CUMETPUTHI TTOJIHOMU Ha, CKIHYeHHOBUMIDHUX
NPOCTOpaxX € KJacuuyHuM ob’ekTom asirebpu Ta komOiHaTropuku. Bouu Biji-
TpalOTh BaXKJWBY poJib B Teopil l'asya, Teopii iHBapiaHTiB, 3a IOMOMOTOIO
CAMETPUIHUX TIOIIHOMIB MOXKHA MOJEJIOBATA KOMYTAIMHI CITIBBITHOIITEHHS
MIXK OTepaTOpaMu HAPOJKEHHS 1 3HUTIEHHS Y KBAHTOBI! MeXaHIITl.

Y dyHKIIOHAILHOMY aHAJII3] CHMETPUYHI MOJIHOMH JOC/IiIKYBaJIICH B
3a/layax alpoKCUMAIll HermepepBHUX (QYHKINW Ha JAiCHUX OaHAXOBUX IPO-

cropax. CuMmerpuuHi mojiHoMu Ha {1 JAOTh HPUKIAIN 19 KOXKHOTO 7 IIO-



17

JIIHOMIB M—TOTO CTEIeHsI, IKi He JIeYKaTh B 3aMUKAHHI aJaredpu, MopoJIzKeHii
MoJIiHOMaMu crereHd He Olabinoro 3a n — 1. Taki nmosinomu, gaag n > 1, He
€ anpoKCUMOBHUMU. TaKoxK, OYJIO JIOC/IIJXKEHO TOIMOJOTIUHI ajaredpu aHaJIi-
TUIHUX (DYHKINH, TTOPOIKEHUX CUMETPUYHUMHM IOJIHOMAMU Ha, ITPOCTOPax
lp,1 <p < o0, Lp[0,1],1 < p < 00, s 6araThoX BUMAJKIB ONMUCAHO CIIEKTD
TAKUX aJareop.

Y naHiit gucepTalliiiHiil poOOTI HOCTIIXKEHO BJIACTUBOCTI TIHOEPTOBOTO
npocropy H2({1), mMOpPOIKEHOro MpOCTOPOM CHMETPHYHEX HOHOMIB Ha, /1,
MIOITIOBHEHUM Y JIesIKiil eBKJIJIOBI HOpMi 3 meBHOIO Baroio b = by. 3okpema,
TOCTiIKeHo yMOBH HemepepBHOCTI (byHKIfonamB Ha HY({1), axi Bu3HaUeHi
K 3nauenHs ejgementis 3 HY(f1) y dikcoBanux Toukax npocropy £1. Posrus-
HyTO oreparopu 3 HY({1) B cebe, HOPOKEH] K KOMIIO3HIiS 3 CHMETPATHAME
BioOpakeHusaMu Ha {1, JOCHIIZKEeHO npupoaHi basucu na H g (£1), po3rasiHyTO
oneparopu mudepentiosans Ha, pocropi H2({1).

3B’130K po00TU 3 HAYKOBUMMU IIPOrpaMaMu, NJiaHaMW, TEMaMMU.
JoctijzKeHHsl TPOBOJIMJIMCH B paMKax HayKoBojiocaiiHol Temu “T'omomopdi-
3Mu 1 audepeHIitoBaHHs B ajirebpax IVIaJIKUX Ta aHAJITUIHUX (DYHKIIH Ha
banaxoBux mpocropax’ (HoMmep gepzkasHoi peecrpariii 0212U004183) Ta “To-
MoMopdizMu Ta PYHKIIOHAJIbHE YUC/IEHHS B aJredpax aHaJATUIHUX PYHKITII
Ha GaHaxoBux mpoctopax’ (HoMep mepzkasHoi peectparii 0115U002305).

Meta i 3aga4i J0CJI1>KEeHHS.

MeTo10 poboTu € JIOCHIKEeHHS JIHIMHUX (DYHKIIOHAJIIB Ta OIEpaTo-
piB Ha TLIBLOEPTOBOMY TPOCTOPI CUMETPUYHUX AHAJITUIHUX (PYHKIIN, BCTa-
HOBJIEHHSI YMOB HEIEPEPBHOCTI, BJACTUBOCTEH, OIKMC TOIOJIONYHUX 0A3UCIB
Ha IIbOMY TPOCTOPI, 3B’SI30K 3 cUMETPUIHUM ITpocTopoM Poka, JOCIiIKEeHHST
OTIepPaTOPiB KOMITO3UIIIT Ta OIepaTopiB Au(EPEHITIIOBaAHHI.

O06’ekTOM JI0CITI/I2KEHHS € CUMETPUYHI ITOJITHOMY 1 aHAJITUYH] PYHKITIT

Ha, IIPOCTOPI aOCOIIOTHO CYMOBHUX IIOCJI1IOBHOCTEN, IMabOEPTOBI IIPOCTOPU CH-
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METPUYHUX aHAJITUIHUX PYHKIIN, OPTOHOPMOBaHI 6a3UCH TOJIHOMIB y IbO-
MY ITPOCTOPI, ONePaTOPU KOMITO3UINT Ta JuepeHIIOBaAHHS.

ITpeameTom nociiyKeHHs € BJAACTUBOCTI (PYHKIIOHAJIIB Ta OTIepPaToOpiB
Ha T11b0EPTOBOMY MPOCTOPI CUMETPUYHUX aHAJITUIHUX (DYHKITIH, YMOBU He-
IIEPEPBHOCTI OIIepaTOPIB KOMIIO3UIIIT Ta JudepPeHIliIOBaHHSI, CIIIBBIIHOIIEHHS
MiXK pizHEME 0a3ucaMi y IIbOMY IIPOCTOPI, aHAJOIM KOMYTAalliffHUX CIIBBiJ-
HOIIIEHb MIXK OTlepaTOpaMu.

Metonu gocaigxkeub. /s po3s’azanns 3a1a9, choOpMyIbOBAHUX BU-
11le BUKOPUCTOBYETHCS METO/M HECKIHYEHHOBUMIPHOT'O KOMILJIEKCHOI'O aHaJIi-
3y, TeOpil TLILOEPTOBUX MMPOCTOPIB, TEOPil OMepaTopiB, KOMOIHATOPUKHN, TEOPil
TEH30PHUX JIO0YTKIB.

HaykoBa HOBU3HaA OTPUMAaHUX pPe3yJbTaTiB. YCi pe3ybTaT, OTPU-
MaHi y juceprailiii, € HOBuMu. Y poboTi Brepiie:

— 3HaitaeHo 300parkeHHsT MHOKUHU MYJIBTUMHOXKHUH Y TPOCTOPAX CHUMe-
TPUYHUX TOJIHOMIB Ta aHAJITUIHUX (DYHKITIH.

— PozryisiayTo rijibbepTOBI IPOCTOPU CUMETPUYHUX aHAJITUYHUX (PYH-
KIIii1 Ha {1, BCTAHOBJIEHO YMOBH 3a SIKUX €JeMeHTHU 3 ] IOPOJKYIOThb Helre-
pepBHI QYHKITIOHAJN y TINX TPOCTOPaX.

— ITob6yioBano yHiTapHi i3oMopdizMu riJibOEPTOBUX TPOCTOPIB CUMETPU-
YHUX aHAJITHIHUX (PYHKINN Ha {1 v abcTpakTHI (3BarKeHi) cuMeTpudHi Ipo-
cropu Poka Ta TPOCTOPHU AHAMITUIHUX (PYHKITH B 0071aCTIX TiIHOEPTOBOTO
npocropy. Onrcano HeOAHOPIIHI OPTOHOPMOBAHI 0A3UCH B CHUMETPUIHUX TTPO-
cropax Doxa.

— JlocaiizkeHo MyJIBTUILTIKATUBHI (DYHKITIOHAJIN Y T1/IEOEPTOBUX TTPOCTO-
pPax CUMETPUYHUX aHAJITUIHUX (DYHKIIIH, ONMCAHO MHOYKWHU TAKUX (DYHKIIIO-
HaJIIB.

— JocuijiKeHo ornepaTopr KOMIIO3UINI Y TlJIbOePTOBUX TPOCTOPaX CH-

METPUYHUX aHAJITHYHUX (DYHKIIIH 1I0B’si3aHl 3 aareOpaidyHUMU OlepallisgMu
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Ha MHOXKWHI MYJBTUMHOYXKWH, BCTAHOBJIEHO YMOBU HETIEPEPBHOCTI SIS TAKWX
OTIepaToOPIB.

— Hoctijazkeno 6iopToroHaabHi 6a3ucu Ta OMMUCAHO BIATBOPIOIOYE SIJIPO Y
TiJIbOEPTOBOMY MPOCTOPI CUMETPUYHUX AHATITUIHUX (DYHKITI.

— Hocaijizkeno cuMmerpudHi JpoOOBi BijjoOparkeHHS B KOHTEKCTI (pyH-
KI[IOHAJIbHOI'O YUCJIEHHS Y HAIIBKLIbIl MYJIBTUMHOXKHUH.

— PozrimgayTo omepaTtop CHMMETPUTHOTO 3CYBY Y TLILOEPTOBOMY TPOCTOPI
CUMETPUYHUX AHAJITUIHUX (DYHKIIIH, JIOC/TII2KEHO YMOBU CaMOCIHPSI2KEHOCT1.

— JocriazkeHo onepaTop AudepeHIiloBaHHs y TlIEOEPTOBOMY IIPOCTOPI
CUMETPUYHUX aHAJITUIHUX (DYHKITIH, OTTMCAHO KOMYTAIiiHI CTiBBITHOIITEHHS
JIJIs oTiepaTopa JudepeHIiitoBaHHs 1 CIIPAYKEHOr0 JI0 HBOT'O OIePaTopa.

IlpakTuyHe 3Ha4YEeHHdA OJep>KaHWX pe3yJabTariB. PesynpraTi,
OTPpUMAHI y JIMCepTaIiiiHiil poOoTI HOCATHL TeopeTudHuil xapakrep. Bouu mo-
KYTh OYTH BUKOPUCTAHI B 3araJjibHiil Teopil MyHKIIIM, Teopil HeJIHITHNUX OT1e-
paTopiB, PYHKIIOHAJIBHOMY aHaJIi3l, mMaremaTuydHiit disumi. i pe3yabrarn
MOXKYTh OyTU BUKOPUCTAHI B HAYKOBUX JIOCJIJI2KEHHHAX, sIKi NPOBOJATHCS B
JIBH3 “IIpukapnarcekuil HaiioHaibHU yHiBepcuter imeni Bacuias Creda-
HUKa, [HCTUTYTI TpUKJIaIHUX Tpo0JeM MexaHikKu i marematuku imeni 4.C.
[Migcrpuraga HAH Vkpainu, JIbBiBChbKOMY HaIIOHAJIBLHOMY YHIBEPCUTETI iMe-
ui Isana ®panka, [HcturyTi Mmaremarukn HAH Vipaiaun Ta iHIIIIX HAyKOBUX
yCTaHOBaX Ta 3aKJajaxX BUIIOI OCBITH Y KpaiHw.

Ocobuctnii BHeCOK 3m00yBaya.

OcHOBHI pe3ysibTaTH, HABEJIeH] B IUcepTarlii, oTpuMaHi camocTiitno. Ha-
YKOBOMY KEPIBHUKY HAJIE?KUTh MOCTAHOBKA 33/1a4 Ta 3arajibHe KePiBHUIITBO
poboTOIO.

Anpobarniga pe3ysbrariB auceptailii. OCHOBHI pe3y/IbTaTH JIUCEPTa-

i1 JIOTIOBlJa/INCh HA:
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— Bceykpaincekomy HaykoBoMmy ceMinapi “CydacHi mpobaemMu Teopii
fimoBipHOCTeit Ta Maremarnyunoro anaaizy” (Isano-®@pankiscbk—Bopoxra, 25-
28 Gepesus, 2010);

— Bceykpaincekiit nHaykosiii KoHdepentil “[Ipuknagni 3amadi  Ma-
TeMaTuKu’, npucBgdeniit 50-piudro Kadejpu BUIOT MaTEMATUKKA [BaHO-
P paHKIBCHKOTO HAIIOHAJIBHOTO TEXHIYHOI'0 yHIBepcuTeTy HadTU 1 Trasy
(fdpemue, 13 - 15 xkosTHs 2011 p.);

— Bceeykpaiucokiit nHaykosiit koudepenrii “Asrebpa, Tomo0Tis, aHaIi3,
croxactuka’ mpucBsdeniit 10-pigdto akyabTeTy MaTeMaTUKH Ta iHdOopMa-
tukn [Ipukapnarcbkoro HarionanbHoro yHiBepcutety iMeni Bacunas Creda-
nuka (Mukymnawus, 20 - 23 Bepecus 2012 p.);

— Bceykpaiucbkiit HaykoBiit KoudepeHntil “CydacHi mpobaemMu Teopii
fimoBipHoCTeit 1 maTemaruanoro anasizy” (Bopoxra, 20-26 nrororo 2012);

— Cewminapi Bigginy (QyHKIIOHAIBHOTO aHAII3Y [HCTUTYTY MPUKJIATHUX
npobsiem Mexaniky i maremaruky iMeni 91.C. ITigcrpurava HAH Vkpainn (M.
JIbBiB);

— Cewminapax Kadeapyu MaTeMaTHYHOro i (DYHKIIOHAJJIBLHOI'O aHaJi3y
JIBH3 “IIpukapnarchKuit HamioHa bHUI yHiBepcuteT iMeHi Bacuis Creda-
HUKa .

Kpim 1mporo, pesysibraTé gucepTallil BijoOpaxKeHi B Te3axX JOIMOBIIei
Mizxnapomaol xoudepentii “Infinite dimensional Analysis and Topology”
(Isaro-®pankiBcbk—Apemue, 27 Tpasus - 1 yepsas, 2009); 6-01 JITHBOT KO-
a3 agrebpu, Tomosoril Ta anamizy (JIbsiB — Kosbosa, 4-14 ceprus 2009 p.);
Ykpaiucekoro maremaruunoro kourpecy (Kuis, sepecenn 2009 p.); 7-of Ji-
THBOT TIKOJIM 3 ayirebpu, Tomojorii 1 anamizy (M. Bepxosuna, 20-27 geppHs
2010 p.); Mixxuapomanol koudepenrii “Cyuacui npobiemu anaizy” (m. Yep-
uisigi, 30 Bepecus - 3 xosrHs 2010 p.); Beeykpaincbkux HayKOBUX KOH]E-

penniit “CydacHi mpobjemu Teopii iMOBIpHOCTEl Ta, MATEMATUIHOIO aHAJI3Y
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(M. Bopoxta, 23-28 sororo 2011 p., 25 atororo - 3 6epesnst 2013 p., 25 jio-
toro - 1 6epe3nsa 2015 p., 24 grororo - 27 jwororo 2016 p., 22 jgrororo - 25
jirororo 2017 p., 27 aororo - 02 6epesnst 2018 p., 25 aororo - 01 Gepesnst
2019 p.); IV xoudepeH il MOJIOANX YUEHHUX 13 CydacHUX MpobIeM MeXaHiKh
i maremarukn imeni akajgemika Z.C. Iligcrpuraga (m. JIbsiB, 24 - 27 Tpas-
Hs 2011 p.); International conference in functional analysis dedicated to the
125th anniversary of Stefan Banach (Lviv, Ukraine, 18-23 September 2017).

ITy6maikarnii. OcHoBHi pe3yabrarn gucepTarii onyO/iKoBaHO y 27 Hay-
koBux mparsix [62], [63], [59], [14], [64], [10], [2], [3], [4], [8], [11], [66], [12],
7], 161], [68], [65], [15], [60], [69], [9], [5], [67], 6], [13], [16], [38], 3 mux T y
HayKoBUX (hbaxoBuX BUJaHHIX Ta 20 y MaTepiajgax MiKHAPOJHUX 1 BCeyKpPaTH-
CbKUX KOH@epeHIiit Ta ceminapiB. /IBi ctarTi 3 dKkuX B (paxoBux KypHajax,
[0 BXOJSTh B KaTeropito A, ojHa CTAaTTs B 3aKOPJAOHHOMY KYpHAaJIl, AKHUil
BXOAUTH J10 HayKoMmeTpudaux 6a3 Scopus ta Web of Science.

Crpykrypa Ta obcsar aucepraiiii. luceprariisti CK1a1a€ThCsI 31 BCTY-
1y, 90TUPHOX PO3/IiJIiB, BUCHOBKIB, CIIMCKY BUKOPUCTAHUX JI2KEPEJ Ta J10/1a-
TKiB. 3arajabHuil obcar gucepraniii 142 cropinku. CllCOK BUKOPUCTAHUX JI2Ke-
pen 3aitMae 9 cTopiHOK Ta MicTuUTL 89 HailimenyBanb. JlomaTkm 3aiiMaroTh 7
CTOPIHOK 1 MICTATH CITUCOK MMyDJIiKaliil 3a TeMO0 JIMCepPTAIlil Ta BIJIOMOCTI PO
arrpoOaIlio pe3yJIbTaTiB JUCepPTarlii.

Y BCTyT OOTPYHTOBAHO aKTYyaJbHICTH TEMU JIOCTIKEHHS, BCTAHOBIEHO
3B’s130K poboru 3 HaykoBmMmu TemMamu. ChopMy/bOBaHO MeETy Ta, 3aBIaHHS
TOCJIIZKEHHS, OIKICAHO HAayKOBY HOBH3HY OTPHMaHHUX pe3yabraTiB. Ilomano
crucok nyOJrikariii Ta iHopMalliro npo ampodaliii pe3yJibTariB JUCcCepTariitHol
poboru.

Y mepiroMy po3iji 31 iCHEHO OTJISI JIITepaTypH 38 TEMO JTUCEPTAITiii-

HOI poDOTH Ta 110JAHO OCHOBHI PE3yJIbTATH JIMCEPTAILl.
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Y Apyromy po3isi HaBeJIeHO OCHOBHI O3HAUYEHHs Ta CPOPMYTHOBAHO Bi-
JIOM1 Pe3yJIbTaTH, 9KI BUKOPUCTOBYIOTHCA B OCHOBHUX PO3/LIaX JIUCEPTAITii-
HO1 poboTu. 3okpema, y miapo3mii 2.1 HaBemeHo O3HAYEHHS TTOJIHOMIaJILHOTO
Bi10OpaKeHHsT Ha 0aHAXOBOMY ITPOCTOPI Ta cPOPMYIHLOBAHO OCHOBHI BJIACTH-

BOCTI, Taki K moJjigpu3aliiiina dpopmyJia:

1 n
B(z1,...,xy) = S Z €1...e,Bo A, Zeja:j
T e=+1 j=1

B nigposaiai 2.2 Beejgeno pajiyc pisHomipaoi 36iku0cTi 04 (f) dyrKmii
f B Toumi x Ta pamiyc obmexkenocti f B Touni x Ta CHPOPMYIBOBAHO TAKY
TEOpeMYy:

Teopema 2.2.6. Padiyc pisHoMIpHOT 3010CHOCTE GHAAMMUYHOT PYHKYLE
f 6 mouui x 36ieaemuvea 3 padiycom obmeocenocmi f 6 x i axwo f € H(X,Y),

mo

o(7) = (tmsup |,

n—oo

%
de [, = def

n!

B nigposaiai 2.3 onuncano crangapTHi ajgrebpaiuni 6a3ucu B aaredbpi cu-

merpuanux nosinomis Ha C". Bokpema Gasucu (F)! ¢, (Gi)iy, (Hi)l 1, 1e

=1
n
Pi(x) =) =},
k=1

k1<--<k;

3B’30K MiXK IMMU 0a3ucamMy BU3HAYAETHCS BILIOMUMN PEKYPEHTHUMMU

dopmynamu Hurorona:

m

mG,, = Z(—l)k’_le_kPk, m=1,...,n,
k=1
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m
mH,, :ZHm—kPk:, m=1,...,n,
k=1

(-G kHk, m=1,...,n

Q

3

[
NE

I
I
—

Ta

(—l)k_le_ka, m=1,...,n.

I
NE

Hp,

o
I
—

Y migpo3aia 2.4 po3TAgHYTO CUMETPUYHI aHa ITHIHI PYHKITT Ha TPO-
cropi ¢p, rerepytoai dyukuii P(t), G(t), H(t) ta cuiBBigHONEHHS MiXK HUMH,

30KpeMa

Ta

G(H)(a) —exp< Zt” )—exp (- [ Pea ae).

Y migposaiai 2.5 po3riagayTo abCTpakTHI (3BaXKeHi) CMMeTpWYHi Mpo-
cropu Poka F, Haj JedKUM I'iibOepTOBUM NPOCTOPOM F, cipszKeHi 0 IHUX
npocTopiB Hy Ta chOPMYTLOBAHO TEOPEMY:

Teopema 2.5.1. IIpunycmumo, wo ichyroms xowcmawmu ¢ > 0 ¢ M >
0 mawi, wo daa eciz myavmuindexcie [i) € N, (k) € ZL in=ki + -+ ky

BUKOHYIOMBCA HEPIEHOCTN

k) ke on (b1t -+ k) o, ml
O<c[] =c it <cM Tl k! =cM Al

Todi icnye sidkpuma niomnoocurna U C E, U 2 0 maxa, wo
(1) Pad (2.5.2) e 36iocrum dan xoocnozo x € U i 1 € anasimusrum
sidoopasicennam 3 U 6 F).

(i) Jaa woorcnozo ¢ € Fy eidobpasicenna fo(x) = (n(z) | @), € anaai-

muyHoto dyrruyiero na U.
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(i) Pynruin <77(:1:) ‘e%(k)> € N-00HOPIOHUM NOATHOMOM
7

®(k) _ Lk kn
(o)), =t -+l

Takox HaBeJIEHO O3HAYEHHS BIITBOPIOIOYOTO SIJIPA.

Y pozjaiai 3 jgocaijpKeHo riibbepToBl TPOCTOPU CUMETPUYHUX aHAJITH-
gyHEX DyHKIN Ha /1.

Y migpozmaii 3.1 onurcano anredpaidHi 6a3uUCH B TPOCTOPI CUMETPUIHNX
nomianomis Ps(¢1). Hexait A = (A1, A2,..., A\py) — po30UTTS JIAKOrO HATY-
pasibHOrO umcsia n. Tobro \p e N, E=1,2,....mi A+ X+ ...+ Ay, = n,

|A| = n. Po3burTsa A 4acTo 3ammucyoTh y BUTJISII
m mo m
(1 2m2 ™),

Jie TIOKa3HUK 1M BKa3ye CKIIbKU PasiB Tpalligerbed duciao j y A. [loznaunmo

A1, A A
My (z) = g Ty Tpor - - T
K1y m

1
ne k; # kj upn i # j.

TBepmxkenust 3.1.2. 1. I[Toainomu Py = Py, Py, ... Py, , |\ € N ymso-
protomo ainitnut basuc 6 Ps(f1).

2. Iloawmomu H, = szn M)y ymeoproroms aszebpaivnutll ba3uc 6
Py(4).

3. Hoaimomu Hy = Hy Hy,...H)y,,, |\ € N ymsoproromo ainitinud
basuc ¢ Ps(l1).

4. Howinomu Gy = Gy, ... Gy, |A| € N ymsoprorome ainitinui 6asuc 6
Py(ly).

5. Hexati

Z\ = H(rm’“mr!),
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de r ma my, eusnauveni 6 3.1.1, modi ainitini 6asucu Py, Hy, G\ nos’azani

HACMYNHUMU HOPMYsaMU, AKE 8100Mm1 Ak dopmysu Bapirea:

G, = Z (_1)n—(m1+...+mr)Z;1P>\.
[A|=n

H, = Z 2, 1P
IA|l=n

!
H, = Z (_1)n—(m1+...+mr) (m1+...+ mT).G)\.

AT mi!...m,!
Gpn = Z (—1)“—(m1+,..+mr) (ma ...+ mT)!HA.
Fym mq!...m,!

Y migposaiai 3.2 BBemeHo cKassgpHuii 100yTok Ha mpoctopi Ps(f)

<P>n Pu> — bku@u

i posrstyTo TonoBHeHHsT Hg(¢1) 1IbOTN0 MpOCTOPY BIIHOCHO TAHOTO CKAJISIP-
HOTO JIOOYTKY.
Teopema 3.2.1. IIpocmip Hg(ﬁl) € NPOCMOPOM AHANMUYHUL PYHKULT

8 KYAL 3 UEHMPOM 8 HYAL PadIYCa

1
r=——7
lim sup d}
n—oo

1
6 U1, de xoncmaumu d, susnauaromuvcsa Gopmyiroro d, = max ——.

Al=n /b
Teepmxkenusi 3.2.2. Hexati by > z\|\|! dasn eciz posbummis X. Todi
2iAbepmis npocmip Hg(fl) € BAGCHUM WIANOHUM NIONPOCTOPOM 6 aszebpi
Hps(41).
Y niaposgisi 3.3 mociKeHo 300parKeHHs MHOXKHUHN CKIHUEeHHUX MYJIb-

TUMHOXKHUH My y TpocTopi cCHMMeTpUYHMUX TOJiHOMIB. BBegaeHo BimHOIIEHHS

€KBIBaAJIEHTHOCTI ~ Ha IIPOCTOPI CKIHYEHHUX ITOCJIJOBHOCTEN Cq :
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x ~ y ToAi i Timpkm TOAl, Komu Yy = 0(T) = (Ty(1),- -+ To(n)s---) A1
nestkol migcranoBku o : N — N,

BHaliIeHo 1esKy IPUPOLHY METPHKY p Ha 300pazkenti P MHOKIHN Cq I~
y IPOCTOPI CUMETPUYHUX TTOJIIHOMIB.

Y mijiposaii 3.4 po3rJIHYTO ITPOCTIP CUMETPUYHUX aHAJITUIHUX (DYH-
KIiii Hp Ha coo, SIKi € JiHIITHOI KOMOIHAIIIE!0 JIedKoro ajaredbpaidyHoro 6asucy
CHUMETPUYHUX MOIHOMIB {Qy }.

Teopema 3.4.1. Ilpunycmumo, uo

|@nlle, = sup [Qn(z)| =1

llz][¢, <1

Todi npocmip Hp isomopdrut do npocmopy sciz wiruz dynxyit H(C) na C,
a npocmip 7—[£@ 13oMopdHUt do npocmopy PyrKYIt eKCNOHEHUIGADHO20 MUNY
na C.

Teopema 3.4.2. IIpunycmumo, u,o

-1
1
<limsup HQanll) =r>0.

n—oo
Todi das woorcnozo x € L1, makozo, wo ||zl < r, AHIGHUT GYHKUIOHAAL, WO
susnavacmoca na P gopmyaoto 0,(P) = P(x), € susnauenum i nenepepsnum
Ha npocmopt Ep.
V mimposzini 3.5 BerasoBIeHO 38’5130K mpocropy HY(¢1) 3 aberpakTHIM
npocTtopoMm Poxka.

IToznaunmo €2 — obsaacts B £
Q={x el |P,(x)] <1, neN}L

BayBazKuMO, 10 AKINO & = Y Trer € ), 1o |rk] < 1 aasa xKoxkHOTO K.

Tobro () nekuTh y BIAKPUTIH T IMHOKIHI

Dlz{ZEEKl:VkEN |$k‘<1}
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Teopema 3.5.3. Hexati ||Py\|| = 1 daa dosiavrozo posbumma \. Todi

H(41) e npocmopom anasimuunuzr Gynryit wa Q. Hpu yvomy

f(z) = (f; Rz) = (€(f), E(Rz)),

x e, feHy ().
Hexait Q,, = %.
Teopema 3.5.7. Jlinitine 61000pastcenns 3 CUMEMPUYHO20 NPOCTOPY

Doxa Fo na npocmip HZ(01), susnauene na 6a3UCHUT EACMEHMAT HOPMYA0I):

Tieo™ s Q=0 ... Qb x= (i, .. if), A\ =n

i in

€ 130MEMPUYHUM 130MOPPIZMOM 21ADOEPMOBUTL NPOCTMOPIE.
. . ®(k
Hexait A = (¥, i5%2 .. ifn) |\ = |(k)| = n. Hosuauumo ey = e[l]( ) =

k k .
€, Qe ... Q ef:. Pozrisremo Taki eementn 3 Fo:

ki -k
by, = g N \/211222. Jinrey

[Al=n

Gn = E (—1)"_k1_"‘_k” 2 \/2’{:1252. ke,

Al=n

Hacainok 3.5.8. Iocaidosnocmi (hy)02 1 ma (gn)5e, € opmonopmosa-
HUMU CUCTMEMAMU 8eKMOpLe Yy npocmopi Jq.

Teepmxkenns 3.5.10. G(t) € HZ(¢1) i H(t) € HZ(¢1) modi i misvku
modi, xoau |t| < 1.

Hacainok 3.5.11. V npocmopi @oka Fy 8UKOHYEMBCA MOMONCHICTIDG:
h(t) ®sg(—t) =1, teC, |t| < 1.

Tobmo, cumempuunuti dobymorx eaemenmic g(t) i h(t) daa [t] < 1 aesrcumo
y npocmopi Fo 1 momootcno dopisnioe 1 € Fy.
Y 9eTBepTOMY PO3TLI PO3TIAHYTO MYJIbTUTLTIKATABHI OTEPATOPH HA

riJIbOEPTOBUX ITPOCTOPAX CUMETPUYHUX aHAJITUIHUX PYHKILIN.
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Y miaposgiiai 4.1 gocigKeHo MYIbTHILIKATHBHI PYHKITIOHAIN Ha T'lib-
OepToBUX MPOCTOPAX CUMETPUYHUX AHAJITUIHUX (DYHKILIH.

Osnavenns 4.1.1. Jlinitinut dymuryionanr @ @ HY(01) — C nasueae-
muca myavmunaikamustum, axuo e(PQ) = o(P)e(Q) daa eciz noaino-
mie P,Q € Hy(l1). Ananoeiuno, aimitinut onepamop ® : H(61) — H2(¢y)
HA3UBAEMBCA MyAvmunsikamuehum, axuwo P(PQ) = ®(P)P(Q) daan scix
noainomie P,Q € H({1).

Osnauenns 4.1.3. Ckaocemo, wo nopma npocmopy HC (1) cybmyan-
munaikamuera, axuio icnye xoncmauma C > 0, axa we 3aaescumv 6id A
maka, wo C||Pa\P,|| > || Px||||Pu|| a4 dosinvrux posbummis A, 1. Y sunadky,
axwo |PxPy,|| = ||Pxl||| Pul] daa dosinvrux posbummis X, i, Hopma npocmopy
H%(01) 6yde nazusamuct mMysvmuniikamueoo.

Moznaunmo DY = {ag: (ak+/by,) € la, |ar] < 1/br, }-

Teopema 4.1.4. IIpunycmumo, w0 Ha Hg(fl) 300010 MYAOMUNAIKAC-
mueny mopmy. Jlinitinut mysomunaixamusnul gynruionas o na Ps(l1) 6y-
de nenepepsrum modi i miavku modi, Koau nocaidosnicms a = {ar = @(Px)}
nasesicums DY.

TBepaxeuns 4.1.8. V npocmopi HS(&) 3 CYOMYALMUNATKATUG-
HOM HOPMOI0 ICHYIOMb HENEePepeHs MYALMUNAIKAGMUESHT PYyHKYIonasu Vs k.,
Vs k(Pn) = SOkn O0AA MUT § MIALKU MUT KOMNACKCHUT “UCEA S, AKI 3000~
sonvrarmo nepienicmo |s| < /by, = || Pyl|.

Hozwaunmo ¥y, := /o1 = || Pel|Y1k, k € N. Hexait Ej — 3amxnena
JiHiftHa 000I0HKA (PYHKITIOHAJIB V), k € N.

Teopema 4.1.10. Hexati na npocmopi HP(f1) sadano cybmyivmun.ai-
xamusny wopmy. Todi ichye abcmpaxmuut npocmip Poka ]-"3 Hao 2iavbepmo-
sum npocmopom Ey 1 ywimapnud 6texmusnud onepamop U : Hg(ﬁl) — 7—[5’7 =

(.7:717) )* maxui, wo
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- <n(fj <5w,wk>Ebwk),W> ,
7

k=1

U(f) = <',Z/{(f)>7_[7b7 € Fb i eidobpasicenma n: By — F} eusnaueno dopmy-

bkl bkn

H(Zymﬂn) Z > “‘ By @ @
n=1

n=1|\|=n

A= (if k2 ik,
Y migposmii 4.2 po3rasHyTo omepaTopu KoMmmosuil Ha Hg(1).
Posrastnemo wa mpoctopi £ Take BiHOIEHHS €KBIBAJEHTHOCTI: & ~ ¥,
axio Py(z) = Px(y),Vk € N. Tlozuaunmo 1/ ~ MHOXKUHY KJIACIB eKBiBaJIeH-
rHocTi i [#] — kaac, sknit micrurs enement z. Hexait By = {[z] € 1/ ~:

]l <1}

Pozrissaemo Bigobpaxkennst Fp, : E — {1/ ~, BU3HAYEHE TAKUM YUHOM:
Fy([z]) = [(h(z1), h(z2), ..., h(zn), .. .)],x € By.

Teopema 4.2.1. /laa xoocnoi pynwyii h € W maxoi, wo ||h|| =r < 14
h(0) = 0 onepamop xomnosuyii Cr, : f — foF}, € nenepepsrum onepamopom
3 Hy(l1) 6 Hg(£q).

Teopema 4.2.4. [Ipunycmumo, wo 0is npocmopy Hg(ﬁl) MHOHCUHG
pynxyionanie 6y, T € Q posdisse mouxu npocmopy HY(01). Hewati A —
Ainitnut onepamop na HY(0), axud womymye 3 onepamopom My das do-
6iabH020 Y € Q. Todi das Kooscnoeo posbummasa X\ ichye wucao ay € C maxe,
wWo

A(Py) = a)Py.

Inwumu caosamu A — Hopmasvruti onepamop, Py — nabip saachux éexmo-

pis, a {ax} — moukxosuti cnexmp onepamopa A.
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Teopema 4.2.7. Hexati y € £1. Todi maromv micue nacmynui piehocms

n(T oY) ZMA

[Al=n

n(Toy) ZMA

[Al=n

Y nigposaiai 4.3 posrasinyTo 6ioproronanbhi 6azucu B HZ(41).

Teopema 4.3.1. B npocmopi HZ(l1) aimiting 6asucu {Hy} i {M,} €
6iopmozonanvrumu, moomo (Hy, M,) = 0y, daa dosinvruxr posbummis A, .

Y migposaiai 4.4 nociripKeHo cuMeTpudHi ApoOOoBi BIIOOpaXKeHHS 1 Ch-
MeTpuyHe QYHKIIOHAILHE YHCICHHS.

Teopema 4.4.1. Hexati x € {1, ||z|| < 1. Todi
r = o2 0z € £, 2°° = (1,0,0,...) i

1. eidobpasicenna x — o2 " € anastmuynum na kyai B 3 yenmpom
6 Hyal 1 padiyca 1 1 obmestcenum Ha 008iALHIG KYAL 3 UEHMPOM 6 HYAL 1
Padiycom mMeHwuM 3a 1;

2. Ona 6ydv-axozo m,

1

Pm(.;o:1x<>n) - 1 _ P (.CU)’

x| < 1.

Y migposmii 4.5 po3rasgHyTo BijgTBOpOOUe Aapo y mpocropi Hg(fq).
[Moznaunmo K(z,y) = 02 ((x o y)°", z,y € ¢1. llpu mpomy, misg ,y €
Q,m € N Bu3znageHo

P (K(z,y)) = lim Pp(eg_g(z 0y)*")

k—oo

00 n 1

n=>0
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[Toznaunmo HecKiHUeHHUIT popMaTbHUNE T00YTOK

oo

C(z,y) = [[ Pn(E(z,y)).
m=1

Jlema 4.5.1. /laa xootcnozo gixcosanozo x € ), C(z,y) € dynxuyiero 3
H(41) sidnocro y.
Teopema 4.5.2. Jlaa xootchozo dircosarnozo x € Q i f € Hg({1) suko-

HYEMBHCA DIBHICMD

Y migposaial 4.6 JI0CIXKEHO BJIACTUBOCTL OIlepaTopa CHUMEeTPUIHOIO
3CyBY.
Busnaunmo omepatop Ay: Ps(¢1) — Ps(¢1) nasa koxHOTO Yy € {1 TakuM

Ay(P)(z) = P(z o y).

OueBnaHO, MO

Ay(P+cQ)=Plxoy)+cQxey) =A/)(P)+ cAy(Q)

mig Beix P, Q € Py(¢1), c € C. Tomy Ay(P) — niniitanit oneparop Ha IpoCTO-
pi Ps(¢1). Mu Gymemo mo3HadaTH THM CaMEM CHMBOJIOM A, — omeparop Ha
H®(f1) 3 MakcuMaIbHOIO 06JIACTIO BU3HAUCHHS.

Teepaxkenna 4.6.1. Ay, — wirvno eusnavenuti 6 npocmopi Hb(ty)
onepamop, y € {1. Hxuo muoorcuna p micmums 610KPUMY NIOMHONCURY 1
zoy € Oy dasa Kootcnozo v € Uy, mo Ay — 3amrrenud (mobmo mae 3amrHerut
epagix).

Teepaxkenns 4.6.2. Sdxuwo icnye xo € Qp maxut, wo xoey ¢ p, mo

onepamop Ny — neobmesrcenul.
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Hacaimok 4.6.3. Ilpunycmumo, wo €2y micmumo 8idkpumy niomHo-
orcuny. Onepamop Ny 6yde obmesrcenum modi 1 miavku modi, Kol 6iH 6u-
anavenuti na ecvomy npocmopi HY (1) (i nputimae 3navenns 6 ybomy npo-
cmopi).

Y migpo3aia 4.7 po3risHyTO orepaTop AndepeHIlifoBaHHA Ha TPOCTOPI
H(¢1).

Posrisinemo Bimobpaxkenust O4(P,) = tP, t € C, 1 O4(c) = ¢, ne ¢ =
const. I1pogoBkUMO #10T0 32 JIHIHHICTIO 1 MYJILTUTIIIKATUBHICTIO HA TTPOCTIP
noiaomis Ps(41)

Posrnsgremo omeparop Tty AudepeHIioBaAHHS:

Dy = lim OlAn(f(2) — (&) Q. h+0.

t—0 t ’

TsBepmxkxenns 4.7.2. Dy, h € Q, h # 0 wiavHosusHaweHul onepamop 6

npocmopi HY(01), ons axozo suxonyemvca npasuso Jletibniva

Du(fg) = Dr(f)g + fDulg)

oan ecix f,g 3 obaacmi susnauenns Dy,.
Teopema 4.7.4. /s dosiavnozo h € 0, h # 0 onepamopu Dy, ma
D; 6 npocmopi Hs(41) 3adosorvraoms mak 36ane KAHOHIYHE KOMYMAUitHe
cniesionowennsa na npocmopi Hg(4q):
o
DypDy — DyDy =1 |Pi(h),
k=1

de I — odunuunuti onepamop.
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PO3/ILT 1
OIJISII BIIOMUX PE3VYJIBTATIB, AKI BIIHOCSITHCS 10

TEMATUKU JINCEPTAIIINTHOTO JOCJIII>KEHHS

Teopig anamiTUIHUX BiJoOpakeHb HA HECKIHIEHHOBUMIPHUX OaHaXOBUX
mpocropax 6epe modarok 3 mpark B Bosbrepa [86], 1. Tasbepra [57], M.
®peme [43], P. Taro [50, 51]. Ilizuime i goc/igKeHHs 3HANILIN PO3BUTOK
B nybuiikaniax A. Maiikia, P. Maprina, C. Boxuepa, A. Kuidopaa ([1, 77]).
SHavIHUN BKJIAJ B PO3BUTOK TEOPil MOJIHOMIB HA HOPMOBAHUX MPOCTOPAX Oy-
JI0 3p0bsieHo BueHUMU JIbBIBCHKOI MaTEeMaTHYHOI TITKOJIN JIOBOEHHOTO TIEPIOTY.
Tak, B poborax C. Banaxa, C. Masypa, B. Opuaiua [31, 79, 80| 6ys0 mocii-
JI2KEHO IUTaHHS 00MEXKEHOCT1, HEIIEPEPBHOCTI Ta BUMIPHOCTI MYJIbTHIIHIAHIX
1 moTiHOMIa/TFHUX BiJoOpazkKeHb. ledki 3 Mux muTaHb 3HAUIILIN CBOE BimoOpa-
x)enns y Bigowmiit “Illorranmcekiit kausi” [78].

Y 3B’g93Ky 3 PO3BUTKOM JIHIHHOTO (DYHKIIOHAJIBHOTO AaHAJI3y B
COPOKOBUX-TITICTAECATAX POKaX JBAIATOTO CTOJITTS OyJI0 BCTAHOBJIEHO Oa-
raTo OCHOBHUX BJIACTUBOCTEM TOJITHOMIB 1 ToJIoMOpdHUX PYyHKITIH. BiabImicTs
i3 TIUX pe3ysIbTaTiB 3’dBUJINCH K JOTOMIXKHI 3ac00W B Teopil JHITHUX ore-
paropiB. IleBuuit mijiIcyMOK 1UX JIOCJII/KEHb MOYXKHA 3HANUTHU B JIOJIATKY J10
monorpadii E. Ximre ta P. ®@ininca [58], warmcaniit y crismpari 3 M. Hop-
HOM. CHCTEeMaTUYHY TEOPII0 aHATITUIHUX PYHKINH HA OaAHAXOBOMY MPOCTOPI
suksaseno B pobori 2K. Boxnak i 2K. Cicsaxk [33].

CucremaTryHe JOCJII/2KEHHsI IIPOCTOPIB aHAJITUIHUX (PYHKIN Ha Oa-
HAXOBOMY TIPOCTOPI po3modanoch 3 pobit JI. Haxbina Ta 0ym0 mposoBiKe-
Ho B mpamgx X. Myxikm, P. Apona, III. [limina ta M. Bangisia (aus.
[41, 42, 82, 27]). IlapasenbHo pPO3BUBAIACH TEOPist PIBHOMIpHUX OaHAXOBUX

aaTedp, TUTIOBUMH TIPEACTABHUKAMU AKUX € aJreOpn aHaJITUIHUX (DYHKITIHA
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BiJ 6araTbox 3minHuX [49]. Anrebpu anamiTuaanx DYHKIIH 0OMEKEHOTO TUITY
(TobTo 0OMekeHUX HA OOMEKEHMX MHOTOUJIEHAX) Ta 1X CIIEKTDP BIiepiie 6y/i0
nocimkeno y poborax P. Apona, B. Koyna, I' Tamenina [29, 30, 48, 34]. Y mux
mpalsgx Oys10 BIIEPITe JTOCTLIXKEHO CIeKTp oOMexkeHoro Tuiry. Ili pesyabrarn
OyJ10 y3arajbHeHo HararbMa aBropamu, 30kpema B [52, 53, 88, 89].

l'ysibbepToBi pocTOpH aHAMITUYHUX DYHKINN BijJ HECKIHYEHHOI K1JIbKO-
CTi 3MIHHUX Ta TIOB’SI3aHi 3 HUMU TLIHOEPTOBI CHUMETPUIHI TEH30PHI TOOYTKH
suBdasuch FO.M. Bepezancoknum, FO.I'. Koraparsesum, FO.C. Camoitrenkom,
M.O. Kaganoscekum, O.B. Jlomymancekum, A.B. 3aropogatokom [74, 75| Ta
1H.

Cumerpwuni mojriHOMU Bij 6araThoX KOMILJIEKCHUX 3MIHHUX € KJIACH-
YHUM 00’€KTOM ayirebpu i anasri3y. JlociKeHHsT CAMETPUYHIX TTOJIIHOMIB Ha,
risibbeproBux mpocropax i, 6inbit 3arasbHo, Ha npocropax {1 i Ly[0,1],1 <
p < oo posnouaro y crarti A.C.Hemiposcskoro i C.M.Cembonosa [23]. Humu
Oy/10 TaHO O3HAYEHHS CUMETPUYHUX TOJIHOMIB Ha JAaHUX MMPOCTOpax i Hape-
JIeHO NpUKJIau. Takox Oys10 JOBEeJIEeHO, 0 KOYKEH CUMETPUYHUN TTOJIHOM Ha
risisbeprosomy mpocropi, nmpocropax 1 1 Ly[0,1],1 < p < 00 BUpaKaeTbCsa
Jepes3 aJarebpaiiny KoMOIHAITN0 eJIeMeHTapHUX CUMETPUYHHUX mosriHoMiB. ITi-
3HilIe BKa3aHl pe3y/abTaT 0YyJI0 y3araJbHEeHO JIJid IHITUX ITPOCTOPIB Y TPAITX
M. Tonzasneca, P. lonzasno, X Xapawmiso [54], I. Taniago, T. Bacuumuna, A.
Baropojaioka [45, 46, 47]. Anrebpu cHMETPUYHUX TOIHOMIB Ta iX CIEKTPH
nocaikyBaauch B [27]. B ganiit pobori mocsimxeno risbbeprosi mpocropn
CUMETPUYHUX AHATITUIHUX (PYHKINH Bl HECKIHYEHHOI KITBKOCTI 3MIHHUX Ta,
oTIlepaTopH, 9Kl JII0TH B IMAX ITPOCTOPAX.

Arebpu cuMeTpryYHUX aHAMTHYHUX (DYHKIIH HaA ) TOCILIKYBAIUCS B
[26, 36, 35, 37, 25, 71| i B inmmx pobortax. 3o0kpemMa, y poboTi [26] onwmcano
ciuexTp anredbpu Ays(Bp,) cuMeTpUYHUX DIBHOMIDHO HelEpepBHUX AHATITH-

yHUX (DYHKIIH HAa OAMHUYHIN Kysi mpocTopy £, fK MOJIHOMIaIbHO OIYKILY
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000JIOHKY JedKOl MiIMHOXKUHYA B OOAMHUYHIN KyJIi IPocTopy foo. K HaCTIZOK
ILOT'0 ABTOPaMK 1MO0Ka3aHo, mo Ays(By,) anrebpaiuno i Tonooriuno izomop-
dHa piBHOMIPHI OaHAXOBI aaredpi, MOPOJIXKEHIT KOOPANHATHUMHY ITPOEKITis-
Mu B {oo. Y [35, 37| BBezeHO Ta mocimkeno agarebpaivHi omepariii Ha CIeKTpi
anrebpu Hps(l,) cumerprannx anagituanux QyHKIil 06MeKeHoro Tuiy Ha
npoctopi £, 1 < p < 0o Ta noOyHOBaHO 300paKeHHs CIEKTPY i€l anredpu,
ISt BUMAQAKY p = 1 y BUTISO] TiAMHOXKWHA IMIJINX PYHKINN eKCIIOHEHITIITHOTO

TUITY HA KOMILJIEKCHIH TIJIOTTIHI.
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PO3JILT 2
OCHOBHI METO/IN TA IIOIIEPEIHI PE3VJIBTATH, SIKI

BUKOPUCTOBYIOThCH YV JUCEPTAIIIT

2.1. IloninoMmu Ha HaHAXOBOMY ITPOCTOPI

Hexait X Ta Y — 6amaxosi npocropu zHaja nosem K kommrekcaux C abo
171 R ' Xn
miticanx R gwucesn. /I 10BLILHOTO HATYPAJIBHOTO 1 OyAeMO TTO3HAYATH
JleKapToBuUil JJ00yTOK N Koriit mpoctopy X Ha cebe i3 CTaH aPTHOI HOPMOTO
JIEKapPTOBOI'0 JTOOYTKY.
BiamoBigHo 10 3araJbHONPUAHATAX MO3HAUEHHDL 3 MoHOrpadil Haxbina
[83], muist posinbHOrO N € N 6ynemo noznagaru vepes L(™X,Y) npocrip Beix
HeIllepepBHUX N-JIiHiHNX BimoOpaxkenb 3 X B Y. Hexait A, €, Tak 3BaHe,

diazonanvre 6idobpascenns 3 X B X', Bu3HadeHe HACTYTHUM YHHOM:

A, X = X7

r— (x,...,).

O3HAYEHHA 2.1.1. Bidobpaosicenna P 3 X 6 Y mnaszusacmuvca nene-
peperum Nn-00nopidnum nosinomom, sxuo P(x) = B(A,(x)) das desrozo
B € L("X,Y). Mu 6ydemo nosnavamu P("X,Y) ainitnui npocmip ecic

HENEPEPEHUL N -00HOPIOHUL NOATHOMIE 3 X 6 Y.

n-jiiHiiiHe BigoOpaxkeHHsi [ HA3UBAETHCSI CUMETPUYHUM,  SKIIO
B(xy,...,20) = B(To)s--»To(n)) A JOBLIBHOI IiJCTAHOBKH 0 HAa
muoxkuHl {1,...,n}. IIpocTip ycix cuMeTpuuHHX n-MiHIAHEX BigoOparkeHb
oyaemo noznagaru Lg("X,Y).

Beenemo 1mie onHe eKBiBaJIEHTHE O3HAUEHHs IIOJIIHOMA.
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O3HAYEHHSA 2.1.2. Bidobpaoswcenns P : X — Y € nositnHomom cmenems
n, axuo oan dosinvrux h,x € X i dosiavnozo t € K, P(x +th) e noainomom
61id t, mobmo:

P(x +th) = Apt" + ... + A1t + Ay,

de A €Y 1 Ay sanesicums 6i0 h 1 x.

PosriasaeMo TakoxXK KiJIbKa BasKJIWMBUX BJIACTUBOCTEH, IO CTOCYIOTHCH

IOJIIHOMIB.

TBEPIXKEHHA 2.1.3. ([41]). IIpocmopu L("X,Y) i Ls("X,Y) € bana-

TOBUMU NPOCMOPAMU 61OHOCHO PIBHOMIDHOT HOPMU HA 00UHUYHIT KYyat X .

TEOPEMA 2.1.4. ([41]). Bidobpasicerns

L;("X,)Y) = P"X,Y)
B — Bo /A,
e izomopdismom miotc banazosum npocmopom Ls("X,Y) i npocmopom n-
00nopionuxr noatwomie P("X,Y) 3 mononaoziero pistomipnoi 36iscnocmi Ha
odunusHit kyai npocmopy X. Tobmo, nopma na npocmopi P("X,Y) sadae-

muca HopMY010

IP|l = sup [[P(x)]l, PeP("X,Y).

[zl <1
IIpu yvomy
|BoAnll < Bl < e(n, X)[[B o Anl], (2.1.1)
de c(n, X) — nonspusaniiina koucranta, 1 < ¢(n, X) < .
TakoxK, Ma€ MicIie HACTYIIHA NOAAPU3AUITHG HOPMYAQ
1 n
B(z1,...,xy) = S Z €1...epBo A, Zejxj ) (2.1.2)

T ei==1 j=1
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HAcmaok 2.1.5. ITpocmip P("X,Y) e banazosum npocmopom i 0as
dosiavrnozo noainoma P € P(MX)Y) icuye edumne n-ainitine cumempuune
gidobpaocenns Ap € L("X,Y), axe nasusaemovcs acouiriopanum 3 P n-

JiHiHUM BimoOparkeHHAM, make, wo P = Ap o A,,.

3ayBaskKMMO, TAKOXK, 10 AHAJIOTITHO 0 JIHIAHOTO BUIAAKY, OJHOPI THMI
nosiiHoM P Ha 6aHAXO0BOMY TPOCTOPI € HEEPEPBHUM TO/II 1 TITBKH TO/I, KON
P € wenepepsauM xo4ya 6 B OJHIHl TOYIN IIHOI'O ITPOCTOPY 1 1€ €KBIBAJIEHTHO
TOMY, IO TTOJIIHOM € OOMeXKeHUi Ha 0OMeXeHNX MHOXKWHAX 0aHaXx0BOro MPOo-
CTOPY 1 AJIs IIbOr'0 JOCTATHRO, 11100 P 0yB oOMerkeHmMiT Xo4ua 0 Ha OIHIil Ky
HEHYJILOBOTO paJilyca.

Bijomocti, HaBeieHl y IbOMY HiJIPO3/IiJii MOXKHA 3HAHTH B MOHOI'padiax

[41, 42, 82].
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2.2. AnpagituyHi PyHKITIT

[TigvaOokMHA () GarmaxoBOro mpocTopy X HABUBAETHCA CKIHUYEHHO 610-
Kpumoto, SKIo 11 MePeTUH 3 JIOBIIBHUM CKIHYEHHOBUMIDHUM apiHHUM IIi/I-

MIPOCTOPOM € BIIKPUTOIO MIAMHOXKUHOIO ITHOTO MIATTPOCTOPA.

OBHAYEHHA 2.2.1. Bidobpascennsa f : Q@ — Y nasusaemvca G-
anarimuyrum (nosuavenns f € Hg(Q,Y)), axwo seyocenns [ na ENQ e
AHANMUYHUM 81000DANCEHHAM OAA J0BIADHO20 CKIHYEHHOBUMIPHO20 apIHHO-
20 nidnpocmopy E (exsisasenmmo, daa 006iabH020 00HOBUMIPHO20 aPiHH020

nionpocmopy E € X ).

st G-ananiTuaaux Bij1oOpakeHb BUKOHYETHCS HACTYITHA BJIACTUBICTb.
Hexait 2 = U;cr$;, me €); — ckindeHHO BigKpuTa HiaMHOXKHHA B X, TOI
BimoOpaxkenus f : () — Y e G-anamiTuIHUM TO/I 1 TITBKU TOI, KOJIU KOXKHE

3ByKeHHs f|qo, € G-aHaiTHIHUM.

TBEPIXKEHHA 2.2.2. Hexati ) ckinuenno sidxpuma niommoscuna 6 X

i f € Hz(Q,Y), a € Q. Todi euronyomvcs maxi ymoeu.

1. Ienye eduna nocaidosricmo k-00mopionuz noainomis (He 0606 °43%060

HenepepeHUT) d%af : X =Y maxuz, wo
Fla+a) = fla)+ Y~
a+x —
k
k=1
OAf 8CIT X, AKE HAAEHCAMD HATOIALWIT padiasvhit nidmHoscuni w(a) MmHo-
otcunu ) — a. Ilpu yvomy, pad npasopyy 36ieaemvbca NOMOYKOBO.

2. Iloairnomu d%af MOACYMB OYMU BUSHAYENT COUHUM YUHOM 30 00No-

MO2010 PIBHOCII

T

L) = 5 / e f(a+ Ma)dh, @€ wia).

—T
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OBHAYEHHA 2.2.3. frxwo G-anarimuune 610006pasrcens, 6U3HAEHE HA
s1dxpumiti niommoocuni 2 C X 13 3nHaueHHAMU 6 Y € HeNnepepeHuM 6 Ko-
otcHitt mouys mrootcuny ), mo 6ono nazusaemuvea anasimuurum. IIpocmip

anaatmusHuz 6idobpascens 3 ) ¢ Y nosuawaromv H(,Y).

Y Bunagky, ko f € H(Q,Y) 1 a € Q, to dpyukuii d%a f e memepeps-
Hi k-ogHOpiAHI mroiHOME Ha X, Kl 30irajorbea 3 noxiganmu Pperrre k-Toro

nopsiaky dyukiii f B Touri a. [Ipu oMy, psia
— 1
Tk
flat o) = fla) + 3 (@)
k=1
¢ psagom Teitopa f B okosi ToUkH: a.

TBEPIXKEHHA 2.2.4. Axwo f — G-anasrimuune 61006pascenus, 6u-
3Hauene Ha 610Kpumitt nidmmoscuni ) 6anaro6020 Npocmopy, Mo HACMYNHL

m@epaOfCGHHﬂ € EKBIBANEHMHUMU!

1. f e anartmuunum.

2. f € a0kaavHo obmestcernum, mobmo, 0asn KoocHoi mouku x € § ichye
OKIA UIEL MouKy, Axull micmumoca 6 ) maxut, wo f € obmescenum 61006pa-
AHCEHHAM MG UBOMY OKOAL.

3. f e nenepepsnum 6 deaxit mouwyi mrootcuny 2.

4. Ioaimomu c?“af € HENEPEPBHUMU OAA KOHCHO20 K.

OBHAYEHHA 2.2.5. Anasrimuyuna pynxuyia f Ha3usaemovea IO, AKUWLO

B80HA BUSHAYEHA HA BCHLOMY Npocmopt X.

3ayBazKUMO, IO 3 JIOKAJBHOI 0OMEXKEHOCTI 1101 PYHKIIT He BUILINBAE,
B 3arajibHOMY BUIIQJIKy, 0OMEXKEHICTh Ha BCIX OOMEXKEeHUX I IMHOXKNHAX.

Hexait f € H(£,Y), ne Q Binkpura nigmuoxkunaa 8 X i x € Q. Padiycom
pieromipnol 36iocrnocmi 0, (f) GyHKINT f B TOUNl T HA3WMBAETHCS CYMPEMYM

™ix \, A € C rakux, mo x+ AB C i psax Teitnopa dysakuii f B okoJi To9Kn®
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x 30iraeTbcsa 1o f pIBHOMIpHO Ha MHOXKHHI T + AB, e B — omuHndHa KyJIs
B X. Padiyc obmesicenocmi f B TOUIl & BU3HAYAETHCS SIK CYNIPEMYM THX A,

A€ C, mo f e obmexxenow (yHKIEIO HA MHOXKUHI T + AB.

TEOPEMA 2.2.6. Padiyc pisHOMIDHOT 3614CHOCTE GHAATMUYHOT PYHKYLE
f 6 mouui x 36icaemuvcesa 3 padiycom oomescenocmi f 6 x i axwo f € H(X,Y),

mo

oo() = (msup | V")

n—oo

de fr = Bl

TakuM 9MHOM, BJIACTUBICTH QHAJITUIHOCTI MOYKHA CPOPMYJIFOBATH Y Ha~
crynaomy Burysai. Hexait X, Y — xommiekcui 6anaxosi mpocropu, a {2 —
BijikpuTa migmuoxkuHaa B X. Bigobopaxenns f : Q — Y e anamituanum, Tl
i TiIbKE TOJI, KoJd Jjist KOKHOTO a € €) icuye kyas B(a,r) C Q, r > 01

MOC/IIIOBHICTD ToJtiHOMIB Py, € P(X™,Y) Taki, mo

o
Zme—a

=0

i psiy piBHOMIpHO 36iraeThesa B Ky B(a, ).

TBEP/I)KEHHA 2.2.7. Hezati

f:ime—a

=0

— gobpasicenna anaaimuunoi pynkut f YV deaxid xyai 3 yuenmpom 6 moul

a npocmopy X, wo nputimae 3navenns 6 Y. Hxuo ichye v > 0 maxe, wo

(0@)
ZPma:—a )=20
m=0

das ecix x € B(a,r), modi Py, =0 daa xoocrnozo m € N.
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[Mosuaunmo Hy(X) mpoctip minux GyHKIIR obmescenozo muny, AKuii
CKJIQJIAETHCS 3 MMnX PYHKIN Ha X 9Ki € OOMEeKEeHUMU HA BCIX OOMEKEHUX
miaAMHOKUHAX (TOOTO, MAIOTh HECKIHYEHHUH pajiyc obMexeHocTi). 3ayBayku-
MO, 1110 B JOBLIBHOMY HECKIHUYEHHOBUMIPpHOMY TIpocTOpi X iCHY€ KOMILJIEKCHO-
3HaYHA I8 QYHKIIA f Taka, JJIst SKol paiyc 0OMeKeHOCTI B KOXKHIM TOYIIl €
ckinuennum. ITpocrip Hp(X) € anrebporo Pperiie 3 TOMOJIONIE0, OPOIZKEHOIO

3JITIEHHOIO CIM' €0 HaIlIBHOPM:

[f]lr = sup{|f(x)] : x € X, [lz]| <7},

me r > 0 palfioHaJabHI YHCIA.

Koxen dynkmionar ¢ € Hy(X)' ¢ nemepepHIM BiIHOCHO TOMOJIOTIT PiB-
HoMmipnoi 36ikn0CTi Ha geskiit Ky B X. Padiyc-dynruyia R(¢P) dynkmionana
¢ € Bu3HAUeHA 9K iHdiHyM Bcix r > 0 Takux, 0 ¢ € HeIepepBHUM B HOPMI
pPIBHOMIpHOI 3612KHOCTI Ha Ky rB.

[Tozraunmo ¢, 3By:KeHHS ¢ Ha TMiAITPOCTIP M-OJHOPITHUX ITOJIHOMIB

P("X). Toni ¢y, € rHenepeppuum Jinidinum ¢yukiionasom uva P("X) i
[@n]l = sup{e(P) : P € P("X), || P[| < 1}.
TEOPEMA 2.2.8. Padiyc-pynxuia R na Hy(X)' sadosoavnac pienicmo

R(¢) = limsup ||¢n|"/".

n—oo

TEOPEMA 2.2.9. Hezati ¢, € P("X)" daan >0, daa nopm dynxyiona-

A8 Qp BUKOHYEMBCA HEPIGHICTND
[fnll < cs™

oaa dearozo ¢, s > 0. Todi icnye cdunuti pynxuyionas ¢ € Hy(X)' seyocennas

axozo na P("X) s6icaemoca 3 ¢, n > 0.
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TEOPEMA 2.2.10. Hexati f € Hy(X) i f = > fn poseunenns y psaod
Tetinopa. Todi ichye dyrruina ]76 Hy(X") axa possusacmuca y pad Tetinopa
fv: > ﬁl i ﬁl e npodosocenmam Apona-Beprnepa sidnosionozo nosinoma fr,.
Kpim mozo, ||f|| = ||f|| ¢ onepamop f — f e eomomopdismom anzebp Ppewe

Hy(X) i Hp(X").

Hapeneni B 1ibOMY PO3/IiJ1i BIZOMOCTI Ta, AeTaJIbHIIY iHMOpMaIIiio MOKHA

suafiTu B npangx [41, 42, 48, 56, 82].
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2.3. CumeTpu4Hi MmoJiHOMU

Hexaii Py(X) — mestka niganrebpa anarebpu HenepepBHUX TTOJIHOMIB Ha
6anaxosomy npocropi X. IMocaigosuicrs noJinomis (R;); HA3UBAETHCS a.n2e-
opaiunum basucom B Po(X), akmo aiasa kKoxuoro P € Py(X) icuye enmmmii
noginom g € P(C") aa nestxkoro n takwmit, mo P(x) = q(R1(x), ..., Ry(x)).

Abo inmmMu ciaoBamu, Ko R — BigoOparkeHHs:
x e X~ R(x) = (Ri(x),...,Ry(x)) € C",

o P=¢qoR.
Y Bunazky, ko deg R; = j, koxken mominom P € Py(X) crenens n

MOZKHa G,ZLI/IHI/IM YHUHOM 306paSI/ITI/I y BI/H‘J—[H,[Li
n
P(aj) - CZl---lle R2 Rk ’
k=01142io+...kip=k

1€ Ciy..i, — JAesdKl KOHCTaHTH.
Hexait X — 6anaxis mpocrip 3 6€3yMOBHUM TOMOJIOTTYHIM 6a3ucoM (€, ).

Tobro, KoxkeH eeMedT © € X MOXKHA €IMHUM YUHOM TIOJATH Y BUIJIsIII

00
T = g Tnén
n=1

1 pa mpaBopydY 30iracThbca 6e3yMOBHO. 1o/l TPUPOIHIM € PO3TJITHYTH TIOJTi-

HOMMU, iK1 € IHBapiaHTHUMU BiJIHOCHO TIEPECTAHOBOK DA3MCHUX BEKTOPIB.

O3HAYEHHA 2.3.1. [loatnom P na npocmopi X 3 6€3ymosHum 6a3ucom
HA3UBAEMBCA CAMETPUIHUAM, AKULO OAA D0GIABHOL0 T = Y | Ti€; | NIOCMAHOSKY

O HG MHONCUHT HAMYPANbHUL HUCEA N,

P(x)=P (Z xieg(i)> :
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[Mosuaunmo [p| HaiiMeniie 1iie YUCI0, sike € GLIBIMM abo JOPIBHIOE P.

Bigomo, 1110 MHO>KMHA, TIOJIIHOMIB

oo o
Py Z ae; | = Z a¥ (2.3.1)
i=1 i=1
s k= [p], [p] +1,... yrBopioe anrebpaiunuii 6a3uc B N1pocTOpPi CUMETPU-

qHEX HosiHOMIB Ps(fp).
. : n
Hobpe Bimomo, 1m0 1t n < 0o KoxkeH mosiHoM 3 Ps(C™) exuaum anHoM

MOXKHA, 300pa3uTh SIK IIOJIHOM BiJl eAEMEeHMAPHUT CUMEMPUYHUL NOAIHOMIE

(Gi)?:b

ki<--<k;

Cepen kmacuaaux 6asucis aaredpm cumerpuannx nosiromis Ha C" cifn

BIJI3HAYUTH, TAKOXK, NogHi cuMeTpudHi mosainomu (H;)P ,

k1 <<k,
3B’sI30K MIXK IIMMH 0a3mMcaMi BU3HAYAETHCA BIIOMUMHN PEKYpPEeHTHUMHU (HOop-

mysmavMu HeioTona:

m
me = Z(_l)k_le—k:Pk:; m = 1,...,?7,,
k=1

mH,, = ZHm—kPk> m=1,...,n,
k=1

Gm =Y (-1)"'GnHk, m=1,...,n
k=1

Ta
m

— E k—1 _
H, = (—1) Hm_ka, m = 1,...,7’1,.
k=1
i criBBigHOIIEHHS 3aIAIIAIOTHCS MIPABUIBHUMU 1 JJISI CAMETPUIHUX IIOJTIHO-

MIB Ha HEeCKIHUeHHOBHMipHOMY mpocTopi £1. Mu 6ymemo 36epiratu mo3Haxe-

uusa P, G, ta H, nas creneHeBnx, eJeMEHTAPHUX Ta MOBHUX CAUMETPUIHUX
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IOJIIHOMIB Ha mpocTopi ¢1, BiAmoBigHO. 3ayBasKuMO, IO HA IIPOCTOpPax fp,
p > 1 3anpornonoBani GOpMyJIin JJid €JIEMEHTAPHUX Ta MMOBHUX CUMETPUIHUX
MOJIITHOMIB HE MOYXYThb OyTH BUKOPUCTAHUMMW, OCKLIbKU BIJIIOBIJIHI Psijid, B

IIBOMY BUTIQIKY, HE 30Irat0ThCs.

TBEP/IKEHHA 2.3.2. Hexat {Ri,...,R,} - anaeebpaivnut 6asuc
Ps(C™). Jaa woorcnozo & = (&1,...,&,) € C", ichye sexmop x =
(1,...,xn) € C" maxuii, wo Ri(x) = &, i = 1,...,n. dxwo das dearo-
20y = (y1,---,yn), Rily) =&, 1 =1,...,n, modi x =y 3 mounicmio do

NI0CmMaHo8KY HA MHONCUHT THOCKCIS.

Y HeCKiHYeHHOBUMIPHOMY BUMAIKY aHAJOT TBEP/KeHHH 2.3.2 He BUKO-
HyeTbCd. DinbIne Toro, MoxKHa mokKasaTu, o Ko T € £p, 1 < p < oo i
x # 0, To He icHye BekTOpa Yy € ¢, Takoro, mo P,(r) = —PF,(y) arsa Bcix
n > [p].

Mg noBuibHUX X,y € {, 3amuiieMo T ~ Y, KO icHye OleKIisd MixK
BCiMa HEHYJIbOBUMU KOOPJMHATAMU BEKTOPaA T Ta BeKTopa Y. /s KoKHOI TO-
YKN & € {) TTO3HATNMO 6, KOMILTEKCHII ToMoMopdism Ps(fy), 1m0 Bimmosigae
3HAUEHHIO 1nojiinoMa P B Touni z, 10610, §;(P) = P(z). O4eBuHo, M0 KO

X ~ Y, TO 0y = Oy.

TeEOPEMA 2.3.3. Hexatli x,y € £y i Pi(x) = Pi(y) daa xoorcrnozo i > [p].

Todi x ~ y @ 0g = Oy.

Haciigok 2.3.4. Hexati x,y € {,. Hxwo daa deaxozo namyparvrozo

m > p, Pj(x) = P;i(y) das ecix i > m, mo x ~ y.

Hacrymanit dpakT € anagorom Bigomol Teopemu 'inmsdepTa mpo HYII 1715

CUMETPUIHHUX IIOJIIHOMIB.
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TBEPIKEHHA 2.3.5. Hexali Pi,..., P, € Ps(fp) maxi, wo ker P; N
- Nker Py, = 0. Todi icuyromo Q1,...,Qm € Ps(fp) maxi, wo

m
Y PQi=1
=1

Hagegieni B 11boMy migpo3iii BijoMocTi MOKHA 3HalTH B poboTax [26,

36, 54, 76).
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2.4. CumeTrpu4Hi aHaJITUYHI PYHKITIT

[Mina apasmitnana dyakmig f #Ha 6aHaxoBoMmy mpoctopi X 3 cuMmerpu-
yHUM OasucoM Oyje CUMETPUYHOK (IHBApiaHTHOIO BiIHOCHO IEPECTAHOBKH

6a3MCHUX BEKTOPIB) TOMAL 1 TIABLKM TOMAI, KoM y po3kaam Teisopa B HyJ
Jtst i€l pyHKIil

f(@) = fal2)
n=0

BCi mostinoMu f,, OyAyTh CUMETPUIHUMA. 3ayBaskKUMO, IO SIKIINO PO3KJIACTH
dyukimito f y pax Teitopa B oKojl iHIIOI TOYKM, TO BIAMOBIAHI OJXHOPITHI
NoJIiHOMY ByKe He Oy/IyTh CUMETPUYHUMU, OCKIIbKKU omeparop 3cyBy f(x) —
f(x + a) ne 36epirae BaacTuBicTL CUMETPUIHOCTI A1t a 7 0.

Bimowmo, 1o gK i y 3araJbHOMY BUTAJKY, ICHYIOTH CUMETPUYIHI aHaJTIi-
tuaHi Gyskii #HA (1, 9ki He € yHKIisiMu obMexkenoro Tumy (To6TO, HE €
OOMEeKeHUME Ha BCIX OOMEeKeHHX MHOKHUHAX). ToMy pO3IIsSmaroTh aarebpy
Hys(€p) cnMeTpruHUX aHATITUIHUX (DYHKINH 00MEKEHOTO THUIy Ha ITPOCTO-
pi {p, KA € 3aMKHEHOIO HiJayreOporo ajareOpM BCIX aHATLTUIHUX QYHKIIIM
obmezkernoro tumy Hy(lp).

Oynknionaan oz, * € ¢, € HemepepBHUME B ToTONT0Ti] Hps(€)) 1 TPOTOB-
KYIOTHCS JI0 KOMILIEKCHUX roMOMOpdi3miB (xapakrepis) miel anrebpu. Cepen
xapakTepiB aarebpu Hps(¢p) € TakoK (DyHKIIOHAN, sIKI HEMOKJINBO TOTATH

y BULJISIIL Oy JUISl 2KOJHOT TOUKHU T € £y

TBEPIAYKEHHA 2.4.1. /[aa HOpM eaemenmaprus CuUMEmMpPUusHUT noAtHo-

Mi6 Ha npocmopi {1 maemo mary pienicme |Gp| = 1/nl.

Posrisinemo renepyroui dyuknii G(t), P(t) i H(t) nocaigosrnocreii Gy,

P,1H,:
G(t) =) t"Gn,
n=0
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oo

P(ty=) t"'P,

n=1
oo
H(t)=) t"H,, t€C, Go=1, Hy=1.
n=0
TEOPEMA 2.4.2. Hexatli ¢ — dearxuti KOMNAECKCHUT 20MOMOPPI3M an2e-

opu Hps(£1). Todi
P(G(t)) = D t"p(Gr)
n=0

€ PYHKYIEI eKCNOHEHULANBHO20 MUNY 610 KOMNAEKCHOT 3MIHHOT T 1, Y 6UNadKy

Koau © = 0y
[e.@] 0

0:(G(t) =Y t"Gplx) = [ (1 + tan)
n=0 k=1
e dobymurom Adamapa 3 wysamu z, = —1/T, 0Ad 6CIT HEHYALOSUT KOOPIU-

nHam T, eewmopa I.

Ha neit gac memae ImMOBHOTO ONMCY MHOXKHHI KOMILIEKCHUX TOMOMOD-
dizmie anredbpu Hys(¢1). TIpore, Bigomo, mo cepes Takux romoMopdismis €
oIHOMapaMeTprdHa, ciM’a s, s € C Taka, mo ¥s(G(t)) = L.

Baysaxkumo, mo dopmasibii rerepytoui dyuxii P(t) i H(t), B 3araib-
HOMY BUIIQJIKY, He € ejeMenTamu 3 Hys(¢1) npu dikcosanux t. Tounime, dhop-

MYJIa
(0. @]

P(t)(z) =Y "' Py(x)

n=1
BU3HAYAE AHATITUIHY (DYHKINIO y BIAKPUTIH OAWHWIHIN KYJi 3 TEHTPOM B
Hys11 ipocropy 1 ipu t < 1, a psi

©.@)

H(t)(z) = > t"Hy(x)

n=1
npu KoxHOMY (ikcoparomy t € C Oyme aHamiTHIHOIO (DYHKINEH B 00JaCTi

npocTopy {1, sIKa BU3HAYAETHCS HEPIBHICTIO supy |rg| > |t|. Tlpu upomy, y
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CILIBHUX 00JIaCTSX BU3HAUECHHA BUKOHYIOTHCS HACTYITHI CIiBBITHOIIEHHS:

Ta

G(t)(x) = exp <— Zt”@) = exp <—/0 P(&)(—x) df) . (24.0)

Bimomocti, BUKIa€HI y ITbOMY TJIPO3/iJIi, Ta J0/IATKOBY 1H(OPMAIIIO

MOXKHa 3HaiiTu y nybsikariax [26, 36, 35, 37, 71].
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2.5. Cumerpuynuii mpoctip Poka i aHadiTHYHI PYHKITIT

Hexait £ — xowmriuiekcHuit cenapabesibHuil 1ijib0epToBUil TPOCTIP 3 Op-
oo
TOrOHAJIBHUM OasucoM (e;)50, Ta BUBHAYEHUMU CKAJSPHUM 100yTKOM (Z|y)E

Ta HOPMOIO
|zl = (x| 56)2/2,;6,3/ cE.

OuqeBugno, 1o g BCiX N € N, n-nit Tea3opauii cremnb Q" F BU3HATAETHCS

JdK KOMILIEKCHa JIiHIMHA 000JIOHKA eJIeMEeHTIB
{t1®-- ®@xy: x1,...,2, € E}.

Takozx BizoMO, IO MOXKHA BUHAYUTH HOPMY ||-[|@r p Ha BeKTOpHOMY HPOCTODI
®"™E TakuM 9HHOM, IO Bigmosiami cremeni @) F € rian6epTOBIM IPOCTOPOM.

A rounimte, ckangpunii 100yToK Ha ®) F € BusHavYeHU# PiBHICTIO

<x1®---®xn|y1®~--®yn>®2E=(x1Iyl)E---(arnlyn)E

A Beix xi,y; € FE, i = 1,...,n. Hexail [i] o3nauae my/jbTHiHjEKC

(i1,...,1n) € N™. Ockisibku cucrema
{e;, ®---®e, €R"E :[i] € N'}

YyTBOPIO€ OpTOHOpMOBanuil 6asuc B ®pF, KoxkeH Takuil BeKTOp w € Qp kL

MOXKe OyTH TpejicTaBiaeHuit y Burasmi pagy Pyp’e

w= ) open ® - Dei,
[t]eNm

1 BUSHAYUMO

1/2

1/2
lwllepe = @ lw)gdip = D logl’
[]]eN™



52

3po3yMmiJio, 0 JaHa HOpMa, TIOPOIKEHA CKAJIIPHAM JTOOYTKOM, € KPOC-HOPMA

Ha ®pFE, TobTo,

|21 ® - @ anllere = |z1]lE - |znl e

[Toznaunmmo yepe3 @7 E n-KpaTHUI CUMETPUYHAN aJredpaldaHuii TeH30P-

Huit 100yTOK mpocTopy E. Koxen erement 3 @ E e Buznavennii popMymnoo

1
T Vs Qs Ty :ﬁ ;xd(l)@)“'@xa(n)a

e xi,...,%T, € F1S, — rpyna mijgcranosok #a Muoxuui {1,...,n}.

Mwu OymemMo BUKOPUCTOBYBATHU HACTYITHI TTO3HAUEHHS e®k = Q- Qe
—_——

s Beix k, i € N. Tlosaaunmo gepes (k) j0BLIbHUE MYJIBTHIHJIEKC

(k1y. o kn) €20, [(R) = ki, (k) =]] kit

BekTopnu

{6®(k) — e®k1 Qg+ Dg €®k¢n : [’L] e N, (k) ez, ‘(k)‘ - n}

in

YTBOPIOIOTEL OpTOroHabHu#l 6asuc B 3amukanni Q1 , K 3 QUE B @y F i
(k) H (R
——, n=|[(k)|
H ®”E n! il

EpwMmiToBo crpsizkeHuii 10 rijibbeproBoro npocropy [ Mu M02KeMO BU3HAUUTH

3 BlJHOIIIEHHS
E'={y"=(-ly)p:y € E}.

3BepHEMO yBary, Mo KJAacCUIHUN cuMmeTpudHuit mpoctip Poka F € Tijib-
bepToBa cyma ®g7hE, n=20,1,..., ge ®87hE = C. Ileit mpocTip COpsizKeHnit

JI0 TIPOCTOPY aHAMTUIHUX (DYHKIH HA oguwHrdHIl Kymi E [74].
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3ayBazKUMO, 10 Y KBAHTOBIfl MEXaHIIll 9acTO BUKOPUCTOBYIOTH CHUMeE-
tpudnuii npoctrip ®oka Fg, AKUl CKIQJAETHCA 3 €JIEMEHTIB BUIJIAILY U =

>0 o Un, Up € C, uy € QLE |

oo
[l = 3 nlflunl2, 5
n=0
B mmpbomy BUTIAIKY,
k
legy Il = (k)" (2.5.1)

(mus. mamp. |75, c. 134]).
Bynemo BBaxkaTu, 1mo risibbeprosuii npocrip J, 3 10BLIbHOIO Iiabbep-
TOBOIO HOPMOIO || - || € (abcmpaxmnud) cumempuunut npocmip Poxa nad

daHum 2iavbepmosum npocmopom E, GKIiio BekTopu

k
17 6([}3( ) :e?ikl ®3"'®8 e®kn7

in
mekeN ki+---+ky,=n,1 <...<tiy YTBOPIOIOTH OPTOTOHAJbHUIT DA3HUC

B Fp. Takum unnom, Fp Moxke OyTu npejcrapienuil gk riibbeprosa npama

CyMa CUMETPUYHUX TEH30PHUX JI00yTKIB
Fo=COE®RLED ORQL,E®- .

OueBnzmno, mo nopma || - ||, HOBHICTIO BU3HAMAETLCA CBOIME 3HAYEHHSIMN
Q(k
) e[i]( )

7

YHUCesT, MU MOYKEMO OTpUMaTH pizHi cuMmeTpudHi poctopu Poka wam F. Hexait

Ha OasmcHuX BekTOopax. Orxke, 3a HaOOPOM JIOBLJIBHUX JTOJAQTHUX

(- | '>77 — cKaJapHuit 100yToK B JFp).

—2
Ny k k : )
[Tpuiimemo CEZ.]) = Hefﬂ)H 1 cg = 1. Posrngaemo creneneBuit psy
n
_ o0 ki..k k1 kn, ®kq Rk
n(x) - Zk1++kn:0 21,1<<Zn cil...innxil Tt x’l/:ell e e?zn " (2 5 2)

e (k) (k) (k)
= D_|(k)|=0 2-fileNn ) Ll €

s BCix ¢ =Yy 0, wie; € E.
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TEOPEMA 2.5.1. Ilpunycmumo, wo icuyroms koucmanumu ¢ > 0 ¢ M >
0 mawi, wo dan ecic myavmuindexcis [i) € N, (k) € Z in=ki + -+ ky

BUKOHYIOMBCA HEPIBHOCTN

(k) _ ki..kn on (k1 + -+ 4+ kp)! B
0 < C[l] - Cill_..in S cM ]{1' . ]{Zn' = m

Todi icnye sidkpuma niomnooicurna U C E, U 2 0 maxa, wo

(1) Pad (2.5.2) e 36iocrum dan xoocnozo x € U i 1 € anasimusrum
sidoopasicennam 3 U 6 F).

(i) Jaa woorcnozo ¢ € Fy eidobpascenna fo(x) = (n(z) | @), € anaai-
muuroto gynruyicro wa U.

(iii) Qynruyia ( n(x) ‘e%(k)> € N-00HOPIOHUM NOATHOMOM
1

<77(w) leﬁ(k% =2y

Hosejenns ganol reopemu € B (|75]).

ITozrauumo gepes H,) rigpdbepTiB HpoCTip aHAMTHIHUX GYHKIIH fi =
(n(:) | #),, TobTo epmitoBo cnpstkennit no Fy. Cranapuuii 100yToK B H,)
[03HAMUMO CUMBOJIOM (- | -), .

Jlst noBibHOTO BekTOpa f € H,y mosradmmo f € F, Takwuit, mo f = (- |
f)n. Bokpema, f(x) = (n(x) | 7>n Anasioriuno, yepes g, g € JF; 1103HAYUMO
Taxuil BexTop 3 Hy, mo g = (- | g),.

Y Bunaaky KjaacuaHoro mpoctopy Poka F, QYHKINST 1) Ma€ BUTJISAT

o0
n(x) = ",
n=0

a y BUTAJKY TpOCTOPY Jo Ma€ BUTJIA]

O
x®n

n(z) = Z o

n=0

Harangaemo o3navuenid BIATBOPIOIOYOTO SIpa.
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O3HAYEHHSA 2.5.2. Hexati Z € deaxoro abcmpaxmmoro mHuoxicumnoro i H
— 2iavbepmis npocmip komnaekcnuxr Gyuryitd f wa Z 3 cxaaaprum 006y-
mxom (- | -)q. Pymuryia K(x,z), axa eusnavena ma Z X Z HG3U6AEMLCA

810MBOPI0I0UUM A0POM 3amKrernoz20 nionpocmopy Hix C H, axwo:

(1) das dosinvrozo dircosanozo z € Z, adpo K(x,z) naseocumo Hy sax
PpynruLa 610 aminnoi x € 4,

(ii) das dosiavhoi ¢ynxuii f € Hi i das xootcnozo z € Z

f(z) = (FC) K, 2))y
I'iavbepmis npocmip Hi HA3UBGEMBCA NPOCMOPOM 3 610MEOPINYUM ATPOM

ab0 PYNKYIOHAAOHUM 21ABOEPMOGUM NPOCTNOPOM.

Hexait h : 7 — H — dyskmis va Z Taka, mo gast Koxkaoro f € Hy i

X € Z BUKOHYETHCH

f(@) = (FC) | h(2)gy

TEOPEMA 2.5.3. Qynxuia K(x,z) = (h(z) | h(x))y, € sidmeoprorouum
a0pom s Hi .

Hosenenns mus. (85, c. 21].

TBEPIXKEHHA 2.5.4. Bidobpaowcenns K: E x E — C, akxe susnauace-
muca HopMY.0t0
K(z,z) = (n(x) | 1(2)), = (n(z) [ n(x)),
¢ 610meoprotouum A0pom 0as Hy.
Hosenenns sunusae 3 nonepeianol reopemu 2.5.3 st h(z) := 7(x).

OcCKiJIbKHY 1) yTBOPIOE BiATBOPIOIOYe A/1p0 B Hy, TO MOKHA BBasKaTH, 10

n € sidmeopiotouoto dynryicto B H,y.
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PO3/ILT 3
30BPAYKEHHS I'JIbBEPTOBOI'O IPOCTOPY CUMETPUYHUX

AHAJIITUYHUX ®YHKIIIN HA ¢,

3.1. Ba3ucu B ajredpi cumMeTpUIHUX MOJIIHOMIB

[Mosuaunmo Ps(X) anrebpy BCIX CUMETPUYHHUX IOJIHOMIB Ha HOPMOBa-
Homy mipoctopi X 3 6e3ymoBuuM Gaszucom. [ocaimosuicts {Q,} C Ps(X) Ha-
3uBaE€THCs asrebpaidnum 6asucom B Py(X), sikino Bona anrebpaiuno mesalie-
KHa 1 jyist Koxkuoro P € Pg(X) icaye mostiHOM Biji CKIHUEHHOT KiJIBKOCTI 3MiH-
uux q(t1,t2,...,tn) Takui, mo P(x) = q(Q1(x),Q2(x),...,Qm(x)),z € X.
[Mocnigosuicts { Ry, } C Ps(X) nazusaerhes Jiniinum 6azucom B Pg(X), sximo

KoxkeH nosiaom P € Ps(X) nogaerbest y BUIsA CKIHYEHHOT JIHIAHOT KOMOi-

Hatil exemenTiB Ry, Ra, ..., Ry, . ...
[Mozraunmo (cpp, Q) — mpocTip CKiHYEHHMX TOCJIIOBHOCTEH HAJ T10-
aeM pamjonanbaux uncen Q i ¢ = (¢1,C) — mpocrip abCOMIOTHO CYyMOB-

HUX nocaigosaocred naa nmoaeMm koMmiwiekcaux gucesn C. ITocainosnocti e, =

0,...,0,1,0,...,0,...) yrBoptotoTh 6e3ymoBHuil 6azuc B (cop, Q) 1 41.

n
[Mosnaunmo Pyg = Ps(coo, Q) Q) C anredbpy BCix KOMILIEKCHOZHAYHUX CH-

MeTPUUYHUX IHOJIHOMIB Ha (oo, Q). OueBnno, mo (cop, Q) € niagMuOKMUHOW B
(1. Tomy koxken moinom P € Ps(¢1) moxua 3By3uTn Ha (coo, Q) 1 11e 3BYyKe-
Hust, ouesnano, dyae nanexaru Ppg. [Tosmaanmo Z @ Ps(¢1) — Py onepariro

3BY2KEHHSI.

TEOPEMA 3.1.1. Onepamop 3eyoicenns 24 € 130Mophiamom an2ebp
Ps(fl) iPoo.
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JOBEJEHHA. ¢k Mu 3Haemo (aus. [54]), mogiromu

oo

Pe(z) =) af, k=12,
n=1

yTBOPIOIOTH anrebpaiunuii 6asuc B Ps(¢1). 3 inmoro 60Ky, 106pe BijoMo, 110
pr(x) == Z(Px(x)) yrBoptotors anrebpaiunuii 6asuc B Pyo. Takum unaom Z
nepesouTh ajirebpaianuit 6asuc Ps(¢1) B Pyg. Tomy, Z 6yae izsomopdizmom
ayirebp, OCKIIbKY i30Mopdi3M ayreOp 36epirae JHINHY Ta MYJIbTUILIIKATHBHY

1

CTPYKTYPY, Z ~ TIepPeBOJNTH JIHINHI Oa3ncw B JiHIWHI 6a3mncy 1 agredpaivi

6a3ucy B ajaredpaidHi 6aszucu. O

Basucu anrebpu cumerpuunux mnojinomis Ha (¢, Q) m06pe onucani B
koMmbiraroputi ([76]). BukopuctoBytodn 11i pe3ysibTaTt MU MOXKEMO ONUCATH
JinidiHi Ta agrebpaiani 6azucu B Ps(l7).

Hexait A = (A1, A2,..., A\py) — pO3OUTTH JEAKOrO HATYPAIBHOIO YHUC/IA
n. Tooro A\ e N, k=1,2,..., miA+X+...+ A\, =n. Mu 6yaemo nucaru

|A| = n. Po3burra A wacro 3anucyiors y BULIsiI
(rme 2m2 o), (3.1.1)

7e TIOKa3HUK M BKa3ye CKITbKHU pa3iB TpamigeTbed duciao j y A. [loznaunmo

_ A1 A2 A
My(z) = E L T
ki km

1
ne k; # kj upu i # j.

Ik Gys10 3ayBazkeno, cremeneni nominomn Py(z) = Y 00 | 2k yreoprorors
asrebpaianuii 6aszuc Ps(¢1). Enemenrapni cumerpuuni nominovmun Gp(z) =
> T, ... x;, YTBOPIOIOTE iHIMH ajrebpaiunuii 6a3uc B Ps(f1) i BUKOHYETHCSI

piBHicT, HbloTOHA

nG, = Gp_1P; — Gp—oPy + ...+ (—1)”Pn
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Takox, icHye moBHU 6a3uc cumerpudnnx OyHKINN Hy, gKi MOXKYTb BU3Ha-

YaTUCh PIBHICTIO
nH, =H, 1P+ H, oPo+ ...+ HiP, 1+ P,.
3 reopemu 3.1.1 i [76] Mmaemo HacTymHE TBEP/IKEHHS:

TBEP/IKEHHSA 3.1.2. 1. IHoainomu P\ = P\, Py, ... Py, |\ € N ymeo-
protoms ainitinut basuc 6 Ps({1).

2. Hommomu H, = szn M)y ymeoprorwoms aseebpaivnutll basuc 6
Py(41).

3. Hoaimomu Hy = Hy Hy,...Hy,,, |\ € N ymeoproromv ainitinud
basuc 6 Ps(l7).

4. Honinomu Gy = Gy, ...Gy_, |\ € N ymsoproroms ainitinud 6asuc 6
Py(4r).

5. Hezati

Z\ = H(’l“mrmrD,
r>1

de r ma m, susnauens 6 3.1.1, modi anitini 6asucu Py, Hy, G\ noe’azani

HACTMYNHUMU DOpMYysamu, Axi 6idomi ax dopmysu Bapinea:

Gp= ) (-1 (mtetme)oip,. (3.1.2)
[A|=n
H,= > z'P. (3.1.3)
IA|l=n
_ + ...+ my)!
H, = = lm+etmy) (T avery 1.4
|>%_:( ) mq!...m,! A (3.1.4)
_ +...+m,)!
Gpn = _p)nGmt ) (T " H,. 1.
Z( ) mq!...m,! A (3.1.5)

[Al=n



3ayBaxKUMO, TaKOXK, 10 3 KOMOIHATOPUKHU BiJIOMO, IO
-1 . n—(mi+...+m -1
g z =11 g (1) ¢ T)ZA =0
[A|=n [A|=n

(. [20], c. 152).

99

(3.1.6)
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3.2. T'inpOepTOBi ITPOCTOPU CUMETPUYHUX AHAJITUIHUX PYyH-

KIT1H

Beegemo ma Ps({1) ckamapruit no6yrox (P, P,) = by,0x,, e 6y —
cumBosl Kponekepa, byy = by > 0. [lanuii ckamgapunii 7100yTOK MOPOIKYE

HOPMY
| PAll = v/ (Px, Pr) = v/ b

[Monosuenus npocropy Ps(¢1) BigHocHO manol HOpMY Jijist BUTAAKY by =
1 6ymemo nosuavaru Hy(f1), a B 3araasHomy Bumagky HY(f1) — rimsbepris
MPOCTIp CUMETPUYHUX PYHKINH Ha £1 3 Baroo b = {by} .

OueBuaHo, IO 3HAYEHHS B TOUYMl & € ] MOPOIXKYy€E (PYHKIOHAT Oy :
P — P(x), P € Ps(f1). Mu po3sryisgsHeMO NHTaHHS: IPUA AKUX T, O, Oye
HenepepBHUM (DYHKIIOHAJIOM

[Ipunycrumo, mo mag geskoro r € 1, 6, — menepepsumii. Toai itoro
MOYKHA TIPOJOBXKUTH 33 HEIMEPEPBHICTIO JI0 JiHiftHOTO yHKIIoHA A H g (41).

3a reopemoro Pica icuye enement R, € HY(f1) Taxwuit, mo
0z(P) = P(x) = (P, Ry).

SHaiineMo 1eit eJIeMenTt.
P P

1Al /b

Aximo Takuii ejemenT R, icHye Ta OCKiJIbKU — OPTOHOP-

vosamnit 6azuc 8 HY(£1), To

(2)-B0 - (2n)

Tomy

v B B YN
Rx_;ﬁﬁ ;bAPA( ). (3.2.1)
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Otxke, R, € BU3HAUYEHUM JJIsI THX €JIEMEHTIB ', JJist ssKuX psia (3.2.1)

36iracrues B HY({1). Braiizemo obacts 36ixHOCTI JaHOrO psLy.

HRxHHg:HZ; wHHb<ZHZ—PA e =

LA | n n=1|\|=n
i 3 | Pxllsup lll7, i 3 |7,
n=1|\|=n VoA n=1 A, VA

[Mosrauumo p(n) — KiIbKicTh po36uTTiB A HaTypasbHOro uncaa n. Hexail

1
d, = max ——. 3.2.2
[Al=n /by ( )

Toi
o
1Rl gy <> p(n)dnllz]7,

3 Bimomoi dopmysm Xapmai-Pamanymkana- YCIeHCHKOTO MaEMO HACTY-

IIHY ACHMIITOTHYHY OIIHKY JJisi KLIbKOCTI po3burriB p(n) uucaa n mupu

p(n) ~ exp(my/2n/3)
4n\/§ .

Towmy, BuxkopucroBytoun gopmyay Kormi-Amamapa, pasaiyc 30iKHOCTI psiay

n— oo:

(3.2.3)

MOYKHa, OI[IHUTU:

1 1
T2 - P 1
limsup(p(n)dn)™  limsup dp
n—o0 n—o0

TakuM 9mHOM MU J0BEIN HACTYITHY TEOPEMY.

TEOPEMA 3.2.1. IIpocmip Hg(&) € MPOCMOPOM AHAAIMUYHUL GYHKUI
8 KYAL 3 UEHMPOM 8 HYAL PadIYCa

1

r—= T

lim sup d}
n—oo
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6 {1, de xoncmanmu d, 6usnauaromoves dopmyroro (3.2.2).

3 reopemu 3.2.1 maemo, mo axmo ||Pal[ge > 1 as gosimerOro posbu-
TS A\, To vVby > 1, d, < 1 nag J0BLIBHOTO 1 1 TOMY pajiyc piBHOMIPHOT
36izkHocTi 7 Beix dynkuniit 3 H2(¢1) 6yne ne menmmit nizk 1. To6ro, HZ(41) €

i AITPOCTOPOM Y IIPOCTOPI aHAJITUIHUX (DYHKIH HA ONWHUYHIN Kyl B /1.

Hns punagxy by = zx = [[.51(r"™ m,!) mosnaunmo HY(4y) wepes

HZ(¢y). Toni ouinka st Hopmu R, Gyje Martu BUTJIsI

IRzllmz = ||>_ Pazy 'Paz)|| <
A Hg
P

<Y Pa'n@| <X Y 7| B@ <
n||]x=n ge " We=nTANHS
DI IRLGIED DI
n|Al=n n
a paJiyc 3612KHOCTI, BiIIIOBIIHO

r > L — = 1.

lim sup,, o (p(n)) "
To6ro psiy 3.2.1 36iraernea npu ||z]| < 1,2 € ¢1. Inmumu caoBamu, MOXKHA,

CTBEP/KYBaTH, 10 KoxKeH ejemenT F' € HZ({1) 3amae anamitudny dyHKIHIO

F(z) na opuamaniii Kyl B £1 3a GOpMYJIO0:

F(:L‘) = 5$(F) = <Fa Rx>

Posragremo Bunagok, koan by > |A|l. Toxi, 3 dopmyu (3.2.2) suniu-
BaE, 110

al<1

BpaxoByroun o6uncaeHHs, 3pobseni sume i Toit daxt, mo 4/ (n!)/7 — oo

pu N — 00 OTPUMYEMO, IO B [ILOMY BUIIAJIKY, PAJIiyC PIBHOMIPHOT 3012KHOCTI
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r = oo. Takum umroM, mpoctip HY(¢1) y Bumaaxy xomm by > |A|!, ckmamae-
ThCA 3 TIJAUX CAMETPUIHUX (PYHKIIIH 00Me)keHoro Tuiy Ha 1. 3 iHITOTO OOKY,
H g (£1) micTturh BCi cumerpuuni noaiHoMu. OCKLIbKU TPOCTIP CUMETPUUHUX
MOJIIHOMIB TILIbHAH B anredpl Hys (1) miaux cuMmeTpuaHux (DYHKINN oOMerKe-
HOro Tuiry Ha {1, TO, j/s 1boro Bunaaky HY (1) € minbauM mampocTopom B

Hps(£1). Takum 9uHOM, MU OTPUMAJIA HACTYIIHE TBEPIKEHHS.

TBEP/UKEHHA 3.2.2. Hezati by > |A|! dan sciz posbummis \. Todi
21A0epmi8 npocmip Hg(ﬁl) € BAACHUM WINDHUM NIONPOCMOPOM 6 as2ebpl

Hys(01) i pynruionanu 0, € nenepepsnumu 6 yit aszebpi das ecix x € 1.

JTOBEIEHHS. 9k 6yno nokasano suie, ansa by > |A|! pagiyc pisno-
MipHOT 36ikHOCT 7 KOXKHOT pymKii f 3 HY(f1) nopiBHIOE HecKindyenHOCTI,
ToMy f BuU3HaYeHa B KOXKHIiil Touri x € {1 i dyHKIIOHAIN 0, € HElepEepBHNU-
mu. Tokazkemo, mo HY(01) # Hys(f1). Ane, sikbu taxa piBmicTs Masa micre,
TO 3 TeopeMu banaxa 1po obepHeHuii orepaTop, Mu 0 MaJu i3oMopdizM MixK
rims6eproBuM mpocropom HP(¢1) i mpoctopom ®peme Hp,(f1), sxuit He €

HOPMOBAHUM. AJie 11e He MOXKJIUBO. [
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3.3. 3o0pakeHHsT MHOXKWHHN CKIHYEeHHUX MYJIbTUMHOXKWH Y

IMIPOCTOPI CUMETPUYHUX II0JIIHOMIB

Hexait My — MHO)XKHHA BCiX CKIHYEHHHUX MYJIbTHUMHOXKHH. T00TO, KO-
KeH eneMeHT u € My mMoxke OyTu momanuit y surasami u = {a™,b", k.. 3,
e a,b,c,... — HEHYJIbOBI KOMILIEKCHI dnucaa, m,n, k, ... — 9ACJI0 TOBTOPEHD
a,b,c,... B u BIOIOBIIHO.

Hexait cog — JinHiiftHuit mpocTip ycixX CKIHYEHHUX IMOCJIiJIOBHOCTEH T =
(x1,...,2n,0,0,...). Bygemo BBaxkaTu, mo T ~ Yy, T,y € Cop, AKIO ICHYE

migcranoBka o : N — N, Taka 1110

o(x) = (To(1)s - s To(n)s---) = Y-

Hexail cog/n — dhakTOp-MHOKIMHA BiIHOCHO IIHOI'O BiJIHOIIEHHS €KBiBaJIEHTHO-

cti. OueBuIHO, III0 TOTOXKHE BiJI0OpaXKEeHHS

I:{a™ b, ¢k, .. —( b...b

a...a, yCoviCy. .

m n k

e Giekniero mix My Ta oo /n -

SazHaunmo, 1o My — KOMyTaTWBHA HAIIBIPYIa BITHOCHO OIepariii
ob’enanns: uwv = u U v, u,v € My. Bynemo kazaru, mo noainomn p(t) =
ant™ 4+ ...+ a1t + ap € HOpMOBAHUMH, AKINO G, = 1 1 ag # 0. MuoKuHa BCiX
HopMoBanux nojinomis Py (C) yTBOpioe KOMyTaTHBHY HAIBIPYIY BiJIHOCHO

MHOXKEHH4A.

TBEPIKEHHSA 3.3.1. Hexati P = {Q,} — ancebpaiunui 6asuc 6 arzebpi

CUMEMPUUHUT NOATHOMIS Ha Coo, Ps(coo). Todi eidobpasicenms Tp : Co0/~ —

Py(C)

i x = (T1,T2,...,20,0,...) = t" — Qu(x)t" 1+ ...+ (=1)"Q1(x)
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¢ biexuyiero, 1, axuwo Qn, = Gy, mo 1g o I € isomoppizmom nanicepyn My i

Pn(C).

JIOBEJIEHHS. 3 Teopemn Biera BummBae, 10 KO>KeH HOPMOBAHUI 110~

JIIHOM P Ma€ BUIJISA]]
p(t) =t" — Gu(z)t"H + .. 4 (=1)"G1 (),

ne r = (x1,...,2y), 2 # 0 gus 6yab-axoro k, i {z1,...,z,} € My € mHuo-
JKUHOIO HYyJIB mojinoma p. OtTxke, BimobpaxKeHHss Tg © [ € CIOP’€KTUBHUM
na Py(C). Hapmaku, sxkmo u = {z1,...,x,} € My, * = I(u) =
(1,...,2n,0,...), 0 Tgol(x) € PNy(C). Orxke, Tg0! € in’ekrusHnM. AKino p
i ¢ nanexxarb Py (C), u € MyJbTUMHOKHUHOIO HYJIB P 1 ¥ € MyJIbTUMHOKAHOIO
HYJIB @, Tojii 4 U v € MYJbTUMHOXKHUHOIO HYJIB pq. Takum dunom, 7g o I €
izomopdizmom nanisrpyn. Hexait renep P = {Q,} € poBiibarM 0HOPIAHUM
anreopaiaanM 6asucoMm B Ps(cop). Toai icaye momiHoOMiagbHI aBTOMOPdgIZM
(Tobro HiekTHBHE MOJIIHOMIAIBHE BiIOOpaKeHHsI, 0OEpHEHE JI0 STKOTO € TAKOXK

noJiinoMiabauM) D) 0 C* — C™ rakwmii, 1mo
(Q1(2), ..., Qn(2)) = (Pn(G1(2)), ..., Pn(Gn())),
O(G1) = aGy pna peskux a # 0,
p=t"—Qu(x)t" ' + ...+ (=1)"Q:1(z) € Py(C)
s BCIX © = {x1,...,%n} € My i1 Tomy BigoOpaskeHHst
pr=t" — Gr()t" 4 (=1D)"G(x)

oye Oiekiliero. Takum duHOM, BiJ0OparKeHHS Tp € KOMIIO3UIIE JTBOX OIEKTUB-

HUX BiJIOOpaKeHb. [

Hexait {@Qn}o2; — 6asnc n-oMHOPLAHNX CUMETPUTHIX TOJIHOMIB Ha €

i P 6y1e MHOXKITHOIO {(Qn(x))>2 1,z € coo}. 3ayBazkumo, o AKIIO d — JesdKa,
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MEeTpUKa Ha Cpp, TO B 3arajlbHOMY BUNAJKY, 11 HE MOXKHA MPOJIOBXKUTHU 10
MeTpuKH p Ha Coo/~ Taxol, mo p(|z], [y]) = d(z,y), ne |2] = {z € coo: z ~ x}.

[Tpore, na P icuye inma npupogna merpuka. Hexaii

U= (Un)pey = (Qn(T))nzq

v = (Un)zozl = (Qn(y))zozl

Buszuagumo

1
p(u,v) = sup |uy, — vp| .
neN

TBEPIXKEHHA 3.3.2. [Ipunycmumo, o aszebpaivnut basuc Qy, eubpa-

1/n

HUt MaKum Yurom, wo sup, |Qn(z)]"/"™ < 0o daa 6ydv-axozo x € cop. Todi

pynruia p(u,v) e mempuroro na P.

JOBEJEHHS. 3 ymoBu sup,, |@Qn(2)|Y/™ < oo Bummusae, mo p(u, v) mpu-

iiMa€ CKIHYeHHI 3HaUYeHHd. 3 O3HAUEHHS p MAEMO, IO

p(u -, O) - p(u,v).
JlocTaTHRO MEPEBIPUTU HEPIBHICTH TPUKYTHUKA. OCKLIBKHU

1
n

1 1 1
[Un + V| < (Jun| + |va])n < Jup|= + |vp |7,
MU Ma€MO

1
sup |uy, + vn|% < sup(|un\% + |Un‘%) < sup \un|% + sup |v;|7,
neN neN neN JjeN

plu+2,0) < p(u,0) + p(v,0).

SaMIHUBIIM ¥ HA ¥ — W 1 ¥ HA W — U, OTPUMAEMO

plu—v,0) < p(u —w,0)+ p(v —w,0).
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Tomy
p(u,v) < p(u,w) + p(w,v),

Mo i Tpeba OysI0 TOBECTH. ]

Merpuka p 3asexuth Bij Bubopy anrebpaiunoro 6azucy {Qy}. Saysa-

I/n « BUKOHYETHCH, SIKIIO BITHOCHO JIe-

JKHUMO, 10 YMOBa Sup,, |Qn ()]
srol HOpMU || - || Ha coo BCi mOJTiHOM (), € HEmepepBHUMU i MOCIIOBHICTE
{1Qnll*"}»n € 0bMexkenoo. Crpasi, B upomy Bunagky |Qn(x)] < [Qnllllz]™,
Tomy |Qn ()Y < ||QnllV™||%||. Taxkum wunom, B sikocti Q, MoxKia 6paru

Taki 0a3MCH CUMETPUYHHUX MMOJIHOMIB, BusHadennx Ha {1, gk P,, G, abo H,.
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3.4. 300pakeHHsI MHOXKUHW MYJBTUMHOXKWH y IIPOCTOPax CH-

METPUYHUX AHAJIITUIHUX (PYHKITI

Hexait F — 11e JedKuii TOMOJIOTIYHUN BEKTOPHUM MPOCTIp PYHKITN, 3a-
TAHUX Ha Cog/~, TaKWi, Mo dynxmionat d, : f + f(u) e memepepBHUM A71s
KOXKHOIO U € Cqp/n~- TOMI Cog/n, MOXKHA OTOTOKHUTH 3 TIJMHOXKHUHOIO JIHIN-
HIX HemepepBHUX (PYHKIIN Ha F 1, 0T2Ke, MI MOXKEMO PO3TJIAHYTH ITPUPOIHY
TOLOJIOTI3AII0 TPOCTOPY €/~ 1 HOIO MONOBHEHHS (SIKIIIO TOTIOJIOrist MeTpu-
30BHA).

Posrasiuemo mpoctip Pp moJiHOMIB Ha Coy BUTJISITY

m

Q@) = > a,Qu(a),

n=0

me Qn € P, Qo = 1. OueBngno, mo Pp € JAiHITHAM T ATPOCTOPOM 1 DyHKIIIT
0z, 02(Q) = Q(x) e niniitnnMu HyHKIIOHAIAMEI Ha IHOMY IIPOCTOPI.

Pozrimgaremo Ha cgg TaKy HOPpMOBAHY TOTIOJIOTIO, TITO0 BCl TTOTIHOMY 3 Pp
Oy/Iv HelepepBHUME BiJTHOCHO IIi€T Torojoriil. Taka ToroJiorid icHye, 30KpeMa,
11 TOIOJIOTIs TIOPOJzKeHa HOopMoto mpoctopy {1, ||| = Y o7 || Cupasai,
OCKLJIBKU TIOIHOME (), € CUMETPUIHUMU, TO BOHU MOXKYTb OyTw TMOaHI y
BUIJIsL Il ajarebpalunol komOinalil mosinoMis Py, a Bci P, € Bu3HadeHi 1 Helle-
pepsHi Ha /(7.

Hexait Hp — momoBHenns mpocTopy Pp BIIHOCHO TOIMOJIOTIT PIBHOMIpP-
HOI 30ixkHOCT]I Ha oOMexkeHux MHOKnHHaX 1. Tobro Hp € mpocropom Dperre,
TMTOPO/IZKEHUM TMOCTITOBHICTIO HOPM

Ifllr = sup [f(z)], r€Q, r>0,
lzll<r

e Q — moJte parioHa/ibHAX Ynce 1. TakuM 9uHOM, MHOXKUHA CKIHUYEHHUX MYJIb-
TUMHOXKWH BKJIQJAECTHCI Y MHOXKWHY JIHINHAX HEMepepBHUX (DYHKITIOHATIB

"H{P npocropy Hp.
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TEOPEMA 3.4.1. IIpunycmumo, wo

1@nlley = sup [Qn(z)] = 1.

[zl¢, <1

Todi npocmip Hp izomopdrut do npocmopy sciz wiruz dynkyit H(C) na C,
a npocmip 7—[£@ 1B3oMmopdHut do npocmopy PyrKYIt eKCNOHEHUIAADHO20 MUNY

na C.

JTOBEJIEHHS. Hexaii
f(x) = Z anQn(x) € Hp.
n=1

Toni f(x) e misoro dyukiieo Ha ¢1 i pajiyc oOMeKeHoCTi po 1iel PyHKIHT €

Heckindenuwii. 3 iamoro 6oky, Bigomo (mus. [40]), 1o

N N
po(f) = <limsup\anQn\H> = <limsup\an\ﬁ> :

n—oo n—oo
Takum unnoMm f € Hp Toai 1 TIABKK TOMI KOJIN

o0

g(t) =) ant" € H(C).

n=1
Bigobpaxkenns f — g € izomopdizmonm upocropis Hp ta H(C). Jobpe Bigomo,

mo H /((C) izoMopdHUit 70 MpocTopy PYHKINH eKCIOHEHITIaIbHOTO THITy. [

Mwu M02keMO TIONIOBHUTH ITPOCTIPp Pp BiJIHOCHO JIESKO1 T/IEOEPTOBOI HOP-
mu. Busnauunmo ckansgphuii 706yTok Ha Pp rakoio dopmyiown: (Qk, Qm) =
Ok,m, B€ Ok,m — cuMBosa Kporexepa. Ilozraunmo Fp riaebepTiB mpocTip, axuit

€ TIOTIOBHEHHSAM Pp BiJIHOCHO HOPMHU, TIOPO/ZKEHOI IIMM CKAJIAPHUM JOOYTKOM.

TEOPEMA 3.4.2. Ilpunycmumo, wo

~1
1
(limsup HQH\Z) =7r>0.

n—oo
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Todi das koorcnozo x € L1, makozo, wo ||zl < r, AtHIGHUT GyHKYIOHAL, WO
sushauwaemves wa P popmyaoto 6, (P) = P(x), € susnauenum i HenepepsHum

Ha npocmopt Ep.

JOBENEHHA. Hexaii ||z, < 7. 3rigao 3 ymoBow Teopemu, s 6yib-

SIKOT TIOCJTI TOBHOCTI (ay,) € o, psif

Z an Py ()
n=1

30iraeTncst, T00TO (DYHKITIOHAT 0, BH3HAYEHO HA BCIX eIeMeHTax
oo
E anQLZE.Eﬁ.
n=1

Kpim Toro, ockimbku miasg tux ¢ € L1, mo ||zl < 7 pag Y oo Qn(x) ab-
COJTFIOTHO 36iraeThCst, TO MOCTMOBHICTE (Qr (2))00 | HameXKUTH mMpocTopy {1 i,

30KpeMa, 11 TOCJIIOBHICTh HAJEKUTH pocTopy fo. Tomy

‘ ZanQn(x)’2 < Z |an|2z {Qn(x)|2 < 0.
n=1 n=1 n=1
L]

[Tpukaan. Po3rmsguemo  mpocrip  FEp g Bunajgky P =
{G1,Ga,...,Gp,...}. B [37] Binomo, mo [|Gyll, = =. Tomy nosinomu
Qn = G, 33J0BOJIBHIIOTH YMOBH TeOpeMu jsd r = o0. Po3risinemMo Taxi

ejieMeHTu " € £q:
n _
i '_<a0m7&Ln?“‘7an—LnJL'“)7

e Qn,---,0p—1,n, — KOPEHI n—TOro cremeHd 3 oxuHuni. 3 Teopemn Biera
i BlacTUBOCTEH KOpEHiB 3 ofuHMIN BUILIHBaE, 1Mo Gi(x™) = 0 npu k < n i

Gn(z™) = 1. Kpim toro, giusa k > n, Gi(z") = 0 3a oznavennsam Gp. Orxe,
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erementn {(—1)""1G,} i dynxuionamm {6} yrBOproIOTH GiopTOroHAILHI

nocJtijloBHoCTi. [HIITIMMY citoBamu,
Gy Gra) = (—1)"1 5,0 (G) = 1
i st koxkuoro f € Ep, f =" a,Gp,
(f,Gn) = (=1)" T f(a") = (=1)"an.

Bpaxoytoun, mo 3rijH0 3 Teopemoro 3.4.2 mjst KOKHOTO T € £1, DPyHKITIOHAT
), € HellepepBHUM Ha TianbepToBOMY mpocTopi Fp, §, MOXKHA IOIATH Yy BU-

s Oy = Y ooy Cplgn, i D ooy en|? < oo. Tpu mpomy ¢, = (—1)" MG, ().
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3.5. 3B’430K 3 abcTpakTHuUMU mIpocTopamMmu Poka

Bukopucrosyroun abcrpakTai mpoctopu Poka MOXKHA 3pOOUTH TOUHIIITY

OIIHKY 00J1acTi B £1 Jijist K01 (PYHKITIOHAIN O, OY/IyTh HEllEPEPBHUMM.

TBEP/I)KEHHA 3.5.1. Bidobpasicenta, susHaueHe Ha 6a3UCHUL 6€eKmo-

pax npocmopy HY(01) pisnicmio
f:P)\l—>€/\1®s...®3€)\m, )\:()\177>\m)

3a0a€ 130MEMPUIHUT 130MOPPI3M NPOCTOPY Hg(ﬁl) do abcmpaxmmoz0 cume-
mpunnozo npocmopy Poxa F = F(FE) nad dearxum 2iavbepmosum npocmopom

(k)

E 0dns arxozo xoncmanmu Ch 3 popmyau (2.5.2) susnauaromocs pieHicmio
(k)

HPﬁ1 e PZZ”H_Q- Isomopdiam & € MYALBMUNAIKGMUBHUM HA NIONDO-

cmopi noainomic y HO(01).

JIOBEJIEHHSI. 3 0o3HaYeHb 1 PE3y/IbTaTiB, HABEJEHUX Yy TiAPO37ial 2.5

Ma€eMO, III0 HOPMa eJleMeHTa €y, Qg ... Qg ey, = JOPIBHIOE

o Ly |
cr:

[1]

Orzxe, Bijobpazkenus: £ nMepeBOAUTL OPTOrOHAIBHUI 6a3uc mpocropy H2({1)
y oproroHasbauii 6azuc npocropy F = F(F) 31 36epexennsam nopmu. Tomy
¢ € i3oMeTopuIHUM 130MOP@I3MOM. 3pO3YyMiI0, 0 £ TMEePEBOANTH MOJIHOMMT
3 HY(¢1) y rensopni nosinomu i mo6yrkn mosiinomis y Bixmosimui Ten3opmi

TTOOYTKH. [

BayBasKMMO, 0 3aMKHEHa, JiHiitHa obosonka {P,, n € N} Gymxe mpo-
obpazom npocropy E mpwm BimobparkerHi &.

[Tozrauumo ) — obaacte B ¥4

Q={xel:|P,(x) <1, neN}
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Jlerko 6aunTu, mo () MicCTUTH BIAKPUATY OJAUMHUYHY KYJII0 IIPOCTOPY 1 SIK BJa-

CHY T1JIMHOYKWHY.

TBEPIXKEHHA 3.5.2. Mnootcuna () € Heobmedtcernor i 8i0xkpumoro nio-

mHootcurnoro 6 £1. Kpim moezo, daa xooicnozo x € 2,
oo
Z | P ()] < o0.
n=1

JIOBEIEHHSA. IToxkaxkemo, 1110 icHye HeoOMeyKeHa, MOCTITOBHICTH B /1,

sika HaJiexkuTh (2. Po3rjisiHeMo 4uc/ioBy MOCJIiIOBHICTD

n O

Hexait (2(,)) — mocmijiosnicTs 3 £1 Taxa, 110

z(m):(xl,xg,...,a:m,0,0,...).
Tomi,
6 —= (—1)" 6In2
(o) < Sy 2D _ 602y
T —1 n T
36 — 1 6
|P2(2m)| o 207 =

i, mug n > 2, [P (2™)| < [Pa(zm)] < 1.
Ockimekn P (2(,)) < 1 A7mF BeiX HATYPaTbHUX 7,1, TO Z(m) € (. 3
. 6 <= 1
iHTITOTO 6OKY, OIeBU/IHO, IO ||2(m) || = —5 Z — — 0o mpu m — oo. OTke, €
T f=n
€ HeOOMEXKEHOI MHOXKHHOIO.
3ayBasKuMO, 10 AKINO & = Y Trer € ), 1o |rk| < 1 aaa xoxkHOTO K.

Tobro ) JekuTh y BIAKPUTIH T AMHOKIHI
Dy ={ze€l:VEeN |z <1}

Posrisimemo Bifobpaxkennuss V(z) = (Pi(z),..., Po(z),...). Y pobori [36]

nmokaszano, mo Y — HemepepsHe Bimobpaxkenns i W: Dy — £;. Towmy
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Y o2 1 |Po(x)] < o0. 3 immoro 6oky, 2 € mpooGpazoM BiIKPUTOI MHOKHUHM

Dy mpu Bigobpaxkernni ¥. Tomy {2 — BiakpuTa miaMHOXKKHA. L]

Pozriignemo aberpakTauit mpoctip ®oka F = F1 3 HOPMOTO He%) H =1.
n

3rigao dopmyau (2.5.2) miii HopwMi Biamosigae BijmoOpaskeHHs 1):

n(y) :Hnyefz > Zyﬁ)eﬁ)
i=1 k=0 (k)|=0 [i]

ne y; = (y,e;) — xoopaunaru Bekropa y € ¢. B pobori [18] (nuB. Teopemy

2.5.1) mokazano, 1o 1 € aHagiTuIHEM Bimobpaxkentsm 3 Do D Dy B Fi, e
Dy ={xe€ly:VEeN |xp| <1}

— BiakpwuTa migMHOXKUHA B {9.

Ockisibku BigoOpaxkenus & € i3omerpuwanuM i3omopdizmom 3 Hg(l1) B
Fi1, 1o £(Ry) € F1 mus koxuoro x € {1, ||z|| < 1. Tlokaxkemo, mo ejgeMenT
R, kopekTHO BusHaueHuil s Beix x € ). s 1bOro JOCTaTHLO [MOKA3aTH,

mo &(R;) € F1 upu x € Q. 3 dopmyan (3.2.1) maemo
£(Ry) = g( 3 P)\PA(gc)> =3 e\Pi(a). (3.5.1)
A A

Ockinbku |Py(z)| < 11 pag Y |P,(z)| 36iraerbes aast KozkHOro = € €2, 10

oo 0 oo

S in@r < I[1A@ = T ppe
A i=1 k=0 i=1 ‘
3 inmoro 60Ky
IH(H 1_ ‘;(x)p) =-n]J-|P@)?) <

Towmy

l€(RI2 =3 [PA@)2 < exp (D |R(@)]?) < oo

A 1=1
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Otxe, £(R;) € F1, To6r0 R, € Hg(¢1) nna Beix x € ). Takum 9uHOM MU

JI0BEJIU HACTYIIHY TEOPeMy.

TEOPEMA 3.5.3. Hexat |Py\|| = 1 dan dosinvrozo posbumma \. Todi

H:(41) € npocmopom anasimuunur Gynryit na Q. Hpu yvomy

f(@) = (f, Ra) = (€(f), E(Ra)),

x €8, f e Hg(ly).

BayBaxKuMo, 10 akimo & ¢ ), To aaa geskoro m, |Py(z)] > 1. Tomi
y dopmyii (3.5.1) psx 6yme micturu po3biHU TOJAHOK Y ek (P (z))F.
Tomy R, He Oyie KOpeKTHO Bu3HadeHUM. Tomy obsacts ) y Teopemi 3.5.3 €
TOYHOIO.

Posrismemo saraibruii Bumagok npocropy HE(fy). Tobro (Py, P,) =

baubap 1 || Pr]] = Vby. Iosmatmmo €2 Taky MHOXKUHY & € {1, IO €JIEMEHTH

R, € HY(¢1), 10610 dbynxmionamm §, € H?(41).

TBEPIXKEHHA 3.5.4. x €  modi i1 miavku modi, KoAu

- Py (x)-- Py, (2)]?
ySRID I LNC RE ML

n=0 A +-+An=n

JTOBEAEHHS. dosinbauit exement f 3 HY(f1) MOXKHA MOJATH ¥ BUTIAI
(0. @) (e e]
f=2 2 aP ae lfIF=2 > lealbh <o
n=0 |\|=n n=0 |\|=n
[Tpunyctumo, 1o « € €2p. Tomi
0 f S IDIETNCED P) PETIE
n=0[X|=n n=0|X=n
3 Toro, mo Py(z) = a) Bunausae, mo

([T el = ([ ey

n=0 |\|=n n=0|\|=n
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Tomy
‘ 2

ol = (hd) = 3 1B

n=0 \1+--+Ap=n

Hapmakm, aximo

o0 2
Z Z \le"'bfjAn@H < o0,

n=0A{+--+An=n

10 ||0,|| < 00, TOMY J; — HemepepBHuit dhyHKIiOHAT 1, 0TKE, T € (). O

BayBazkKuMO, 110 3 TeopeMu 3.2.1 BATLINBAE, IO SIKIIO

lim sup ‘bAll/w =0,

[A|—o0

10 eqement npocropy HY(f1) He e amamiTwaHEME DYHKIISAME B YKOIHOMY
okoJii Touku 0 mpocropy 1. B 1iboMy BUIIa Ky MHOXKHIHA, §2) MOXKE CKJIATATUCE
3 oguiel Toukm 0. Ile, 30kpema, Tak aasa by = n', e n = |\|. 3 inmoro 60Ky,
AKIIIO

lim sup ‘bA}l/w

[A|—o0

=1r >0,

TO {2 MICTUTH BIIKPUTY KYJII0 3 MIEHTPOM B HYJI, pajiyca 7.

TBEPIXKEHHA 3.5.5. IIpunycmumo, wo Qp micmumov 6idkpumy nio-
mrootcuny. Todi ainitina oboaonka dymurxuyionaris o,, x € Qp € wWiavbHow Y
npocmopi 6ciz Ainitinux nenepepenur dynxuionanis Ho(01)* na HO(€1). Kpim
mozo, 6 Uybomy 6unadky, mouku muodtcuru $dy Po3ANAAIOMYL eseMEHU NPO-
cmopy H8(01). Tobmo, swxwo fi # fa 6 HP(01), mo fi(x) # fa(x) dan deaxoi

mouxu x € €.

JOBEIEHHS. Ilpumycrumo, mo JiHiliHa 006010HKA (PYHKIIOHAMIB O,
x € )y me e miapHO0. Tol 3HalIeTHCS HeHyILoBui BeKTop f € H 2(81) oOpTO-

rOHAJILHUI 710 3aMKHEHOT JITHIITHOT 000 10HKY 1TuxX (pyHKIioHaiB. 1le o3Hauae,
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mo f(z) =0 mas Beix x € Qp, TobTO aHamiTHYHA GyHKIA Ha (Y

o

flx) = Z Z exPy(z) =0

n=0 |\|=n
B KOXKHIHl TOUIN JesKOl BIIKPUTOI MHOXKUHNA. AJle 11e MoXKe OYTH TiITBKN TOI,
koyiu f = 0. CynepedHicrs.

Awnagroriuno, sikimo fi # fo B HX(41), 10 f = f1 — fo # 0, ToMmy 3Haiie-

thea & € Qp, o f(z) # 0. O

Buaitnemo ||Gy|| Ta || Hy|| B mpocropi H?(41). Bukopucrosytoun dpopmy-
au (3.1.1) ra (3.1.2) maemo

_ b
HHnH2 = Z Z>\2HP>\H2 = Z 2 (3.5.2)

29
IA|=n A|=n A

Gl = 3 ((-aymmrm ) = S B (359

2
|Al=n IAl=n "A
Takum auHOM, y BUNajKy, Ko by = zy, 3a ¢hopmysown (3.1.6) maemo
1
| Hall = Gall = > —=1. (3.5.4)
[A|l=n

Orxke, MU JIOBEJIN TaKe TBEPIKEHHS.

TBEPIKEHHS 3.5.6. ¥ npocmopi HY({1) nopmu noainomie H, ma Gy,
sadaromuocsa gopmyaamu (3.5.2), (8.5.8). V sunadky by = zy, || Hnl| = ||Grl| =
1.

3aysaxumo, mo G i G, He 000B’a3K0BO oproroHaipHi mpu A # 0.
Axmo |A| # |ul, To oueBugno, mo G L G,. Ilpore, nanpukiar,
(62.60) = (B 2.08) = k) = HIAI? # 0.
Amnanoriunuii npukJias MoxKHa HapecTw 1 st 6asucy {Hy }.
Ockimexn, mpu A = (n,0,...), zx = n'l!, To ||P,|| = v/n y npocropi
H ().
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[Tponopmyemo mnocaigosuicrs {P,} y mnpocropi HZ(¢1). Tloknaze-

Mo Qn = %, romi ||@Qn|l = 1. Hexait A = (A,...,An) =
(1 2m2 oo n™n) | A| = n. Buaiigemo ||Qa] = ||Qx  --- - Q] = [|QT
Q.

QAP = (@7 ... - @, Q" -...- Q) =

(PP B PP
1migmz s o m2me e
1.1 rmg o my,] | ! !
Tobro ||QA]] = /(M)

[MopiBHIOIOYM 3HAYEHHS] HOPMU Jjis 1ojiHoMy () 3 dopmysioo (2.5.1)
OTPHUMYEMO, IO BOHU 30iraloThCsa g BUIAIAKy k = n. TaxkuMm 9uMHOM, MK

TIOBEJIN HACTYIIHY TEOPeMY.

TEOPEMA 3.5.7. Jlinitine 61006pasicents 3 CuMEmpuwHozo npocmopy
Doxa Fo na npocmip HZ(l1), susnauene na 6a3UCHUL eaemeHmar Bopmy-

A010.

I:e®(k) HQA:QI‘CI ""'ana A= (i§17i§27"-7i7]§n>7 |)“ =n

[’L] 11 in

€ 130MEMPUYHUM 130MOPPIEMOM 21A50EPMOBUT NPOCMOPIE.

_ €n
Baysaxkumo, mo L(e,) = £ (T), n € N.
n
3acrocoBytoun 1110 Teopemy i popmysnn Hetorona i Bapinra, Mu MoxKeMO
oTMcaTh OpTOHOPMOBaHI 6aszucu B mpocTopi Poka Fo, sIKi HE € OTHOPITHUMH

TEH30PHUMHU TOJITHOMAMU.

Hexait A = (i¥,i%2 .. ik |\ = |(k)| = n. Tozraunmo

e\ = e([gz.)](k) = efll ®ef22 ®...0¢en,

in
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Posrrgarnemo Taxi esementu 3 Fo:

ki :k
hy = E N \/z11222. Jikrey

IA|l=n

Gn = E (—1)"_’“1_"‘_’“”,2)\ \/@’fleQ. Jikrey.

IA|=n

Hacminok 3.5.8. Hocaidosrocmi (hy)2 1 ma (gn)52, € 0pmoHnopmosa-

HUMU CUCTMEMAMU 8EKMOPI8 Y Npocmopt JF.

JIOBEJIEHHSI. 3ayBaxXuUMo, III0

k1 -k -k
P)\—\/ g 2...Zn"Q/\.

Tomy dopmysu (3.1.2-3.1.6) MOKHA MEpeNUCaTH Y BUTJIS

H, = E z;l\/zlflzéa . ..iﬁ”QA

[Al=n

—ki—...—kn ki ;K o,
G, = Z (=) & N \/z11222...zlﬁ Q-

[Al=n

gk 6yno nokazano, cucremu BeKTopiB (Hy, )02 11 (Gp)o | € OpTOHOPMATBHUME
y upocropi HZ(¢1). Bacrocyemo izomopdism Z i nokaagemo g, = Z(Gy) i
hn = Z(H,). O

Baysazkumo, mo npocrip HY(¢1) He € aarebporo BijHOCHO omepariit 10-
TaBaHHA 1 MHOXKEHHS JIJIs1 JTOBLIBHOI ciM’1 by, TOOTO 1OOYTOK JIBOX €JIEMEHTIB 3

H®(#1) me zapxn mamexurs HY((1). Crpasai, mexait Q € Ho(4y), ||Q| = 1.
oo

st KoxkHOTO ¢ = (¢1,C2,...,Cp,...) € lo po3risineMo f. = Z cn@Q". Ouenn-
n=0
nuo, wo f. € HY(¢y). Ilpore f. - fo 6yne mameskaru HY(¢1) Tiankn Toai ko

3rOPTKa, JIBOX eJIeMeHTIB ¢ 1 ¢ HaaexnTb 10 fo. Ile He 3aBKaM Tak, 30KpeMa,

1,
JIJI TPUKJIQJY MOYXKHA B3ATH Cp = c = —. 3 iHmoro 00Ky, 0YeBUIHO, IO

akio f € HY(¢1) ip € Ps(41), mo fp € Hb(fl)
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TBEPJKEHHA 3.5.9. Jlas dosiavnozo f € HZ(ly) i« P € Py(41) mae
MICUE PIBHICTD

I(fP) = I(f) ®s Z(P). (3.5.5)

JTOBEJIEHHS. Bracsimok HemepepBHOCTI omtepaTopa Z Ta TUCTPUOYTHB-
HOCTI Olepaliil CMMETPUIHOIO TEH30PHOTO MHOYKEHHS, JOCTATHHO TTEPEBIPUTH

piBHICTH 3.5.5 Ha OasucHuUX BekTOpax. OTKe,

T(QAQu) = Z(QP QP ... Qb Q.. .Q5m) =

k1 km S1 Sm __
€, ®s...®seim ®Sej1 ®s...®sejm = e\ Qs €.
TyT My cKopruCTaJIMCh TAKOXK THM, IIO OIlepallisd Qg € acoIiaTUBHOIO. [l

[Mozuauumo G(t) i H(t) renepytoui dpyuknii nociigosuocreit Gy i Hy. A

caMe:
G(t)=) "Gy
n=0

o0
H(t)=) t"H,, teC, Go=1, Hy=1.
n=0

TBEPIXKEHHA 3.5.10. G(t) € HZ(¢1) i H(t) € HZ({1) modi i miavku

modi, xoau |t| < 1.

JTOBEJEHHS. Bpaxosytoun, mo |G| = ||H|| = 1, orpumyemo, 1m0 psau
o0 o0
DICPIGH i Y P Ha
n=0 n=0
36iratoThCst TOA 1 TLAbKU TOi, Kosin |t < 1. O

[Mozuauumo g(t) = Z(G(t)) i h(t) = Z(H(1)).
Hacmigok 3.5.11. V npocmopi Pokxa Fo 8UKOHYEMBCA MOMOACHICTD!

h(t)®sg(—t) =1, te€C, |t| < 1.
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Toomo, cumempuunut dobymox esemenmic g(t) i h(t) das [t| < 1 nesrcumo

y npocmopi Fo © momooicno dopienroe 1 € Fy.
JIOBEAEHHSA. ToToXKHICTH
H(t)(z)G(-t)(x) =1 (3.5.6)

€ BiJIOMOIO 3 KOMOIHATOPUKY JIJIsl BULIAJKY, KOJIU T — €JIEeMEHT IIPOCTOPY (piHi-
THUX TOCJIIOBHOCTEH oo (7uB. [76], ¢1.3). Tomy, npupiBagaBmm KoedirienTn

IPU BIMTOBITHUX CTEMEHAX, MAEMO

n

Z(_l)ka(x>Hn—k(m) =0, x € cgg, n > 1. (357)
k=0

OCKITBKY TIPOCTIp Cop € TabHUM B £1 1 mosinomu G, ta Hp — HemlepepBHUMH,
10 (3.5.7) Bukonyernes i jgus Vo € ¢1. Tomy pisuicts (3.5.6) 6y/1e Bukonysa-
TUCH J1Jist TOro Bunaaxy, Koau H(t) i G(t) nanexars HZ(¢1). fdk 6y/0 nokasa-
HO, T1e Ma€ Miciie Tozi i Tiaeku Tosi, ko [t| < 1. Bacrocysasimm izomopdizm

Z 5o (3.5.6) i TBepKenHs 3.5.9, OTPUMAEMO MTYKAHY TOTOXKHICTb. O

B 10s1i6Huit criocib Mu MOXKEMO OTpUMATH HIMN TOTOXKHOCTI 1 jis g(t) i
h(t) 3 Bigomux kombinaToprux Toroxuocreii mist G(t) 1 H(t).

Ilozraunmo
o0
P(t)=) Pt" .
n=1

Toni (nus. [76], c.4) 3 dopmyn

d
%H(t) = P(t)H(t)
d G(t) = P(—t)G(t
60 = P(-1G()

OTpuUMa€eMO HaCTYyIIHE TBEP/IKEHHA
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TBEP/I?KEHHA 3.5.12. Bukxonyrombvea maxi momoicHoOCmi:

d

Sh(t) = pOh(?)

o(t) = p(~0)a(0),

de |t| <17

p(t) =Z(P(t) = > Z(p)t" " =Y ﬁ

d
JTOBEJIEHHS. Jlia moBeleHHs TOCTATHBO 3ayBaskKUTH, IO T ol=To

—. O

BayBaxKuUMO, TaKOXK, [0 BUKOPUCTOBYOUN hopmyy (2.4.1)

G(t)(z) = exp < i tn#) = exp ( i @)

n=1
Ta CriBBigHOIIEHHS MiXK renepyounmu dyukiisvmu G(t) i H(t) mu moxemo

3alliCaTn
oo

—t
g(t) = exp (_ Ztnpn( )) ’
n=1 n
oo
t
h(t) = exp <Z t”p—( )> :
n=1 n
ne |t| < 11 ekcorenTy Big esleMeHTa IPOCTOPY JFo CIiJ pOSYMITH SK Psl
o0 w®n
ew:exp(w)zz —  we Fo.
n!

n=0

[Mosuauumo npojosxkenns E(g,) — riapbepris mpoctip, mopojzkenuii

: . :
OPTOHOPMOBAHOIO CHCTEMOIO BEKTOPIB (gn)req v Fo- E(gn) € 3aMKHEHUM TIijI-
npocropom B Fy. Posruisinemo cumerpuanuii ipoctip ®oka Fo(gy ), HoposxKe-

uuit mpocropom FE(gy,). Tobro,

Folgn) =C @ E(gy) ®®2,E(gn) ® ... 0 R%,E(gn) & . ..
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1 BEKTOpHU gfll Rs ... Dg gf: € OPTOTOHAJbHUM DA3UCOM B IILOMY MPOCTOPI,
k kn (12
19 @s - .. ®s g ||? = Kl knl. (3.5.8)

OCKUTBKY €JTEMEHTH ¢y, MOXKHA BUPA3UTH 33 JTOMOMOT'OI0 TEH30PHUX J0-
OyTKiB €1, ...,€n, TO TIpocTopu Jo 1 Fo(gn) MaOTh CHLILHWHA MIHHWHA TTi-
MpOCTip, AKUU MICTUTH JOBLIBHY CKIHYEHHY JIHIWHY KOMOiHAIIO Oa3MCHUX

. k k
BEKTODIB ¢;' ®s ... Qs g;".

TBEPIXKEHHSA 3.5.13. Hopmu npocmopie Fo i Fo(gn) HE eksigarenmmi
i, omoice, Fo # Fo(gn)-

JOBEJIEHHA. PosrisHemo nocainosicts (g5)°° ;. Bpaxosyroun, 1o

P:—P  Q%—20Q

G, — _
2 9 9

1 BimoOpaskeHHsT Z, MaeMO, 1110

n e% —V2e2\"
Kpim Toro, 3riguo ozuadenus (3.5.8) wopmu y npocropi Fo(gn) Maemo, 1o

Hgg|‘2fo(gn) = nl.

BHaii1eM0 OLIHKY Jijid HOpMH || 93”3—"0-

2

2 \/§ n 1
I8l = H (61_262> = o€ - V2e)"||? =
%He%”b _ ef(”—l) s V2 + ...+ (_1)n+1(\/§)neg”2 -

1 n 2(n—1 nyn
s (led 1P + 167" @5 vVaea|® + ...+ 2715 ]1?) =

%((Zn)! +202(n—1) +...+2")) > <§;’Q!.

Towmy

lg51%, ~ (2n)! _ n!
T opl4n T o4n e

HQS“H%O(%)
pu N — 00.
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Tomy HOpMH || - H%_—O i H-27:0(gn) He € eKBIBAJIeHTHUMU. 30KPEMa, eJIEMEHT
£ u
n=1 nm

HAJIEXKUTH TPOCTOPY Fo(gn), ajle He HAJIEKUTH IPOCTOPY J. 0]
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BucaoBku no pozzainy 3

YV mpoMy possiii posrismyTo rins6eprosi mpocropu HY(f1) cumerpu-
YHUX aHAJITUIHUX (DYHKINNW, BU3HaYeHnX B obJiacTsx £ Ta OOI'PYHTOBAHO
BUKOPHUCTAHHSI aJredpaldyHux 1 JiHIHHIX 0a3KCiB IIOJIHOMIB y IUX IPOCTOPax.
Bkazano ymoBu 3a gaxkux PyHKIIOHAJH 0, 3HAYEHHS B TOYKAX T MPOCTOPY
{1 OyayTh HellepepBHUME Ta OOYHCIEHO PagiyCu PiBHOMIpHOI 36ixKHOCTI dDyH-
kuift 3 H2(¢1). Onucano mMakcuMmaabHi 061acTi Takux Touok . Kpim Toro,
1106y,10BaHO mpuKIa L npocropy HP({1), sKuil CKIa1a€ThCs 3 MLINX CHMETPH-
YHUX AHAJITUIHAX (PYHKIH 00MEXKEHOTO THUITY 1 € MIJIBHAM IiIITPOCTOPOM B
aJITedpi BCIX MIIMX CUMETPUIHUX aHAJITUIHUX (PYHKINH 00MeKeHOTO THUITY.

Takoxk, 3HAEHO 3B’9A30K MiXK CUMETPUYHUMU IOJHHOMAMU Ta (DYH-
KITIIMU Ha MHOXKWHI MYJbTUMHOXKWH. MHOXKMHA CKIHYeHHUX MYJTbTUMHOKITH
yTBOPIOE HAIIBKLIbIIE BIJIHOCHO omiepalliii o0’eHanus Ta j1o0yTKy. IcHye Oie-
KI[isT Mi2K TIPOCTOPOM CKIHYEHHUX MOCJIIJ0BHOCTEH TPOodaKTOPU30BAHOIO Bil-
HOCHO BIJHOIIEHHSI €KBIBAJIEHTHOCTL IOA0 /111 CUMETPUYHOI T'PYNU 1 MHOXKU-
HOIO CKIHYEHUX MYJIbTUMHOXKWH. TaKuM YMHOM, KOKHY (DYHKITIIO Ha MHOXKWHI
MYJIbTAMHOXKUH MOYXKHA MTPOJOBXKUATHA IO CUMETPUIHOI (DYHKII HA ITPOCTO-
pl CKIHUYEHHUX MOCJIIOBHOCTEN. ¥ PO3/ial OMmcaHo 300pakKeHHd MHOXKWUHUI
MYJIBTUMHOXKUH y TPOCTOPI MOJIHOMIB, aHAJJATUYHUX (DYHKINH Ta 1100y 0Ba-
HO IIPUPOJHY METPUKY Ha Iiifi MHOXKUHI.

Kpim Toro, orpumano izomopdizmu mpoctopis HY(¢1) B aberpaxThi
cumerpudanl mpocropu Poka. BukopmcroByiouwm 1eit mijaxiJ BCTAHOBJIEHO
obsacth Bu3HadeHHs B () € (1 anagiTuaHUX (DYHKINNA, dKi € eJeMeHTaMu
H®(#1). Onucano meomHOPiHI OPTOTOHAIBHI CHCTEMN TEH30PHHX MOJIHOMIB
{gn} ma {h,} B cumerpuunux npocropax ®Poka. I[lepeneceno kombGiHATOPHI
CHIBBIHOIIEHHST MiXK (a3ucaMu CUMETPUIHUX MOJIHOMIB Ha cucremu {gp}
ta {h,}. PosrasinyTo sk cuiBsijgHocuThcst cumerpuunuii npocrip @oxa, 1o-

OyaoBaHuil Ha IPOCTOPi 3 opToHOpMOBaHUM 6azucom {P,} 3 cumerpudHUM
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npocropom Poka, moOYIOBAHNM HA IPOCTOPI 3 OPTOHOHOPMOBAHUM 0A3MCOM
{Gn}
PesyapraTn miporo posiay omybiikoano B poborax [5, 6, 16, 62, 63, 59,

64, 10, 2, 4].
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PO3JILI 4
MVYJIBTUIIJIIKATUBHI OIIEPATOPU HA I'JILBEPTOBUX

IIPOCTOPAX CUMETPUYHNX AHAJITUNYHNX ®YHKIIIN

4.1. MyasTuiutikatuBHi (PYHKIIIOHATM HA TiJIbOEPTOBUX ITPO-

CTOpPaxX CUMETPUYHUX AaHAJITUIHUX (PYHKITil

Ak Oyno zayBaxkeno, H 2(21) He € aJareOpor0 BiTHOCHO TTOTOYKOBOTO MHO-

xenns. IIpore, 106yTok aBox noninomis 3 HY(¢1) nanexurs HY(f7).

O3HAUEHHS 4.1.1. Jlhinitimuti gynxyionan ¢ : HX (1) — C nasusac-
muca myavmunaikamustum, axuo ©(PQ) = o(P)e(Q) daa eciz noaino-
wmie P,Q € Hy(ly). Ananoeiuno, ainitinut onepamop ® : H(61) — H2(4y)
HA3UBAEMBCA MyaAvmunsikamuehum, axuwo P(PQ) = ®(P)P(Q) dan scix

noainomie P,Q € HY(¢y).

OckinpKu oproHOpMOBaHHil Gazuc mpoctopy HY(/1) yTBOpIOOTH CKiH-
JeHHi JT0O0YTKYW TOJIHOMIB Pk, TO KOXKeH MyJIbTUILTIKATUBHUN (DYHKIIOHAT ¢
ra H? (/1) nosHicTIO BU3HAYAETHCS CBOIME 3HAYeHHsIME Ha Py, k= 1,2,....

Hapmaku, noknasmm @(Py) = aj 775 1esdKol MOCTi0BHOCTI YHCen ay,
MU MOXKEMO OJHO3HAYHO MPOJOBKUTHU 33, JIHIWHICTIO 1 MYJBTUILIIKATUBHICTIO
@ J0 JIHITHOrO MYJBTUILTIKATUBHOTO (PYHKITIOHAIA HA IIJIBHUN HIIITPOCTIP
P,(¢1) C H(¢1). SAxmo npu npomy dbyHKIIOHAT © Oyie 0OMEKEHIM, a 0TKe,
HEILIePEPBHIM, TO HOTO MOKHA IIPOIOBKUTH 32 HerepepsHicTio ana HY(f1). Ta-
KIM <IMHOM, 3a/ada ormcy Muozkman M (HC(¢1)) miHifEIX MyTbTHILIIKATHIB-

. . Hb E . -
nux dpynkiionasnis va H (1) 3B0JUTHC 10 OMKUCY MHOXKUHU HOC/IiI0BHOCTEMH

ay, aas skux dysxmonan o(Py) = ay, 6yme obmexenum Ha PP(f1).
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JIEMA 4.1.2. JIinidinud Mysvmunaikamushutl Gynkyionas @ wa nio-
npocmopi noairnomie P2(01) C HY(41) 6yde obmescenum modi i minvku modi,

KoAU Ons nocaidosrocmi snavers ar = p(Py), k € N muoorcuna

0 ooy |
= SN =M A+ A €N
{\/K AN

€ abCOANMHO CYMOBHO0M0 8 Keadpami. B uvomy sunadky

2 - ‘a>\1 e 'a>\n|2
ep=y Y el
A

JoBEAEHHA. Hexait f — nosinbumit exement 3 H2(¢1). Ba o3nadenusm

npocropy H?(¢1), f mMoxua mojaTu y U/
oo o
Y Y b e I3 e <
n=0 |\|=n n=0 |\|=n
pumnycrumo, mo ¢ € M(H®(¢1)). Toxi
Y -3 Y e <
n=0 |\|=n n=0 |\|=n
3 Toro, mo @(Py) = a) BUNIMBAE, 1O

(IS Rm=(IXZ 52w

n:O|)\|:n n—= 0|)\|_

Tomy

‘CLA...C%‘Q
loll* = {elp) = Z > B —

n=0 A1 +--+Ap=n
Hapmakm, aximo

0 lay, - - |2
Z Z N bAaA” < 00,

n=0A1+-+Ap=n

0o dopmysa (4.1.1) BusHauae QyHKIIOHAT

=) > ael)

n=0X\1+-+An=n
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koxuol dysknil f € H(f1) i

T ar o,
DY -
A

n=0A1+--4+Ap=n

]

O3HAYEHHS 4.1.3. Crasicemo, wo nopma npocmopy HE(01) cybmyan-
munaikamueka, axuo icnye xouemarnma C > 0, axa we zanesxcumv 6id A
maka, wo C||Pa\P,|| > || Pxll||Pu|| 044 dosisvrux posbummis A, . ¥ sunadky,
axwo |PxP,|| = || Pal||| Pul] 0as dosinvrux posbummis X, i, nopma npocmopy

HY({1) 6yde nasueamucy mysvmuniinamueon.

Ouesuano, o HopMa 1pocropy HY(€1) € MyIbTUILIKATHBHOIO TOM
i TibKU TOMI, KOMM st JOBLIBHONO po30urTa A = (A1,...,An), by =

b

, -+ by,. Bumagox by = 1 €, 3Bu9aiino, NMpUKIAIOM MYILTHUIITIKATHBHOL
Hopmu. Jlerko 6aunTu, 1o BUaIOK by = z) BU3HAYAE CYOMY/IBTUILIIKATUBHY

aJie He MYJIbTUILIKATUBHY HOpMY. lIpoTte, skino 300pa3uTu A y BUTVIsI

TO

BU3HAMAEC My/IbTHILIKATHBHY HOpMy Ha HY(f1). BayBaxkumo, mo He icHye
MYJIbTUILTIKATUBHOI HOpMU Ha H S (¢1) Takoi, mo pajiyc piBHOMIPHOT 36i2KHO-
cti Beix dyukiit 3 HY(f1) € neckingennum. Crpassi, mexaii ||Pi|| = ¢ > 0. 3

MYJBTUILIIKATUBHOCTI HOPMU BUILINBAE, 110

1P = /b0y = Ve

Tomy, 3 Teopemu 3.2.1 Maemo, 110 pajiyc piBHOMIpHOI 30i2KHOCTI 7 DYHKITIA
3 HY(¢1) ne nepesumiye +/c.
Hosnagmmo DY = {ag: (ag\/by,) € Lo, |ar] < 1/bx, }-
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Jnsg BunaaKy MyJIbTATLTIKATABHOI HOPMHU MA€MO HACTYIIHY TEOPeMY.

TEOPEMA 4.1.4. Ipunycmumo, wo na HL(l1) 3adano mysvmunaika-
mueny wopmy. Jlinitnut mysemuniixemusnut gynxyionas ¢ na Ps(l1) 6y-
de nenepeperum modi i miavku modi, Koau nocaidoswicmsv a = {ap = p(Pg)}

nasesicums DY.

JOBEJEHHA. Hexait |ag| < /bx,. Toxi |ag|/+1/by, < 1. Tomy

> ’CLA"‘CLAH
2. 2 o

n=0\1+-+Ap,=n Lot

® T 1

- l—pam

" k=1

[eit 100y TOK TPAaBOPYY 30Ira€ThCsl, OCKLILKY MTPOJIOrapudMyBaBIIU, OTPUMa-

€MO

o 1 S
log <3 haals, = las/B) I
Z‘ 1 — |ag|*(by,) ! ; ' '

k=1
TakuM 9MHOM, 3 TOTO, IO TMOCTTOBHICTE (ak/+/by,) € l2, 3a memoro 4.1.2

Ma€MO

)~ ay, - ay, |
lel>=>" Y by

by, ...
n=0\1+--+A\p=n A1 n

~11 12 <l P
1 — |a] (b)\k>

i, oT2Ke, ¢ — oOMexKeHul (DYHKITIOHAJ.

Hasnaku, gxio ¢ — obMexenuit pyHKITIOHAJ, TO

\a)\l---a»\ |2 2
E by, < E E L = :
‘ak‘ / >\k b)\ b)\ HSOH

n=0A{4+--4+Ap=n 1 n

Tomy nmocnigosricts (ag/1/by,) € Ca.
ITpunycrtumo, 1mo s geskoro k, |ag|/+/by, > 1. Posrasgmemo emement
f € Hb(#y) Burnsuy

f= Z b)\ m/2

1
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OueBugHoO, 1110

0. @]

1
172 =3 —| < oo
m=1
Tomi
> al’ > aj " 1
mzzl m(b)\k)m/Q mz::l \/b)\k m

TOGTO B I[OMY BHIAJKY @ He BusHauennii ma H((1). Orxe, |ap| < 1 mia

KoxkmHoro k, To6ro a € DY. O]

3ayBazKUMO, IO Yy IONEPEHBOMY PO3/ILIl MMOKa3aHo, M0 (DYHKITIOHAT
suadenns B Toulli 0, (f) = f(x), f € Hs(¢1) Oyne HenepepBHUM MYJIBTHILIIKA-

TUBHUM (DYHKITIOHAJIOM TOJI 1 TLIBKA TOJI, KOJIN
reQ={xel:|Pzx) <1l keN}

TakuM YUHOM, SKIIO @ = Oy s fesgkoro x € £ 1 |ag| = |@(Py)| = |Pr(x)| <
1, To a = {ay} aBromarnuno Hajexkuth MHOXKUHI Do C lo.
[Tokazkemo, mo icuytors enementu 3 M (Hg(41)), siki He € dpyHKIIOHAIA-

MU 3HAYCHHS B TOYII.

[TPUKJIIAL 4.1.5.  Poseaanemo CKIHYEHHY NOCAIO0GHICT
{ai,...,am: la;| < 1}, das axoi we eci a; = 0. 3a meopemoro 4.1.4, das
6Yydb-aK0i makoi nocaidoenocmi ichye maxut gynxyionas @ € M(Hg(l1))
maxuti, wo o(Py) = ax,1 < k < m i o(Py) = 0,k > m. 3 pobomu [26]
6i00M0, w0 He ichye eaemenma T € L1, das axozo p(Py) = 0,(Px) das 6cix

k. Tomy, © He € GYHKUIOHANOM SHAYEHHA 8 TNOYUL.
I[TpukaAnd 4.1.6. Hexati

z={zn: |2n| <1,Vn € N}
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— deaxa obmestcena Nocaido8HICMb Maka, w0 0as deaxozo m € N

oo oo
E 20| < 00 i pad sz;’

3bizacmuvea ymoshno (ane ne abcoaromno) oas ecixz k < m. Todi

Pi(z) = i 2k
n=1

e susnaueni oan ecix k € N i {ag} = {Pi(2)} € la.
3a meopemoro 4.1.4 icnye dynxyionar @ € M(Hg(l1)) maxut, wo
©(Pr) = Pr(z). Ane z & L1, momy © He € GYHKUIOHGAOM SHAYEHHA 6 MO-

4.

[ozuaunmo epes Hg mpoctip HY(41) nas sumaaky by > |A!|. Y mome-
pPeHBOMY PO3JIIl Oy/I0 MMOKa3aHo, 10 Hg — IIJILHUI TiIpocTip B ajredpi
cuMeTpudHUX aHaiTuIHuX PyHKii Hpg(¢1) Ha ¢1. Takum 9uHOM, KOJKEH Xa-
pakrep anrebpu Hpg(¢1) Oyme MiHIFHAM MYIBTUITIKATUBHAM (DyHKIIOHAIOM
na Hs. 3okpema, cepen xapakrepis Hps(¢1) € onnomapamerpuuna cim’s g,

s € C raka, 1m0

[Mpu upomy s(P1) = s i ¥s(Py) =0 g k > 1. OueBuno, mo QyHKIioHA
(f1sP%x)

Vs Ha Hs Mae Burian ¢¥s(f) = (f|sP1). B mogi6uuit cnoci6 ¢, (f) = NN
MOXKHA 3a/aTH MyJbTHIUIKATHBHI dyHKIoHa N Ha Hs Taki, mo ¥k (Py) =
SO0k JJISL IOCTATHBO MaJIUX S (JUB. HACTYyIIHe TBep KeHHs ). [Ipore, dyHKIio-
HaJN s }; BKe He OyIyTh HemepepBHUME B Tomosoril mpoctopy Hps(¢1) [36].
TobTo, He BCi MYJIBTUILIIKATUBHI PYHKIIOHAIN HA ITPOCTOPi Hs TTPOJIOBKYIO-
ThCA 70 Xapakrepis aarebpu Hys(f1).

Ananorn dyHKIIOHATIB 1) j;, ICHYIOTH IS ITIPOKOTO KJIACY IPOCTOPIB

H(t).
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JIEMA 4.1.7. Ha npocmopi Hg(fl) 3 CYOMYALMUNAIKATNMUBHON HOPMOI0
| - || icnye myavmunaixkamusna 2iavbepmosa nopma ||| - |||, nenepepena 6io-

nocro || - || i 6asuc {Py} 6yde opmoeonanvrum y (HL(C), || - 1]])-

JTOBENEHHS. lmg Toro, mob BU3HAYNTH HOPMY Ha TLIEOEPTOBOMY TTPO-

CTOPi, OCTATHRO 11 BU3HAUUTU Ha oproroHabHomy 6asuci { Py }. Ilokiaaemo

Pl = | Pkll, ¥ € Nisakmo A= (A1,...,Apm), TO

IPAN] == [EPA - - [P -
TakuM, YMHOM, YMOBa MYJbTUILTIKATUBHOCTI 17151 HOpMH ||| - ||| BukomyeThCA.
[Tokaszkemo, o 1 HOPMa, € HeNepPepBHOIO BianocHo || - || 1 KopekTHO Bu3HAYE-

HOIO Ha BCBOMY IPOCTOPi. 3 yMOBU OpTOroHaabHocTi { Py} 1 ymMoBu CyOMyIb-

TUITIKATHBHOCTI, [T TOBLIBHOT CKiHUeHHOT cyMu » y caPy € H 5(61) Ma€MO:

2
[ an [ =X lallBdr = 3 leaPIBulP - I1PP
A A

A=(A1seAm)

2
<C Y lalIPy PR = Y an)|
A

A=(A1,..,Am)
st gesikol koncraatu C' > 0. Orke, vHopma ||| - ||| € obmexenoio, a Tomy
HelepepBHOIO BigHOCHO HOpMHE || - || 1, ToMy Oyme KOpeKTHO BH3HAYEHOI HA
BchoMy mpocropi HO(47). O

TBEPIYKEHHSA 4.1.8. ¥V npocmopi HY(l1) 3 cybmysvmuniiramue-
1O HOPMOI0 LCHYIOMb HENEPEPEHE MYALTNUNAIKAMUCHE PYNKYIONAAY Vg ki,
Vs k(Pn) = S0kn 0As MUT © MiAbKY MUT KOMNAEKCHUT “UCEA S, AKI 3000~

goabHAIOMY nepisnicmy |s| < /b, = || Pkl

JToBEAEHHSI. Hexait nopma mpocropy HP({1) — MyabTHIUIKATHBHA.
3a Teopemoro 4.1.4 MynpruniikaTuBHuil QyHKIIOHAT 14 ) Oy/ie HellepepBHUM
Toai i Timekm ToAl, Kom |s| = |¢sk(Pk)| < by,. B zarampHOMY BHmAIKY

CyOMyIBTHIUIKATHBHOT HOpMHE, 3a jemoro 4.1.7 ua H?(f1) icuye menepepsa
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MyabTAIUTIKaTHBHA HOpMa ||| - |||. Ba goBegernm Buine, dyHKIioHAMN Y5 ) €
oOMeKeHnMU BiTHOCHO Tii€l HopMmu. ToMy BOHEM OyayTh OOMEKEHWMU 1 BIJTHO-

cao HopMmu || - ||. O

Hosmaunmo Yy = b1k = || Pel|Y1k, k € N. Toni

ol —wk(HP 1)=1

i dpyukumionasu {1} € nonAPHO OPTOrOHAJLHUME B HPOCTOPI JIHIHUX He-
nepepsHux (dynkmionasais wa HPC(f1). osnaunmo Ej, — 3aMkHeHy JiHifiHy

000/10HKY dyHKITIOHATIB Y, £ € N.
TBEPIYKEHHA 4.1.9. Jlasa xootcnozo x € Qyy pynryionanr oy € Ep.

JTOBEJIEHHSA. OcKiTbKHU (DYHKITIOHAN 1), O10PTOTOHAJbHI JIO TTIOJIHOMIB
Py

——, TO
[Pl

(P R
(o) =5+ (7) = T

Tomy dyHKIOHAN §, MOBHICTIO BU3HAYAETHCS MOCTIMOBHICTIO { {0z, Yr)} 1,

OCKLJIbKH 0, MYJbTHILIIKATUBHU, TO 3a Teopemoro 4.1.4

162(Pi)| = |Pe()] < Vb = || Pl

Takum yunoM, nokasim ay = Py (x), 3a jsemoro 4.1.2 maemo

|Py(x)2 \ak\
Z HPku? Z = o

(. @]

Z :mwk

k=1

OTxke, eTeMeHT
oo
E a:a wk
k=1

HAJIEXKUTH TIpoCcTOpy K. 0
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TEOPEMA 4.1.10. Hezati na npocmopi H2(41) 3adamno cybmyisvmun.ai-
Kamusny nopmy. Todi icnye abecmparxmuud npocmip Poka .7:,17’ Had 21a4b0epmo-
sum npocmopom Ey 1 ynimaprut 6rexmusenut onepamop U : Hé’(fl) — 7—[?7 =

(.7:2 )* maxud, wo

fl@) = (n0),Uh) , = <n(i <5$,wk>Ebwk),u<f>> ,
%

K k=1

de U(f) = (-,M(f)}H% € .7:7? i e1dobpasicenna n: Ey — .7:,17’ GU3HAUEHO POPMY-

A010
>0 >0 pkt ... phn
77( Z ynl%) = Z Z %yl’? e yf:wzl? Ry -+ - D %’f:, (4.1.2)
n=1 n=1|\|=n A
A= (M k2 ik,

. : b
HOBEJEHHA. Posrignemo abcrpakTauit npocrip Poka F; HaJl MPOCTO-
pom Ejy, 3 TBIpHOIO DYHKIIIEO 7, siKa BU3Ha4aeThCa (opmyioo (4.1.2). 3 pe-
3yJbTATIB, HABEAEHUX Y MAPO3/1L/l 2.5 MaeMo, 110

b

k knp2
ol @ @l = o
11 in

3 inammoro 60Ky, 3 Teopemu 2.5.1 Maemo, 1110

<n(5$)’¢z/,€11 R -+ D wf:>}_b = <n<i <5x,¢k>Eb¢k)a¢fll Ry« Qg ¢f§>
n Fb

k=1

k1 kn
= (5$7¢i1>k1 e <5x7¢in>kn _ Pi1 (z) . Pz'n (z) _ Py(x)

S R N ey

Busnaunmo oneparop U: HY((1) — (]—'ﬁ)* Ha, OPTOTOHATFHOMY OA3WMCI TaKIM

U: Py <-,¢M/bf11---bf:> ,

7

YUMHOM
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ne Py = wfll R+ g wf: Toni, ana koxknoi dynknii f € H2 (),

f@) =) exP(x)

A

<n<5w>,u(chPA<w>)> = (@)
A

7

MaEMO, TI10

TakuMm 9wHOM, MW OTpUMaJIN IMMyKaHy piBHICTH. Kpim ToTO,

oAl 05! -0 = v/ox = | Rl

Omrxe, U Bijtobparkae OpTOHOPMOBAHNIT OA3UC B OPTOHOPMOBaHM, 36epiraro-

uyn HOpMY OasucHuX BeKTOpiB. ToMy U € yHITApHUM OIIEPATOPOM. [l
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4.2. Oneparopu komno3sunii Ha H? (/)

Posrasinemo wa mpocropi £ Take BiHOIEHHS €KBIBAJEHTHOCTI: & ~ ¥,

akimo Py(z) = Pi(y),Vk € N. Ioswauumo ¢/ ~ MHOXKUHY KJIaciB eKBiBa-

JeHTHOCTI 1 [x] — Kuac, gkuit Mictuth egement x. Bimomo (mus. [36]), 1o
{1/ ~ we e minifinum npocropom. [Ipore, jerko 6auuru, mo skimo [z = [y],
To [|z|| = [ly||. Tomy mu Gyzemo mucarn |[2]|| = [|=].

[Tix omeparopom kommoswuilii C'r O6yaeM0 pO3yMITH HelmepepBHUI Ofe-
parop Cp : HY(¢1) — HY(f1), mns sxoro ichye Bimobpasennst F: 1/ ~—
M(H(t1)) Take, mo Cr(f) = foF, ne f(p) = o(f), Yo € M(H(tr)).
3ayBazkKuMO, 10 OMEPATOPHW KOMITO3UIIT € MPUKJIAJAMN MYJIbTUILTIKATABHIX
OIIEPATOPIB.

osnauumo By = {[z] € £,/ ~: ||z]| < 1}. Baysaxumo, mo By MoxkHa
posrisiaru gk miamuoxkuny y M(Hg(41)). Harapaiimo, mo cumsoiom Hg(41)
Mu mo3HagaeMo npoctip H2(41) nst Bumagxy by = 1.

Hexaii h(t) — meska GyHKIA 0HIET KOMIIJIEKCHOT 3MIHHOT, aHaiTHIHA
y Bigkpuromy kpysi [t| < 11 mae abcontorno 36ixuuii psi Teitopa. Posris-

HeMO Bimobparkenust F}, : E — {1/ ~, BU3HAYEHE TAKUM YUHOM:
Fy([z]) = [(h(x1), h(z2), ..., h(xn),...)],x € E/l

OdeBuHo, MO 3HavYeHHs F), He 3a/1€2KUTh Bij BUOOPY IpejcTaBHUKA T € [].

[Tokazkemo, mo. Fy([z]) € 61/ ~ pna koxnoro x € {1, ||z|| < 1. Cupasni,

Hexaii h(t Z hypth — posksian GyHkil h y psaa Teitnopa. Tomi
k=0

[ER ([ = Z [h(zn)| < ZZ [l |*

n=0 k=0

=" | Z ] < Z k| < oo
k=0 n=0
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[Toznaunmo W anrebpy BCixX aHAJITUYHUX B KPY3l PYHKINN OHIET 3MIHHOT 3

abcosrroTHO 36ikHUM pajoMm Teittopa. Bimomo, mo W — 6anaxosa ajrebpa
o

BigHOCHO HOpMU || h|| = Z |-
k=0

TEOPEMA 4.2.1. Jlas xoorcnot pynxuii h € W maxot, wo ||h|| =r < 14
h(0) = 0 onepamop xomnosuuii Cr, : f — foF}, € nenepepsrum onepamopom

3 Hy(l1) 6 Hg(£q).

JIOBEJIEHHS. 3ayBaxXuMo, I11o

o (o .e] o
m
Cry (P} (@) = Pl Fi(2)) = S W™ () = 3 (Dt =
n=1 n=1 k=1
0 o0 o0
Z Z Ry -+ gt T = Z Py =+ Py Py ek ().
n=1 kl,...,km:1 kl,...,km:1
Tomy
[Pmo Full> = > [l |*- - b, |? =
R,

(30 el?)"™ < e = v < 1.
k=0

Anasoriuno g Py = P\, Py, -+ P,,,

HP)\ o FhH2 < 7“2(>‘1+"'+/\n)_

Hexait f € Hy(f1), f=)_ Y _ axPy, X lea® = [|If]|% Toxi

ICH NI = Fll <Y D lelllPyo Foll <

oo

LAY D =AY pln)r™,
n:0|)\|:n n=0

e p(n) — KUIbKICTh pO3OUTTIE HATYPAJIBHOTO T HA HATYPaJIbHI JOJIAHKU.

(0. ¢]
n

3 Bimomol acummrorndrol dopmyan (3.2.3) BUIIMBAE, IO P/l Zp(n)r

n=0
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36iraerbes st Koxkuoro 1, |r| < 1. Tomy omeparop Cr, — obMmexenuii i
(.]

ICr N <D p(n)r™. 1

Ha muozkuni £1/ ~ BBegemo nacrymnni oneparii. st gosinbuux x,y € 1

ITIO3HAYMMO
[x] L [y] = [(xla Y1,22,Y2, - - )]

— KJIac, SIKHil MICTATHL eJaeMeHT 3 {1, 110 Ma€ BCl KOOPAUHATH BEKTOPA T Ta,

BEKTOpa Y.
[z] o [y] = [(z1y1, 2291, - - -, T1Y2, - - - ,Zﬁiyj,---)]

— KJIaC, IKA MICTUTB eJIeMeHT 3 {1, KOOPJANHATH TKOTO € BCeMOXK/IUBI ITOTIapHi
m100yTKN KOODP/IMHAT BEKTOPA & Ha KoopjuHartu BekTopa Y. OdeBujiHO, 1110
BKazaHi orepariii KOpeKTHO Bu3HadeHi Ha BCix [z],[y] € €1 i ||[x] @ [y]|| =

[l {lglls ] o Tyl = eyl
Baysaxumo, mo Py(zoy) = P\(x)P\(y) i Pr(zey) = Py(z) + Py(y).

TBEPIYKEHHS 4.2.2. Jaa dosinvrozo y € Qi f € H(01), eremenm
f(zroy) € Ho(4y) i onepamop My: f(z) — f(zoy) e nenepepsrum na HE (1)
B P ( y
v || My = Sup

JIOBEJAEHHS. Hexait f = Z Z cxPy. Toni

n=0 |\|=n
LR =Y 3 e -
n=0 |\|=n
= H Z Z C)\P)\ P)\H Z ‘C)\P)\
n=0 |X|=n n=0 |\|=n

<sup| 20 ]ZZM —sup| 2211

n=0|\|=n
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PA(?J)‘
|

3 iHmIoro 60Ky, OYEBUIHO IO el CYIPEeMYM JOCATAETHCSI HA MHOYXKUHI

P(y) P ’

A\ (1Y)
V0 VO
Teepkenns 4.2.2 jnosejeno 6e3 (popMajibHOIO TPUIYINEHHS [P0 Te,

Takum annom M, — obmexkennit oneparop komnosuii i || My || < sup ‘
A

. Tomy || My|| = Slip’
O

mo x oy € Q. Ipore, axmo oy ¢ O, To 3maiigerscs dynknis 3 H2(4),

dKa He BU3HadeHa B Tounl x ¢ y. ToMmy, B IboMy BUIaJKYy, oneparop M, He
. 7

MOKe Oy Ty BU3HAUEHUM Ha BCboMy 1pocropi H.(¢). Takum aunom, mu j1oBe/1u

TaKMWil HACTIIOK.
HACI1I0K 4.2.3. Mnootcuna (€ nanisepynoro idnocto onepauii ” o7 .

Baysaxknumo, 1o omeparop f(x) — f(z e y) €, B 3araJbHOMY BUIIAJIKY,
neobmexxkeruMm, ko y # 0. Cupasmi, gkmo y — Takuii BeKTOp 3 {1, 1110
r ey & Qp nna meaxoro x € (Y, To oneparop f(xr) — f(z e y) BusHAUHUIA
ne g1 Beix f € HY({). 3 immoro GoKy, Ieit omepaTop 3aBKAM BH3HAUCHM
Ha MILJILHOMY MITPOCTOPl moJiHoMiB. ToMy, 30KpeMa, B IIbOMY BUITQJIKY, e
oneparop Oyzae HeobMexkeHuM. JleTaibHilne My PO3LJISHEMO el omeparop y

HACTYTTHUX PO3ILIaX.

TEOPEMA 4.2.4. ITpunycmumo, wo dia npocmopy HP(01) mmoorcumna
pynruyionanis 0z, v € QY posdiage mouxu npocmopy H (1) (mobmo euxo-
HYMbea ymosu meepdoncenns 3.5.5). Hexatt A — ainitinud onepamop Ha
Hb(0y), axut somymye 3 onepamopom My daa dosinvrozo y € . Todi das

KOIHCHO20 p036umm.ﬂ A iCHyE YUCAO0 A) € C mawe, wo
A(P)\) = a)\P)\. (421)

Inwumu caosamu A — Hopmasvruti onepamop, Py — nabip saachux éexmo-

pis, a {ax} — moukxosuti cnexmp onepamopa A.
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JIOBEAEHHS. Hexait

AP =f =) c,P, € Hy(ty).
o)

Tomi Vy e

My(A(PN)) = ) cuPu(y)Pu = A(My(P))) = Pa(y) Y cubPa-

3 1i€l piBHOCTI OTPUMAEMO, IO JIJIsi KOXKHOI'O PO3OUTTS 4

cuPu(y) = cuPr(y).

OCKIJIBKY 116 BUKOHYETHCS IJTsT BCIX Y € (), TO, BUXOPUCTOBYIOUN TON (PaKT,
1m0 PYHKINOHAJN 3HAUYEHb B TOUYKaX () pPOBILIAIOTH €JIEeMEHTH IPOCTOPY
H(41), maemo, mo ¢, = 0 gma g # A Taknm aunowm, oneparop A B 6asuci

Py, mae Burssi A(Py) = ¢)Py. 3a1umuioch MOKIACTU ) i= C). O

OueBuHO, 1O BipHO It HaBMAKM: KOXKeH omnepaTop Buriamy 4.2.1 xomy-
tye 3 My, y € .

B s3arasbnoMy Bunajky, akio y € £1, oneparop f(x) — f(xoy) € Busna-
TeHIM Ha JIedKOMY TimbHoMy mimmpoctopi D(M,) B HY(¢1), axwmit MicTuTh
Bei mosminomu 3 HY(¢1). Mu Gymemo sbepiratn mosnauents M, s 1boro

oIepaTopa, IPHUIIYCKAdn 110 06/1acTh BusHadenHs D(M,) € MaKCIMaIbHOIO.

TBEP/I>KEHHS 4.2.5. Onepamop My, y € {1 mae diazonasvrud eueand

y 6asuci Py npocmopy HL(¢1). Sxwo y € Qp, mo My, e nopmarvrum.

JOBEIEHHS. Ilepma dYacTtmHa TBepRKEHHA OYEBHUIHA, OCKLIBKHU
My(Py) = Pi(y)Px. Tomy Mj(Py) = Pi(y)Px, ne pucka 3Bepxy O3Haudae
KOMILTEKCHe CIpsizKeHHs. Tomy, y Bumaaxy xouu y € {2y, M, € HemepepBHIM

1, OT2Ke, HOPMAJJTbHUIM. 0
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Hust posinibHoro emementa y € 1, y = (Y1,Y2,...) HO3HAYAMO § =
(E, Y2, . . ) i Oy/teMo HA3WBATH I KOMILIEKCHO crpsizkeHuM 10 Y. Ckaxkemo,

o Y € {1 € CAMOCTIPSIZKEHUM €JIEMEHTOM, SIKIo y ~ ¥, TobTo [y] = [7].

TBEP/I>KEHHSA 4.2.6. Hexati y € ¢1. Hacmynni ymosu € ex6i6aAeHmMHU-

1. y e camocnpasicerum.
2. P,(y) € R daa xoocnoeo n € N.
3. P(y) € R daa xootcnozo noainoma P € Ps(lq).

4. M, e camocnpasicenum onepamopom.

JOBEAEHHA. (1 = 2) dxmo y — camocnpsizkennit, To [y] = [g], Tomy
Pn(y) - Pn(y)a n € N. 3 inmoro 6oky Pn(@) — Pn(y) Tomy Pn(y) — Pn(y)
i, orxxe P,(y) € R.

(2 = 3) Ockisbku { P, }5° | € anrebpaiaanm 6asucom B Py(¢1), To 3 Toro,
mo P,(y) € R, n € N sunusae, mo P(y) € R ansa koxuoro P € Ps({1).

(3 = 2) OueBunno, ockinbku P, € Ps(¢1), n € N,

(3 = 4) Bpaxosytoun, mo omeparop M, Mae IiarOHAJbHUN BUIVIST,
obacTh BU3HAYeHHs oneparopa M, € makcnmasabaowo i Bcl Py(y) € R orpu-
MyeMmo, 1m0 M, — camocupsazKeHuil.

(4 = 1) 3 Toro, mo M, — caMoCTIpsIyKeHNIT, MAE€MO, ITI0 BJIACHI 3HAUEHHS

M, e ngiiicui. Sokpema Py(y) € R. O

3ayBaxKuUMO, IO CIIEKTpoM oneparopa M, Oyne 3aMUKaHHS MHOXKUHU
{Px(y)} C C, ne A mpobirae MHOXKWHY PO3OUTTIB BCIX HATYPATBHUX UHUCET.

O6uncimmo Gp(xoy) i Hy(x oy).

TEOPEMA 4.2.7. Hexati y € {1. Todi maromv micue Hacmynti piehocms

Gn(zoy) =Y My(y)Ga(z)

[Al=n
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n(Toy) §:<NA

[Al=n
JIOBEJIEHHS. 3ayBaxXuMo, 1110 JI/Id TeHEPYI0Y0l PYHKITIT TTOCIi JOBHOCTI

{G,} mae micue piBnicTnb

iGn(m Zt”G ﬁ( 1+ ta;)
n=0 =1

(muB. mamp. [76], [71]).
[Is piBHICTH BUKOHYETHCH M/ TUX t Ta X, JJIT GKUX PAIN 30ITal0THCH.

Bokpema, ja ||z]] <1, [t| < 1. Tomy

Y Galzoy) =[] (A +yjmi) =

n=0 ij=1
H(l + ylil,’i) H(l + ygmi) ce H(l + iji) .=
1=1 1=1 1=1

n=0
Z Z Z yffyfj - yf;le (z)...G, (z) =

n=0ki+...+k,=n J71<j2<...<jn

o
> ) My(y)Gal)
n=0 |\|=n
Awnasioriuno, jist rerepyrouol gyskuil nocagosuocri { Hy,} maemo

;Hn(m Zt H,( H(l_lm)

’L_

Towmy
oo (0.0}
1
Steen = () -

1 TG TG -

=1 =1



> ytHu(x
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Zy’é‘H Zy"H
Z Z M (y)H(x).
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4.3. BioproronanbHi 6a3ucu B HZ((1)

TEOPEMA 4.3.1. B npocmopi HZ(¢1) ainitni 6asucu {Hy} 1 {M,\} €

6iopmozonanvrumu, mobmo (Hy, M) = 6y, daa dosisvhuz posbummie A, fi.

JTOBEJIEHHS. Bpaxosyioun Teopemy 4.2.7 Ta dopmyay (3.1.3) y TBep-

JkeHHl 3.1.2 maemMo

> Ha(@)My(y) = Ho(zoy) = > z ' Pa(zoy) = Y 2z, Pa(z)PA(y).

[Al=n [Al=n |Al=n

Towmy

<Z Hy ()M (y > 3" 2 Pa(y) (P, M)

|A|=n IA|=n
. : P
3 inmoro 60Ky, OCKIJIbKH —— — OPTOHOPMOBaHMii Hasuc,
Z\
P P P P
MM=Z<—A,MM>—A= 3 <_A,MM>_A
A VA VA |A[=|pl=n VA VA

i sikio Bubparu y rak, mo dyukionan 6: f — f(y), f € HZ(¢1) nene-

pepBHuit (Tobro y € §2) To
Oy (M) = My(y) = Z Z)TIPA(ZJMP)\,MQ-
IA|l=n
Orxke
(S0 HAOMA), Mu()) = S Ma(y)(Ha, M) = M (y).
|Al=n [A|l=n

OCKiZIbKY I1e BUKOHYETHCS I BCiX ¢y € () 1 MHOXKHHA TaKHX Y PO3IIJISE

enementn pocropy HZ(41), To

(Hx, M) = 6x -
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Hozuaunmo w: HY(f1) — HY(¢1) nimiitauii MyIsTUILTKATHBHEAN Omepa-
TOp, BU3HAYEHUH Ha nojiHomax P, macrymnum unnom: w(P,) = (=1)""1P,.

BHACIII0K MyJILTUIIKATUBHOCTI W MaeMoO, mo st A = (A1,..., \p) =

(1mr 2m2 2 A =n
w(P)\) _ (_1)(1—1)m1(_1)(2—1)m2 .. (_1)(T—1)mrp{”1p2m2 P =
(_1)%—(m1+...+mr)PA.

3 kombinaropuku Bijgomo (gmB. [76] c. 12 ), mio BijoOparkeHHs w Ma€ BJIACTH-

BICTh:
w(G)\) = HA 1 w(H)\) = G)\ (4.3.1)
TJIT KOYKHOTO PO3OUTTS .

TBEPIKEHHS 4.3.2. Onepamop w: H2(¢1) — HY(41) e ywimaprum

onepamopom i w> = I, de I — odunuunuti onepamop.

JIOBEJIEHHS. 3 03HAYEeHHs OIEepaTOpa w 0AIMMO, 10 W — HEIlePEePBHUIT

Ta izomerpraamit. Kpim Toro, 3 (4.3.1) summsae, mo w? = I. Tomy w* = w =

[

w™l. Orxe, w — yHiTapawii.

3ayBakKK1MO, II0 OIIepaTop w Oylde HeOOMEXKEeHHM B TOIIOJIOTIl PIBHOMID-

HOT 361’KHOCTI Ha 0OMeKeHUX MiIMHOXKIHAX TpocTopy ¢1 [37].

Iosnaunmo My = w(My).

HACTIIOK 4.3.3. Jlinitini 6asucu {G\} i {My} ¢ Giopmozonanbrumu 6

npocmopi HZ (7).

JIOBEJEHHSI. BpaxoBytoun Teopemy 4.3.1 Ta TBepkenas 4.3 MaeMo

—_—

(G, M) = (w(Gr),w(My)) = (Hx, M) = dx,.



107

Harazmaemo, mo napa 6a3ucis {e;} ta {u;} y risisbeprosomy npocropi £
HA3UBAETHCS 610pMOo2onasvohumy basucamu Pica, axmo (e;,u;)g = 65, 1,J €
N i

sup |[en | [|un]| < oo
n

3 BJIacCTUBOCTI 610pTOTOHAJTBHOCTI BUILIUBAE, IO JIJIsI KOXKHOTO & € F

oo oo
T = Z(ZU, en)Un = Z(az, Up ) €n.
n=1 n=1

dx 6yno nokazano, |G| = [[Hy| = 1. Ane || M,|| = || M| = ||P.]| =
Vi omy sup M [Hy| = o § sup [ M| G| = oc. Towy i napa {Hy),

{My} ui mapa {Gy}, {M)} ue e 6ioproronanpaumu 6azucavu Pica B HZ ((7).

[Ipore, mas koxuoro f € HZ({]) BUKOHYIOTbCS PIBHOCTI

F= 3 (£FMIG =D > (f.G\)M,

F=Y_> (fMOHN=) > (f H\)M,.

Ta
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4.4. CumerpuyHi Apob60Bi BigoOparkeHHsI i cuMeTpudHe yH-

KI[IOHAJIbHE YNCJICHHSHA

Y monepearix posmizax (aue. Takox [35, 37]) 6ys0 BBeZEeHO HACTYIIHI

omeparii Ha /1

rey=(xr1,y,x2,Y2,)

roy = (xiyjﬁ,?ozor

[Tpu 1poMmy,
Pk(aj ° y) = Pk(x) + Pk<y) 1 Pk(moy) = Pk(x)Pk(y),x,y € /.

Hexait [ = (1,0,...) € 1. OueBuno, mo Py(re0) = Py(x) i Pp(xol) =
Pr(x) must Beix k € Nix € 4.

B [37] moBeneno, 1o skmo x # 0, To He icuye y € ¢1 Takoro, mo Py(z e
y) = 0 ms Beix k.

Takox Pi(r oy) = 1 ana 6yab-axoro k romi i tiibkn Tomi © = Al i
Yy = %]I utsa geakux A 7 0.

B [37] mokazano, mo anarebpaiuauit romomopdizm P i Ps(l;) —
P;(¢1) — Burnany P(Py) = apPy € HemepepBHUM B TOMOJIOTIT PIBHOMIPHOI
30izkHOoCTI HAa OOMeKenux MHOKMHAX £1 Toi 1 Tiabku Toxi, Ko ar = @(Py)
IUI JeSKUX HellepepBHUX KOMILIEKCHUX roMomopdismis ¢. 30kpema, romo-
MOopdizMm

Pkl—>—Pk, ]4321,2,...

€ pospusauM. Harasgaemo, mo Hps(¢1) € nonosuennsivm npocropy ua Pg(41) B
TOWOJIOTi] PIBHOMIPHOI 30i:KHOCT]I HA OOMEXKEHUX MHOXKHHAX.

Mu mokazxkemo, 1o st Oyab-skoro x € {1, ||z|| < 1 icaye h € {1 Takwnii,

mo Py(h) = 1_;&(:6)

i romoMOpdi3M B aredpy CUMETPUIHUX aHAJITUIHUX
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dyHKIi#t B Kyai mpocTtopy ¢1 3 IEHTPOM B HyJi, pajiyca 1, 1m0 MOBHICTIO

BU3HAYAETHCA BijjoOpakenusam Py — € HelepepBHUM.

1—- P’
[Tozraummo e ju, ® ... @ Uy 1 O Uy = UL ... O Up, Uy € 1. Aximo
icaye rpanuig lim, .o o u, B {1, Mu mo3HaUNMO i1 ®°° u,. Takoxk, Mu

BUKOPUCTAEMO 103HAYeHHA T = T O ... 0 L.
—_—

n

TEOPEMA 4.4.1. Hexati x € 01, ||z|| < 1. Todi
r = o2 1z € f,2°° = (1,0,0,...) i

1. eidobpasicenns x — o°° 1z € anarimuunum wa kyai B 3 yenmpom
6 HYyat © padiyca 1 1 obmescenum Ha 008IAGHIT KYAL 3 UEHMPOM 6 HYAL 1
padiycom meHwuM 36 1;

2. 0as 6yov-aK020 M,

Puloiaa™) =ty ol <1
JOBENEHHA. 3 [37] maemo
lz eyl < Izl + [yl
1
lz oyl < =[]l
Orxe
o2y )| < Z o] = Hxll < oo,

Binbmte toro, sxmpo ||z|| <r <1, 1o || 22 2°"|| < t1 < co. Tomy,
1
no_
P (022 12" E Py, g (Pp(z)" = = P () < 0.

n=0

Tomy || P ()| < 1, sxmo ||z|| < 1. O
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B zaraapaoMy BUTIAIKY, TOBTOPIOIOYN MipKyBaHHS Teopemu 4.4.1, oTpu-

MaEMO, 110 st Oyb-aKoro aucaa ¢, |¢| < 1/r Bigobpaxkenms
x> e (cx)" (4.4.1)

€ QHAJITUYHUM BiJIoOOpaKeHHAM Kyl B, 3 1meHTpoM B HyJIi, pajiyca 7 i jijis

OyIb-9KOr0 HATYPaAJIBLHOIO M,

ka: k T
Pin(e2k(c2)™) = 77— Cin};i(i)_

Takum aurOM, BinoOpaxkenus surisyly (4.4.1) MOxKHA PO3TJISIATH SIK

JIpo0OOB1 BijI0OparkeHHsT Ha MHOXKHUHI MYJbTHUMHOXKHUH. To0To, /g dpyHKIIT

1

g:t — 15 mu nobyayBain BiIOOpasKeHHA, sKE€ MOXKHa IHTCPIPETYBATH AK

ﬁ, x € L, ||z|| < 11 posragnaru sk "cumerpuune (yHKIIOHATLHE

T =

qrCaeHHsT Ha MHOXKUHI MysJbTuMHOXKUH. HaBeneHa Buie KOHCTPYKILA MOKe

OyTu yzaragbHeHa s MYHKIIN ¢(t) OLIbIT 3araabHOTO BUTISTY.
BayBaxkumo, mo akimo r € {11z ~ y, 1o ||z| = ||y||. Tomy mu moxemo

nozaaunty ||[z]|| ;= ||z]|. [Tosnauumo
Bo(t1) ~) = {la] € o] ~: |z < 7).

TBEPJKEHHSA 4.4.2. Hexat

g(t) = knt"
n=0

— PyHKULA OOHIET KOMNACKCHOT 3BMINHOL, GHANMUYHG 8 KPY3T 3 UEHMPOM 6
HYyAL padiyca T 1 8ct Koediuyienmu k, € ytaumu Hesid’emrumu wucsamu. Tooi

icnye eidobpasicenns Ly By (61/ ~ ) — 01/ ~ maxe, wo

Ly(z) =002, (z°") @--- 0 (2°"), [z] € B, ({1 ~).

A - -
~”

kn

Ilpu yvomy maromsv micue Mari 8AACTNUBOCT:

1. Pu(Ly(z)) = g(Pu(z)), m € N;
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2. Lgi4g,(x) = Lg, () ® Lg,(2);
3. Lgig, (z) = Ly, (z) o Lyg, (z);

JJOBEEHHS. 3ayBakumo, 1o gximo & ~ y, 70 Lg(x) ~ Ly(y). Iloka-

JKeMo, 110 KMo ||z|| < 7, 1o ||Ly(2)| < co. Cmpasxi,

1Lg(@) | < knllzl™ = g(|l2]]) < oo.
n=0

Otxe, Ly(x) € £1/ ~ . Kpim TorO,

Po(Lg(@)) = By | 935 (27) 0 0 () | = Pug(Pun(x)).

A\ e

~"

kn
BaactuBocti 2 1 3 6e3mocepeIHbO BUILIMBAIOTH 3 BJIACTUBOCTEN omepartiii “e”
i C(<>77.

L



112

4.5. BiarBoproroue sapo y mpocropi Hg(¢)

Mu Gy/1ieM0 BUKOPUCTOBYBATH CKOPOYEHI IMO3HAYEHHS:

o' xp=x10 c0er i =go o,
m
30KpeMa,
z°0 = (1,0,...,0,...).
[Mozraunmo K(x,y) = oo o(z o y)*",x,y € {1. 3ayBaxkumo, 1o Iy
KOXKHOTO T,Y € 617 qu < 17 HyH < 17
= 1
K (z, )| < D loyll" = ——
RUEDD T el

[Ipu nbomy, aasa x,y € 2, m € N Buznadeno

P (K (2,y)) = lim Py (e5_o(x0y)*")

k—o0

1

= PP =

[To3HayumMmo HecKiHUYeHHUE dopMaIbHINE J00YTOK
oo
m=1

JIEMA 4.5.1. Jlas xoorcnozo gircosanoeo x € ), C(x,y) € dynruyicro 3

H(41) sidnocro y.

JTOBEJIEHHA. Jlerko 6aduTu, 1o
oo oo oo
Cla,y) = 1] D (Pu@)Pu)" =) > Pa(a)P(y)-
m=1n=0 n=0 [A|=n
dx 6yno 3aysaxkeno, {Px(x)} = {ar} € Da. Iosropioroun MipKyBaHHS Te-

opemu 4.1.4, orpumyemo, mo {P\(x)} € f3, ToMy 3a 03HAYEHHSIM MPOCTOPY

H(ty), C(x,y) € Hs(£1) mist koxuoro gikcosanoro x € €. O
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TEOPEMA 4.5.2. Jlas kootcnozo dikcosanozo x € Q i f € Hg(l1) suko-

HYEMDCA PIBHICTL

JTOBEJIEHHS. Hexaii

Fw)=>_ > axP(y).

n=0|\|=n
Toxi
(Clz,-), flu, =Y, D (Pa(@)Pr,erPy) =
n=0 |\|=n
=Y > aP(x) = f().
n=0 |\|=n

]

3 reopemu, 30kpema, summsae, mo C(zr,y) € abCTrpakTHUM BiITBOPIO-

I0Y9AM dAPOM IPOCTODY Hs@l) 1 <C(33, ')7 f> = R:B(f)v VS Hs(gl)'
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4.6. BoacTuBocTi onmepaTopa CUMETPUYHOTO 3CYBY

Busmauaumo omeparop Ay: Ps(¢1) — Ps(f1) nast koxmoro y € {1 Takum

Ay(P)(x) = Pz ey).

O4eBranO, 1O
Ay(P+cQ)=Plxoy)+cQxey) =A)(P)+ cAy(Q)

ms Beix P, Q € Py(¢1), ¢ € C. Tomy Ay (P) — niniitanii oneparop Ha IPOCTO-
pi Ps(¢1). Mu 6ymemo mo3HavwaTH THM CAMUM CHMBOJIOM A, — omeparop Ha

HY (1) 3 MakcnMasIbHO0 06/IACTIO BU3HAUECHHS.

TBEPIDKEHHS 4.6.1. Ay, — wiavho eusnauenuti 6 npocmopi HE({1)
onepamop, y € {1. Hxuo muoorcuna Qp micmums 610KPUMY NIOMHONCURY 1

zoy € Oy dasa Kootcnozo v € Uy, mo Ay — 3amrrenud (mobmo mae 3amrHeru

epaix).

JOBENEHH:A. ObacTs BU3HA4YeHHs oleparopa A, MiCTUTb IninpHHN
mignpoctip Ps(¢1), Tomy Ay — IMiThHO BU3HAUEHMUIA.

3 YMOBM TBEp/’KEeHHsI BUILINBAE, 10 MHOKUHA, §2p PO3ILIAE TOIKH TPO-
cropy H?(¢1). Hexaii { f,,} — nesixa nocmigosuicts 8 HY(¢1) Taka, mo f, — fo

i Ay(fn) — g pu 1 — 0o aas neskux fo,g € HY(£1). 3 Toro, 1o
Ay(f)(@) = f(z o y) = Orey(f)
i pyHKITiOHAT §1ey HemepepsHuit B HY(£1), MaeMoO
Ay(fn)(@) = fu(z @ y) = Ozey(fn) = Grey(fo) = Ay(fo)(x) = g(x).

OCKITBKY TIe BUKOHYEThCA 1714 BCiX & € {, To f = g. Tomy omeparop A, mae

3aMKHEHUIT rpadik. 0
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TBEPIXKEHHA 4.6.2. Sxwo icnye xo € Qp maxuti, wo xo ey ¢ Qp, mo

onepamop Ny — Heobmesrcenul.

JoBeaEHHA. Ilpunycrumo, mo A, — obmexenuit. Toxni crpsikenmii
omeparop Aj — Takoxk obmexkenuit i mie 3 H bx(¢y) B HY*(¢1). Brigro 3 o3mHa-
veHHAM (Y, DyHKITIOHAT 3HAYEHHST B TOWYI Og,, Oy/e HelmepepBHUM, TOOTO

6z € HY*(¢1). Topi,
(A5)(0g) = 8(x0 0 y) € HI ().
A 11e o3navae, mo roey € (), — cymepeunicts. OTxe, A, — HeoOMexenmit. [

HaAcninok 4.6.3. Ipunycmumo, wo Qp micmums idkpumy nidmmo-
orcuny. Onepamop N, 6yde obmesicerum modi i misvku modi, KOAU 611 6U-
snavenuti na ecvomy npocmopi HP(01) (i nputimae 3navenna 6 4bomy npo-

cmopi).

JOBENEHHA. 3 TtBepmxkenns 4.6.1 Burmusae, mo A, Mae 3aMKHEHHN

rpadik. 3a Teopemoro Baraxa mpo 3aMKHeHUi rpadik, A, — obmexenmit. [

3ayBaXKnUMo, 0 3 TOTO, 10 T & y € (), misd BCix & € (), He BUIMIUBAE,
mo A, — obmexennit. MoxkmBa curyanis komm icaye enement f € HS(4q)
taknit, mo dyukiis Ay (f)(z) = f(x e y) BusHATeHa 115 BCix € (Y, ane He
Ay(f) manesxurs npocropy HY(f1). Jeranbrime, NPUK/IaL TAKOTO BUITAIKY

Oye PO3IVISHYTO Y HACTYITHOMY PO3ILII.

IIPUKJIAL 4.6.4. Poszasmnemo eunadok, kosu H°(1) = Hy(l1), mobmo,

koau by = 1. V uyvomy sunadky, ax 6yao dosedeno,
Q=Q,={xe€ly:|P,(x)| <1, neN}

IIpunycmumo, wo Ay — obmesrcenut onepamop das deaxozo y # 0. Ockinvru

y # 0, icnye nomep n maxut, wo P, # 0. Tomy, ors dearozo HamypasbHoz0
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()" (D) = F(ye--oy).

m
m .
Tomy onepamop (Ay) e neobmestcenum, 1, omoice, N, € neobmesrcenum one-

pamopom 0asn koxcrnozo y # 0.

ITPUKJIAL 4.6.5. Hezati by > |\|!. Todi, ax 6y.10 noxasano y meepdocen-
ni 3.2, Qp = L1. Tomy, 6 yvomy eunadky, Ay € 3amKEHeHUM ONEPAMOPOM 0N

ecix y € 7.

ITokaxemo, mo oneparop A, He € cumerpudruM. g nporo 3xHaiizemo

BUTIA] onepaTopa Aj y mpocropi HY (¢1). Hexait ¢ € HY(¢1), Toni icaye

g € HY(¢y) makmit, mo ¢(f) = (f, g). Hexait g = Z d\P,.
IA|=0
Toni

<AZ(90)7Pn> — <907Ay(Pn)> —

(, Pu(y ) = (o, Pu(y) + Pn) =

< ST d\Py, Paly) + Pn> = doPu(y) + (0, Po) = dpby.

B zaranmpromy Bunajky, s 10BLabHONO po3buttsa A = (A, ..., A,) Ha-

TYyPaIbHOIO Yucjaa |A|, orpumaemo

<AZ(§0)7P>\> - <(107 (PA1(y) +P)\1) T (PAn<y> +P)\n)> -

<<P7 > PX(y)PA”>_ > dabaPy(y).

AMUNT=A NUNT=A
Tyt, mig ob’emmammam msox posomrtie A = (MN,...A) 1 N =

(A7, ... AY) mu posymiemo posburrs (A], ... AL, AL, ... A)).
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Obuncanmo
Ay(9) = > duPu(yer) = Y du(Puy(y) + Py () .. (P (y) + P (2)) =
lu|=0 |1|=0
> dy, > Py (y) - Py )Py, - Py,

ln|=0  k+r=|Ai1<...<ig,j1<...<Jr
Hexaii |A| =7, A= (A1,...,A\n), Toxi

(By(9), P = (3 da > P, (v)

|u|=m k+r=m,ii<...<ig,j1<...<Jr
o Py ()P, - ~PMjT,PA> -

(Y d > P, ()

|u|l=m ktr=m.i1 <..<ip,j1<...<Jjr

P W) Payy <+ Py Py o P, ) =

Z d,uil...,uikkl...)\npuil (y) cc P,Uik (y)
ui1+...+p,z-k:0

Jlerxo Gauutu, mo Ay, # Aj. Cupapai, a1a sunajxy g = Pr+Po—Pi P2, Py =
Py Py 6esnocepesiii obumcIen s MOKa3yroTh, mo y npoctopi Hs(f1), Ay(g) =

Pi(y) + Pa(y) — 1,Ay(9) = —1.
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4.7. Oneparop audepeHIliltOBaHHS

Posrusnemo Bigobpaxkenus O4(P,) = tP,, t € Ci O¢(c) = ¢, ne ¢ =
const. IIpomoBxkuMo #0OT0 3a JIHIHHICTIO 1 MyJbTUILIIKATUBHICTIO HA MIPOCTIP

noJiinoMiB Ps(f7):

O,(P\) = Oi(Py, ... Py ) = Ou(Py,) ... - OyPy, ) = t™P,

@t( 3 PA) =Y P

[Al=n [Al=n
[Tpu koxHOMY bikcoBanomy t, O mie 3 Ps(¢1) B Ps({1).

Mae miciie Taka OIiHKA:
1©:(PVI| = [t M| ],
ne [(A) = m o3nauae, mo A = (Aq,..., Am)-

TBEPIXKEHHA 4.7.1. Onepamop ©; 6yde obmesicernum 6 npocmopi
HY(0y) dna |t| <10 < 1.

oo
JOBENEHHA. Hexaii [t| < 1,1 f = Z Z exPy € H2(¢y). Toni

n=0 |\|=n
10 =D > AP My <3~ > fealba = |1 £11°-
n=0 |\|=n n=0 |\|=n

Tomy oneparop ©; — obmexennii, i [|O| < 1.

—_

Ha upocropi Hg(¢1) oneparop ©O; Oyume neobMexkenum mpu |t| >
Cropasai, manpukiazn, mig Py = P, ||P|| = 1, orpumaemo ||O(PP)|| =
t" — oo mpu n — 00.

Pozriigaemo omneparop Tuny JaudepeHIiloBaHHSI:

O1(An(f(2))) — f(=)
t )

Dy f = lim heQ, h#0.
t—0



119

TBEPIXKEHHA 4.7.2. Dy, h € Q, h # 0 wisvrosusnawernut onepamop 6

npocmopt H S (£1), das axozo euronyemoves npasuso Jelibriva

Dn(fg) = Du(f)g + fDr(g)

oas eciz f,g 3 obaacmi eusnauents Dy,.

JTOBENEHHS. IlibHOBU3HAYEHICTH BUAILJINBAE 3 TOrO, 10 D} BU3HAUE-
HO Ha MIBHOMY IpocTopi moJinomis Ps(¢1), a npasuso Jleiibuina nepesipsi-

€Thcda 0e3TmocepeTHb0, BUKOPUCTOBYIOUM CTAHTAPTHI MipKyBaHHSI. [

Baysaxumo, mo Dy (P,) = P, (h) ana seix n. Takox,

Z i (h

e A = ()\1,...,)\71 i\ = ()\17---,Ak—la)\kﬁ—l;---;)\n)-
Bmaiizemo 3araqbumit Burs omeparopa Di B mpocropi HY(¢1). Bpa-
Py

XOBYIOUHM, 110 MHOXKIHA, {—} yTBOPIOE OpTOHOpPMOBaHmil 6asuc B HY(f1),

Vb
Py

P,
suaitgemo ( Df ——, —2&
8 < " b Vb

D*ii — PM D Py o Pu ZZleﬁpAk(h)
" Vi) T\ VE TV T\ Ve vk '

BaunMo, o 15 BeJUYMHA He JOPIBHIOE HYJIO TLIbKHU, AKINO AF = u, To6TOo

A= (:ua.]) = (Mla . 'mumaj) A1 TCAKOTO j € N. HpH nbOMy

P, b, ——
< , é’” > ——Fj(h).
VOou /Ou.j) (:9)
Towmy

P(u

1/ P;( h)P, ) (4.7.1)
; b(/m ol \/b(u,y Z::b(/m (r:d)

é\@
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TBEPJ KEHHS 4.7.3. fxwo h € €y, mo onepamop Dj wiavrosusnaue-

JTOBEJIEHHA. 3 piBHocTi (4.7.1) Maemo, 110

= by,
H WIS wo
: 5.7

3rigao 3 TBepaKeHHAM 3.5.4, h € () Toai i TiABKK TOI, KON

>y e

n=0 |\|=n

Sadikcyemo po3burta A = u. Toxi

22|P /u) iz_

=1 b(u.5) =1 b4,

Tomy

2
PM

NG

Omr:xe, omeparop D* BusHauenwii Ha BCiX 0A3UCHUX BEKTOPAX MPOCTOPY

|D* < 00.

H®(¢y), Tomy i ma ix mimifigi 060JIOHIH, KA € IIIBHAM MiZIPOCTOPOM Y

Hi (01). =

3 piBnocri (4.7.1) BunuBae, 1o

b — b 2
DD (Py) = ZPM Z o Py i)+ s P\|Pj(h)|" (4.7.2)
) j_l )
i
DiDy(Py) = ZPA,C Z —— P Fi(h). (4.7.3)

jl(k

Posrsnemo Bunaiok, kosm by = 1, To6ro, HY (1) = H,(41).
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TEOPEMA 4.7.4. Jlas dosiavrozo h € Q, h # 0 onepamopu Dy, ma D; e
HEOOMENCEHUMUY T WiAbHOBUSHAUEeHUMY 6 npocmopi H(L1) ma 3adosonvhsa-

0Mb MAK 36aHE KAHOHIYHE KOMYMAULTIHE CNIGEIOHOULEHHA:

(0. ¢]
DyDj, — DiDp =1 |Pu(h)]?,
k=1

de I — odunuvnutli onepamop.

JTOBEJIEHHSA. Bpaxosytoun pisrocti (4.7.2) Ta (4.7.3) mjis BUNAIKY

by = 1 maemo

D} Dy (Py) ZPM 1)y Py Pi(h)
j

D, D;(Py) ZPM Z(v +ZPA}P

Towmy
(DD — DDy (Py) = PAZ | P;(h
]
BayBazknmo, mo aKmo hy, hy # 0, To Dy, Dpy, = Dp, Dy, 1 Dy, Dy, =
D;. Dy -
Haramaemo, 1o omepaTop a riasbepToBoro mpocTopy HAZUBAECTHCS OIIE-

pPaTOpPOM HAPOJIZKEHHA, AKINO BUKOHYETHCH KAHOHIYHE KOMYTAIlliHe CIiBBI/I-

wvomreHad a*a — aa™ = L. Ilpu nboMmy a* Ha3UMBAETHCA OIEPATOPOM SHUIITEHHSI.

Hacinok 4.7.5. Jaa xoorcnozo h € Q, h # 0 onepamopu

Dy,
ap = = 5
\/Zk:1 |Pk(h)|
ma
B3 D*
ap

_ h
V2 ke [P (R)]?
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€ ONEPAMOPAMU HAPOOHCEHHA A 3HUWEHHA 610N0810HO.

Binsznaunmo gedki o4eBHIHI BJIACTUBOCTI ONEPATOPIB ap Ta G .

TBEP/I>)KEHHHA 4.7.6. 1. [lana dosinvnuxr hi,he € Q maxuzx, wo
hiehy € Q)
@y ony (Pr) = Dr (Fr) + Dha (Pr) _
V2ot [Pe(ha) + Pr(ho) P /32521 [Pe(ha) + Pe(ho)l?
P, (h1) P (hs)

+
VR [Pe(h) + Pr(ho) P /352, [Pk(h) + Pi(h2)>
2. Mlas dosinvnux hi, ho € Q maxuzx, wo hy e hy €

Uy ohy (Pn) = D, () + Dl ) =
et V2ot [Pe(ha) + Pi(ho) [ /30521 [Pe(ha) + Pe(he)l?
> PuP;Pj(hy) > PaPjPj(h)

+
VI [Be() + Pe(ha)P /3502, [Pe(l) + Pr(ha)[*
3. Hexati h € Q it — xomnaexcre wucao maxe, wo th € Q2. Todi

ag,(Pn) =1"a"(Py).
4. Hexatli h € Q) 1t — womnaexcue wucao maxe, wo th € Q. Todi
z;; tanPij(h)

aun(Pp) =
W) = SR P
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BucaoBku 1o poziainy 4

Y 11bOMY PO3JILJIL JIOC/IJI2KEHO BJIACTUBOCTI MYJIbTUTIJIIKATUBHUX OlEePa-
TopiB i (yHKIIOHAJIB Ha TipocTopi H g (¢1). Jlini#ini myapTUILIKATUBHL Bijl-
obpaskeHHs € roMoMopdizmamn agreGpu momiHoMmis 3 mpocropy H2(¢1), Tomy
BOHM BH3HATAIOTLCSA CBOIMU 3HAUYEHHAMEU HA mojinomMax P,, n € N.

Y migposaii 4.1 pocirijazKeHo MYJIBTUILIIKATUBHI JiHIAHI dyHKIIOHAIN
Ha tipocTopi H 2(51) 1 BCTAHOBJIEHO HEOOXITHI 1 TOCTATHI YMOBHU HETIEPEPBHOCTI
Takux PYHKIIOHAIIB. TaKoXK, PO3IJISHYTO BUIIQJIKNA, KOJIM HOPMA POCTOPY
H%(¢1) e MynprumiikaTuBHO0 ab0 CyOMy/IBTHILIIKATHBHOKL. 30KpeMa, HOKa-
3aH0, 1m0 AK1o Ha HY({1) BU3HAMEHO CYyOMYIBTUILIIKATHREY HOpMY, TO HP (/1)
MOYKHA TIOJaTH y BUTJISIJIL TTPOCTOPA aHAJITUYHUX (DYHKIIIM HA rJabbepToBOMYy
MPOCTOPI MYJIBTUILTIKATUBHUX (DYHKITIOHAJIIB.

Y nigpozjaii 4.2 po3riigHyTO ONepaTopy KOMIIO3UIT Ha MPOCTOPI
H?(#1). BcraHoBjIeHO HeNepepBHICTL OmepaTopiB KOMIO3UINI TIOB’sS3aHIX 3
dyHKIIIIME, IKi HaJaexkaTh aaredopi Binepa. /LocikeHo yMOBH 00MEXKEHOCTI
i camocmpsikernocti oneparopa My : f(z) — f(z oy).

BukopucroBytoun pe3yabraTu miapo3aiay 4.2, y miapo3aia 4.3 mokasa-
1o, o Gasucu {H)} i {M)} e 6ioproronansaumu B mpoctopi HZ(¢1). 3ua-
iijieno Gioproronasbuuii 6azuc 1o 6asucy {Gy}.

Y migposmaiii 4.4 mobya1oBaHO MeBHUI aHAJ0r (DYHKITIOHAJIBHOTO YHUCIe-
HHSI CUMETPUYHUX aHAJTITUIHUX (PYHKITH, 30KpeMa, JpoOOBUX CUMETPUIHUX
dyukmin. Y nigposii 4.5 3acTocoBaHO e 1mijixij J1o noOy/I0BU BiITBOPIO-
1090ro sapa npocropy Hg(41).

Y migposgiai 4.6 gerasibHIIIE JOC/II2KEHO BJIACTHUBOCTI OIlepaTopa Cu-
METPUIHOTO 3CYBY, KW € IIe OJHUM MPUKJIAIOM OIepaTopa KOMITO3UIII.
SHaIEHO YMOBU 3aMKHEHOCTI Ta OOMEXKEHOCTI IThOTO oreparopa. Bukopwu-
CTOBYIOUH IIi Pe3yJibTaTH, y mijapo3;iiji 4.7 modyioBano oneparop jaudepeniii-

oBaHHs. [Tokazano, 110 oneparop JAudepeHIlifoBaHHs € IMIIJIbHO BU3HAYEHUM,
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JIOCJIJIZKEHO CHPSKEHUI ollepaTop A0 HBOTO Ta JOBEIEHO KOMYTAIHI CITiB-
BIJIHOIIIEHHS MIXK ITMMU oriepaTopaMu. Po3ryissHyTo BJAACTUBOCTI BiJIIIOBITHUX
OTIepaTOPIB HAPOKEHHI 1 3HUIEHHS.

OCHOBHI pe3yJIbTaTH 9eTBEpTOTO PO3iIy omybstikoBano y [3, 7, 8,9, 11,

12, 13, 14, 15, 38, 60, 61, 65, 66, 67, 69].
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BUCHOBKMUA

Huceprariiiiia poO0oTa MPUCBAYEHA, JIOCTIIKEHHIO TLIBOEPTOBUX TTPOCTO-
piB CUMETPUYHUX TOJIHOMIB Ta aHAJITUYHUX (DYHKINH 1 jil orepaTopiB Ha
nux mpocropax. IIpoctip cuMeTprnIHUX MOJIHOMIB BiJl HECKIHYEHHOI KiJIHKO-
CTi1 3MIHHUX Ma€ HaibaraTmry aaredpaldHy CTPYKTYPY, KOJU IIi TTOJTIHOMHU BU-
suadeni Ha ¢1. B mpomy Bumaiky Bci nostinomu P, € KOpeKTHO BU3HAYEHUMH i
YTBOPIOIOTH ajirebpalynnii 6a3uc B agrebpi cumerpudnux mnosginomis Ps(f1), a
nmominomu Py = Py, - -+ Py, 7e A mpo0irae MHOXKWHY pO3OUTTIB HATYPATHLHUX
YHCesI, YTBOPIOE JIiHITHUI 6a3uc B 11iit aaredpi. B auceprariiiniii podori, Bu-
buparoun pisHi eBKIiI0BI HOpME Ha IpocTopi Ps(f1), 0OTpuMaHO y MOMOBHEHH]
pizui riss6eprosi npocropu HY(¢1). Ejnementamu 1ux mpocTopis € cremene-
Bl psijiu, sKi, y 0araTbOx BUIIQJIKaX, € aHAJITUIHUMUA (PYHKIISAMU Yy JAesIKiit
obsacTi mpocTopy 1.

Y nwmcepraliil 3HaiiieHo HeoOXiJiHI 1 JIoOCTaTHI YMOBH, TOTO, IO TTPOCTIP
H?®(#1) cxmamaerbes 3 apasitnannx GyHKINR B jeskii obracri Q C £1 Ta
ommcano 10 obmacTs. Taxox, ommucano mpupoasi izomopdizvu HY(f1) i 3Ba-
)enux (abcrpakTaux) cumerpudaux mpocropis Poka. Lleit migxin mo3BoIIsI€,
BUKOPHUCTOBYIOUM Pi3HI ajredpaivni 0a3ucyu CUMETPUYHUX TTOJIHOMIB 1 BiToMi
KOMOIHATOPHI TOTOXKHOCT1 OyyBaTH pi3HI, B TOMY YHCJ HEOTHOPITHI OPTO-
roHaJibHi 6a3ucu y cuMmerpuaHux mnpocropax Poka.

SHauHe MicIle B AUCEpTaIlil 3aiiMae JOCIiIKeHHs JIHIHHIX (PYyHKIIOHA-
J1iB 1 omepaTopiB, MOPOKEHNX BHYTPIIIHLOI0 CTPYKTYpPoio mpoctopy H(41).
Ha mpocropi ¢1 (Togninre, Ha MHOYXKHUHI KJIACIB €KBIBAJTEHTHOCTI IHOTO MPO-
CTOPY BITHOCHO il TpyT# CUMETpIil) ICHYIOTh MPUPO/IHI aJarebpaidHi omeparil
CUMETPUYHOI0 3CYBY Ta CUMETPUIHOIO J100yTKY. BukopucroBytodu 11i onepa-

il MOKHa OBY/IyBaTH OepaTopu KoMmosurii ua mpocropi HY(¢1). ¥V pobori
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JTOCJIIIPKEHO YMOBH, KOJIA 11l OIEPAaTOPH IIJIbHO BU3HAYEHI, 3aMKHEHi, obMe-
JKEH1, cCaMOCIIPSIzKeHi, ToIo. depes omeparopu KOMIO3UINT BJIa/I0Ch BUPA3UTH
BigTBOpIOIOUe sipo npocropy Hg(f1) Ta nobyaysaru nesauii anajor ¢yH-
KITIOHAJIBHOTO IUCJIEHHS.

Cepet oriepaTopiB KOMITO3UIIT IKABUM € OTIEPATOP CUMETPUYIHOTO 3CYBY.
BukopucroByroun 1ieil orepaTop moOyI0BaHO ONepaTopu AudepeHITiIoBaHHS
B H’(¢1) Ta mocrimxeno ix BractusocTi. OMUCAHO CHPSKEHUH OIEPATOp 10
nudepenitiroBants. [Tokaszano, 1110 B crieniaJbHOMY BUIAJIKY OlIepaTop jaude-
PEHIIIOBaHHS Ta CIIPAKEHUN € OllepaTopaMu HAPOIKEHHsI 1 3HUIIEHHST, TOOTO

33/I0BOJILHSIOTH KAHOHIUHE KOMYTallifiie CIiBBIIHOIIEHHS.
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