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Huceprariisg Ha 37100yTTs HAYKOBOTO CTYTCHST KaHAUAATa (PI3UKO-MaTeMaTUIHAX
HayK 3a crenjajibhicTio 01.05.02 maTemMarudne MOJIeJIFOBAHHS Ta O0UMUC/IIOBAJIbHI Me-
TO/iM. — [HCTUTYT NpUKJIaAHIX TTpobsieM Mexaniku 1 matemartuku iM. 4. C. IligcTpu-
rada HAH Vkpaiau. JIssis, 2021.

Pobora mnpucssiuena JIOC/TIPKEHHIO HU3KM ACIEKTIB BIIMBY IpaBiTalliiiHOrO IO~
JIsl Ha eJIEKTPOMAarHITHE ToJie y 3araJjbHiil Teopil BijHOCHOCTI. OTPUMAHO CUCTEMY
piBHSHBL BiJIHOCHO 4-moreHniajiy y dopmasismi Heiomena-Ileapoysa Ta BcTaHosJie-
HO JIOCTATHI YMOBHU BIJIOKpeMJIEHHs 11 PIBHSHD, SIKUMHW BUJJISETHCI MEBHUM piMa-
HiB IPOCTIP. ¥ YaCTKOBOMY BHIAJIKY 130TPOIHOIO IOJIA OTPUMAHO JOCTATHI YMOBHU
BIJIOKpEMJIEHHST CUCTEMHU PIBHAHD, IO BUILISIOTH MEHII CIeliaJi30BaHuil piMaHiB
POCTIP, HIK y 3arajibHOMYy BHIIQJIKy. J0KpeMa, TaKMM HPOCTOPOM € OJIMH 3 THUIIB
IIPOCTOPIB 3 JIOKAJbHO-00€PTaJILHOIO CUMETPIEIO.

Y npocropi Keppa npu kasiopysanni Kinnepcii merojamu teopii judepeniii-
aJILHUX PIBHAHDb 3 YaCTUHHUMU TOXTHUME TEPIITOTO MOPSJIKY 3Hall/IeHo 3arajJbHui
PO3B 130K Ta PO3B’A30K 3 BIJIOKPEMJICHUMU 3MIHHUMU Y BUTJISJI] OJITHOHAIPAMJICHIX
130TPOITHUX TOJIIB.

Y BUNAJIKY PO3B’SI3KY 3 BIIOKPEMJIEHUMHU 3MIHHUMU NPUETHAHO YMOBH, IO BHU-
JIJISAIOTh 27-TIePioInIHIHi PO3B 30K 3 JIHCHOI0 YaCTOTOMI Ta IIJINM a3uMYyTaJbHUM
qucyaoM. [ogaTkoBO MpueIHaHO YMOBY BXLTHOTO XapaKTepy XBUJII Ha TOPU30HTI Ta
YMOBY OOMEXKEHOCTI KOMIIOHEHTH TEH30Pa €HEepril-iMIlyJibcy. Jacrora B I[bOMY BU-
aJIKY CTa€ 0OMEXKEHOIO 38 MOJLYJIEM 3BEPXY, 0COOJIMBICT 110 # Mae HepIuil mopsiJIoK.
Hacuijikom 3acTocyBaHHsI YMOBU BXiJJTHOTO XapaKTepy XBWJii Ha TOPU30HTI € BUJIJIE-
HHs TIOBEPXHI, PIBHAHHS KOl y3araJbHIOE YMOBY ICHYBAHHS CYTEPBATTPOMIHIOBAHH S
Crapobincbkoro, TrOKONBCHKOrO Ha BHUMAJOK JOBLIBHOI 00JsacTi (OCTAHHIO YMOBY

ABTOPU OTPUMAJTH JIJIst 00JIaCTi TTOOJIN3Y TOPU3OHTY MO ).



PosrisinyTo ojiHoHapsiMJIEH] 130TPOIIHI 110Jis1 HYJIBOBOI MaCu CIIOKOIO JIOBLJILHOI'O
11JIOrO Ta, 1B IIJIOr0 3Ha4YeHHsI CIiHy y npocropi Tuny D 3a kiacudikaiiiero [lerposa,
3HaM/ICHO 3arajbHUI PO3B’A30K Ta PO3B’A30K 3 BIJIOKPEMJICHUMU 3MIHHUMU CUCTEM
piBHsIHB y 1ipocTopi Keppa.

JoctiayKeHo BJIacTUBOCTI OJIHOHAIIPSIMJIEHOTO 130TPOTTHOTO 1011 MakceBesia. 3Ha-
fiJleHo TOYHI BUpa3u KOMIIOHEHT XBHWJIHOBOI'O BEKTOpa, (pa30BOI Ta T'PYNOBOI IIBU/I-
KOCT1 OJIHOHAIIPSIMJIEHOI'O 130TPOIIHOIO pO3B’sA3KYy. BuABJIEHO YacTOTHY IUCIEPCIO
XBUJTLOBOTO BEKTOpA Ta HAABHICTH a3UMYTAJHHOTO KYyTOBOTO MOMEHTY TapMOHIKN
XBUJI.

Beranosiieno, 1o y npocropi Keppa xBujiboBuit BekTop He € izorpornuum. OTpu-
MaHUil BUpa3 KBaJIpaTy XBUJIbOBOI'O BEKTOPaA € TOYHUM Ta BiJIOOpaXka€ BILJIUB KyTO-
BOI'0O MOMEHTY 4OpHOT Jiipu Keppa Ha 1oJisipusaliilo XBuJii, skl € mpornopiiiHuM Jio
aw. InTerpasbHa KOHIPYEHIlisi XBUJIBOBOI'O BEKTOPa HE € Ieo/e31iiHOI0.

Ha ocHOBI OJfHOHAIIPSIMJIEHOTO 130TPOITHOTO PO3B 3Ky MOOYIOBAHO MOJIE/b BU-
MPOMIHIOBaHHS, 10 BUXOJUTH 3 OKOJY HOpHOI Jipu Keppa Ta € einTuvaHo nosspu-
3oBanuM. OTpuMano (GopMmysy, IKa BU3HAYAE KYT MTOBOPOTY IJIOMUHU MOJIAPUIATIIT
Ta BUPA3W JIJId TOMAPU3AINANK KyTiB. Mojiesb 103BoIsI€ TOCTIIKYBATH IO PEH-
Hs €JIEKTPOMATHITHUX XBUJIb Y BCHOMY JIiala30H] 9acTOT Ta KyTiB iHKJiHAI. Brijns
KyTOBOI'O MOMEHTY 4OpHOI Jiipy Keppa Ha aMIiTy i1 paBo Ta JIiBO 10JIsiPU30BaAHUX
XBUJIb € MPONOpIifiHnM 0 e® 0.

Kurro4oBi ciioBa: pisastaast Makcsesia, criinopuwuii mijxis, ¢popmadizm Heiome-
na-Ilenpoysza, ajrebpaivuno-crieniajibae roJje, npocrip-uac Keppa, xBuinoBuit Be-

KTOD, IOJIsIpU3aliis, CIIH-CIIpaJbHa B3a€MO/Iis, IIOBOPOT IJIOMMHU TOJIIpUA3allil.



ABSTRACT

Taistra Y. V. Modeling the propagation of electromagnetic waves in Kerr space
based on the analytical-geometric method. — Qualification scientific work with the
manuscript copyright.

The thesis for a candidate of physical and mathematical sciences degree in speci-
ality 01.05.02 mathematical modelling and computing methods. — Pidstryhach Insti-
tute for Applied Problems of Mechanics and Mathematics NAS of Ukraine. Lviv,
2021.

The work is devoted to the study of a number of aspects of the influence of the
gravitational field on the electromagnetic field in the general theory of relativity. A
system of equations with respect to the 4-potential in the Newman-Penrose formali-
sm is obtained and sufficient conditions for the decopuling of its equations, which
distinguish a certain Riemannian space, are established. In the partial case of null
field, sufficient conditions are obtained for the decoupling of a system of equations
that give a less specialized Riemannian space than in the general case. In particular,
such a space is one of the types of spaces with locally rotational symmetry.

In the Kerr space-time with Kinnersley gauge a general solution and a solution
with separated variables in the form of one-way null fields was found by the methods
of the theory of differential equations with partial derivatives of the first order.

For the solution with separated variables, conditions are imposed that describes
2m-periodic solution with real frequency and integer azimuthal number. Additionally,
the condition of the ingoing character of the wave on the horizon and the conditi-
on of boundedness of the energy-momentum tensor component are imposed. The
frequency asolute value in this case becomes bounded above, singularity on 6 is of
the first order. Consequence of applying the condition of the ingoing character of
the wave on the horizon is selection of the surface, the equation of which generalizes
the Teukolsky and Starobinsky condition of the existence of superradiation in the
case of an arbitrary region (the latter condition was obtained for the region near the

event horizon).



One-way null zero rest-mass fields of arbitrary integer and half-integer spin values
in a Petrov type D space-time are considered, general solution and solution with
separated variables of systems of equations in the Kerr space-time are found.

The properties of null one-way Maxwell field are investigated. The exact expressi-
ons of the components of the wave vector, phase and group velocities of the one-way
null solution are found. The frequency dispersion of wave vector and the presence
of an azimuthal angular momentum of wave harmonic are revealed.

It is established that in the Kerr space-time the wave vector is not null. Obtained
expression of the square of the wave vector is exact and reflects the influence of the
angular momentum of the Kerr black hole on the polarization of the wave, which is
proportional to aw. The integral congruence of the wave vector is not geodesic.

On the basis of a one-way null solution, a model of elliptically polarized radiation,
emanating from the Kerr black hole, is constructed. The formula, which determines
the angle of rotation of the plane of polarization and expressions of polarization
angles are obtained. The model allows to study the propagation of electromagnetic
waves in the entire frequency range and angle of inclination. Influence of the angular
momentum of a Kerr black hole on the amplitudes of right and left polarized waves
is proportional to e®<s?

Key words: the Maxwell equations, spinor approach, the Newman-Penrose formali-
sm, algebraically special field, the Kerr space-time, wave vector, polarization, spin-

spiral interaction, rotation of the plane of polarization.
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Beryn

O6rpyHTyBaHHdA BUOOPY TeMHU MOCIIP>KEHHS J3HAYCHHS MAaTEeMaTHIHOTO
MO/JIEJIFOBAHHSI IIPOIECIB 1 SIBUIN, BUKJIUKAHUX B3aEMOJIIEI0 MOJIB Pi3dHOI (DIZUIHOT
HPUPOJIM, CTAE YUMPa3 OlJIblll aKTyaJbHUM 31 3POCTaHHSM 1OTPeOU 1X MOBHIIIOIO
1 TouHimoro onucy. Maremaruine MoJieJIFOBaHHS 13 BUKOPUCTAHHAM aHAJITUIHUX 1
ODYMC/TIOBAJILHUX METOJIIB €(PEeKTUBHO BUKOPUCTOBYETHCs, 30KpeMa, Y KJACU4HIN i
KBAHTOBII eJIeKTPOMHAMII, KBAHTOBIM TEOPIl MOJIsT, KBAHTOBIM XPOMOJIMHAMIII Ta
y PeJIATHBICTCHKIN Teopil rpaBiTalliiHOro MoJisd — 3araJbHiil Teopil BigHOCHOCTI. Bi-
JIOMO, TII0 BUBYEHHS METOJAMHU aHAJITUIHOTO 1 YMCJIOBOTO MOJETIOBAHHSA STK CaMOTO
I'paBiTAIiHOTO 10JIsA, TaK 1 B3a€MOIIl Oro 3 iHIIUMHU MOJISIMA CTAHOBUTH OCOOJIHBY
CKJIQJITHICTh, 3yMOBJIEHY B IEPIy 4Uepry TUM, 10 Y 3arajbHiil Teopil BIHOCHOCTI,
sIKa JI0 I[bOT'0 Yacy 3aJUIIAE€ThCs HAROIIBII IepeBIpeHO TEeOPIEn rpaBiTallil, rpa-
BiTAllifHE 110JI€ MOAETIOETHCS TIJIsIXOM OTOTOXKHEHHS 13 METPUYHUM TE€H30POM I1CEB-
JlopimanoBoro mpocropy. Lle Bumarae BUkopucTaHHs Ta, PO3BUTKY TEOPil PIBHSHB 3
YACTUHHUMMU TTOXITHUMU, METO/IIB jinpepeHIiiajbHOl reoMeTpil piMaHOBUX ITPOCTOPIB,
HEPIT HIXK CTA€ MOXKJIMBUM BUKOPUCTAHHsI ODUYMC/IIOBAJILHUX METOJIIB.

B ocranni jgecaTu/ITTd 3HAUHY yBary K 00 €KT aHAJITHIHO-TeOMETPUIHOTO Ta
YUCEJILHOTO MOJIEJTIOBAHHS TPUBEPTAE TOBEIHKA €JIEKTPOMATHITHOTO TOJIS Y TPOC-
Topi-uaci Keppa, ocKiJIbKK cdMe eJleKTpoMartiTHe 1oJie JI0 MbOro Jacy € HOCIEM iH-
dopmMaliii Ipo JKepesio TPaBiTaliifHOro MoJisl — YOPHY JIIpY 3 BJACHUM 00epTaIbHIM
mMomeHToM. Po3pobJieni y 1mukiax podbit Tiokonbebkoro, Bapmaina, I1peca, Crapobin-
cbkoro 1 Uypinosa, Hanjpacekapa, Honana i Jlaiire, Kpiciino ta in. (1973-2020)
HaOJIM>KEHI MeTOJIM OIUCY TOBEJIHKM 10JIiB y 1oJii dyopHol jipu Keppa ne jatorh
MOBHOT $IKICHOI KapTUHU TMOBEJIIHKK y BCiit 00JiacTi BUBHAUEHHs 3MIHHUX Ta, 00JI1aCTI
3HAYEHb MOJHOBUX (DYHKILN Ta JIJIsT BCIX MOXJIMBUX Mac, o0epTajbHUX MOMEHTIRB 1

3aps/IiB YOPHOI JIpU. 30KpeMa, PO3IJIsiIal0ThCs [1JIOCKO-XBUJILOBI O3B’ A3KH UM PsiJIn
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Ha 1X OCHOBI, BUCOKOYACTOTHA YU JIOBI'OXBUJILOBA, ACUMIITOTHKA.

B okosiax Oararbox acrTpodizuiHux 00’€KTiB, 30KpeMa, YOpHUX Jip, HEATPOH-
HUX 31p TOIIO TeHEePYETHCS Ta TMOMUPIOETHCS €JIEKTPOMArHITHE BUITPOMIHIOBAHHS.
OCKIJIBKY B IUX 00JIACTSX IpaBiTallliiHe 1oJie € CUJILHUM, TO BOHO MOBUHHE OIUCY-
BaTUCh PEJIITUBICTCHKOIO TEOPIEI0 IpaBlTallil.

Qizpuni 1o, 38 BUHATKOM CKaJAPHOTO, 30KpeMa, 1 moje Makcsesia y piMma-
HOBHUX IIPOCTOPAX 3araJjbHOl Teopil BIJIHOCHOCTI OIUCYIOTHCA 3B’ sI3aHUMU CUCTEMAaMU
PiBHSIHB, 1110 1ICTOTHO YCKJIAJIHIOE 1X JOCJIJXKEHHSI Ta OTPUMaHHS po3B’si3KiB. Bimo-
MO, IO y mpoctopi Tuny D cucrema piBHAHb MakcBenna y CIiHOPHOMY IIiJIXO/TI
BIJIOKPEMJIIOETHCS JI0 HE3aJIe?KHUX PIBHSAHB BIJIHOCHO OKPEMUX CKJIaJIOBUX CIIIHOPA
Maxkcesuia. Y migxoqni I'epiia HeoOXijHO 3aCTOCOBYBATH JIBOKOMIIOHEHTHMM IT1/X1/1
Jebast pazom 3 KaJiOpyBabHEMK yMoBamu. [Ipobiiema BiIOKpEMJIEHHS JI0 OKPEMUX
piBusiab (decoupling, posiieriennsi) cucremn piBHsHb MakcBesuia € akTyaJbHO Ta
I0JIATA€ Y BCTAHOBJICHHI HEOOXIIHUX 1 JJOCTATHIX YMOB BIJIOKpEeMJICHHS PIBHSAHb ab0
2K JIAIIE JIOCTaTHIX YMOB.

Metonu BiJIOKpeMJIEHHs PIBHsSIHb Y 3B’S3aHUX CHUCTEMaX PIBHSHDL IOJIATAIOTH Y
3BEJICHHI OJIHOT0 ab0 KIJILKOX PIBHSIHD JI0 PIBHSIHHS JIMIIIE 3 OJIHIEI0 HEB1IOMOIO (PyH-
kiieo. PiBrgansg MakcBenna y IJIOCKOMY TPOCTOPi, Y JEKapTOBiit cucTeMi KOOp-
JIMHAT BIJIOKPEMJIIOIOTHCs. BuKOpucTanHst KPUBOJIIHIMHUX KOOPJMHAT, HAIIPUKJIAL,
cepuiaHrx, IPUBOJAUTD JI0 3B 13aHOT CUCTEMU PIBHSHBL. PO31Jisi] cucTeMu PiBHSIHD Y
¢doHoBOMY rpaiTaliitHomy 1oJi 1ie OlJibiie 3B’ g43y€ PIBHSAHHS, Ta POOUTH HEMOYKJIN-
BUM BIJJOKDEMJIEHHS PIBHSIHD IIJISIXOM BHOODY 3DYYHOI CHCTEMU KOODJMHAT (Biji-
KYy).

MaremaTuuHMIi 3aIIMC TAKOI CUCTEMH Y BEKTOPHI# (popMi € MOIIOHUM JI0 POBIIISLITY
piBHaAHb MakcBena Jiisd AedKoro MaTepiaJbHOro cepejoBuina. MarepiaabHe cepe-
JIOBUIIIE B IILOMY BUIAJIKY BU3HAUYAETHCA MeTpuKoio. [Ipobiema 3B’ s13aHOCTI cucTeMu
PiBHsIHb aKTyaJibHA HE JIMILIE JiJsi PO3LJIsijly piBHsHb MakcpeJsiia B rpapiTaliiiHoMy
10JI1, aJie i Jijisd 1X PO3IVIsi/ly B €JeKTPOJAMHAMII CYIIJIBHUX CePeJIOBUIII.

Bijjokpemyienns cucremu piBHsiHbL MakcBesuia HMPOBOJUTHCH [PU PO3IJIsi)ii PiB-
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HsiHb BIJIHOCHO TeH3o0pa (crinopa) MakceBesuia, BiJJHOCHO BEKTOD-TIOTEHIaJly, Y1 Biji-
HOCHO 1orexiiaJjis ['epia.

Y BiJIOMEX Mi/IXO/aX JIO PO3ILIEIIEHHsI CUCTEMU PiBHsiHb MakcBesnia 3acTOCOBY-
I0ThCsl KOMyTaliiiHl criBBigHomedHsi. Pipusinasg Maxkcsesuia, BijgHocHo Ten3zopa Ma-
KCBeJLJIa, 3BOJIAATHCS JI0 3araJlbHOKOBAPIAHTHOTO PIBHAHHS JIPYTOTO TOPSIJIKY, PIBHS-
Hug MakcBessia BiTHOCHO 4-TIOTeHIIaJy TaKOXK € PIBHAHHAME JIPYTOro HOPAIKY. Y
nigxoni ['epria oTpuMyIOTbCs PIBHAHHS JIPYTOro MOPSAKY /I TeH3opa [epra, a Ten-
30p MakcBesia 3HAXOMUTHCA AK JIPyTa KOoBapiaHTHa MOXiIHA Bij TeHzopa [epra. VY
IIX BUIAJIKAX 3B sI3HICTH PIBHSHDL MOCIA0IIOETHCS, IPOTE, HE YCYBAETHCA MOBHICTIO
y aJjireOpaldHo-3arajbHUX [IPOCTOPAX.

Posruisiy ¢poHoBOrO rpapiTaiiiiHoro moJisi, 1o HaJIeXKUTh JI0 By»KUO0l creriai3aril
3a Kjaacudikaniero [lerposa nociabiiroe 38’ s13HICTH cucTeMu piBHsHBL. KpiMm asireOpa-
T9HOT YMOBH Ha KJIaC IpaBiTalifiHUX MOJIIB MOXKJ/IMBE HAKJIAIaHHS YMOB Ha BEJIMINHHA,
1110 OIKCYIOTh IIOTEHIAJJH I'PaBITAIlfiHOIO 10Jisd — Ie KOeIIi€HTH 3B I3HOCTI, KO-
edinienTn obepranusa Piuui, ckanspu Heiomena-Ilenpoysa. Posryisii rpapiTamiitHux
HOJIB y SIKUX CUCTEMa PIBHSHBL PO3IIEILIIOETHCS, € 3a/auei0 3 BU3HAUEHHsT HEoOXi-
JIHIX YMOB po3Iienyennsd. [lomyk yMoB, 0 BHIAIOTH piMaHOBI TPOCTOPH, Y SAKHX
BIJIOYBAETHCS PO3IIEIJIEHHSI CUCTEMHU PIBHAHD € 33JIa4ei0 TONIYKY JOCTATHIX YMOB
BIJIOKPEMJICHHSI PIBHSIHbD.

st BiJIOKpeMJIeHHST PIBHSHB TAKOXK 3aCTOCOBYETHCS ClEliai3allisi caMoro 1oJis,
— I1e POBIJIsLJL TI0JIsI, 1110 MAE IIEBHY CUMETPii0, 00 3a/[0BOJIbHSIE IEBHOMY 3B’ I3YI0UOMY
piBHsiHHIO. Y Mmigxoji I'epiia Hak/agaHHs YMOB Ha I0JI€ TIOJISITaE Y TOMY, [0 KOMIIO-
HEHTH TeH30pa ['epiia BUOMPAOThCsA Y IIEBHOMY BUIVISL, B pe3y/ibTari Ten3op ['epia
OIMCYETHCA JIBOMA JIRCHUMH (DYHKIIAMEI 3aMiCTh IIECTH, a PEIITa KOMIOHEHT — PiB-
Hi HyJeBi. Haknamanag Takux yMOB € y3araJbHEHHAM JIBOKOMIIOHEHTHOTO IIiJIXOY
Hebasi. Pazom 3 3acTocyBaHHsIM KaJgiOpyBaJIbHUX YMOB TPETHOI'O POJIY IIPOBEJIEHO
BIJIOKpEMJIeHHS PiBHsiHB Jijisi Ter3opa (cuinopa) Tepua y upocropi tuny D (Koren,
Keresec [1,2]).

3acTocyBaHHSI CIIIHOPHOIO MiJXO/y CTAJO OCHOBOIO y OTPUMAaHI BiJIOKPEMJICHUX
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piBHsIHb BiJIHOCHO KOMIIOHEHT ciiinopa Makcsessia y nipocropi tuity D 3a Ilerposum
(TrokoNbCHK ML), Moro ocroBoto € posrisyt nouis y i3orpomnniit 6asi, ska € Ipupo-
JIHOIO Jiist (DIBMYHMX TIOJIB, siKi IONIMPIOIOTHCA 31 MIBUJIKICTIO cBiT/a. BHacsijgok
I[OT'O OTPUMYIOThCS 1 SKICHI 1epeBaru y po3B’si3yaHH1 PIBHsHb.

Y npocropi-uaci Keppa, sikuii onmcye moJjie 90pHoi Jip# 13 BJIaCHUM 00epTaAILHIM
MOMEHTOM, JOCJIJI2KEHHs I'PaBITAIIMHNX, €JIeKTPOMATrHITHUX Ta, CIHIHOPHUX IOJIIB JI0
IILOT'0 Yacy 3/IIHCHIOBAJMCH 38 JOIOMOIOI0 TOJJOBHOTO PiBHAHHS TIOKOJIBCHKOTO, dKe
BJIAETHCA BIJIOKPEMUTH y cHcTeMi piBHAHL Makcsesa. Po3B’si3ku 1bOr0 piBHSIHHST
OTPUMAHO y BUTJISI PO3BUHEHD 34 CIIH-3BaKeHUMU cpepoifauMu rapMonikamu. He-
JIiHIfIHICTD 3a/1a9l POOUTH HEMOXKJIMBUM SIKICHUI aHaJli3 HOBEJIHKHU IOJIIB Y BCHOMY
Aianazoni 3minHuX. ToMy akTyasbHUM € TOIIYK aHAJITHIHUX (TOUYHMX) YaCTKOBHUX
PO3B’3KIB, $IKi, TUM HE MEHIIIe, JIal0Th 3MOI'y OTPUMATU BUCHOBKH 3araJibHOTO Xa-
paxTepy.

st onmcy BIJIMBY TpaBiTAIliiHOrO TOJS Ha FeHepoBaHe B OKOJII YOPHUX Jip 1
JIOCTYITHE JIJII CIIOCTEePeXKeHb eJIEKTPOMAartiTHe JOCTATHbO BUBYUTHU IOBEJIIHKY IO-
Jis, 1[0 BUXOJUTHL BiJI JKepesa — outgoing y TepminoJiorii Hanjpacekapa, abo K
“BUXIJTHOrO” TI0JIsI, JaJii IiJ] 1i€f0 Ha3BOWO y TeKcri. Lle mose y miackoMy IIpocTopi
OIMUCYETHCS YMOBOIO 3aJIEXKHOCTI TIOJILOBUX (DYHKIIIN JIMIIE BiJi KOMOIHAIIT 3MIHHUX
(x — ct), onHak y pimaHOoBOMY IpOCTOpi MOIOHA yMOBa HepijoMa. BuokpemiieHnst
TAKOI'o T0JIsI y JIUCePTaliifHiil poOOT 3J11CHIOETHCs TIJIIXOM BUOOpY criiHopa Ma-
KCBeJlIa aJirebpaidHo-crieriajbHuM (i30TPOIHIM) Ta TaKWUM, [0 OJMH 3 KPATHUX
I'OJIOBHUX 130TPOIHUX HAINPSAMKIB €JIeKTPOMATHITHOIO TI0JIsi € KPATHUM OJIHOMY 3
KpPaTHUX MOJIOBHUX I30TPONHUX HAIPIMKIB I'PaBITAIIHOTO 1MoJid. BHACTIIOK TaKOTro
BrOODY crinop MakcBesiia 3BOAUTHCA J10 (DOPMU, JIe BiH Mag€ JIUIIE OJHY KOMILJIEKCHY
KOMITOHEHTY.

Taxwuii miaxig JO3BOJISAE OTPUMATH JIOCTATHI YMOBU BiJOKPEMJIIOBAHOCTI JIO HE3a-
JIEKHUX PiBHsiHDb (PO3IIEIIeHHsI) cucTeMu PiBHsiHb MakeBesuia y piMaHOBUX 1POCTO-
pax 3araJjibHOI Teopil BIJIHOCHOCTI BIJIHOCHO 4-110TEHIIIaJ/1y, SKi BUOKPEMJIIOIOTH OLJIbII

3araJibHUI piIMaHiB MPOCTIP, HIXK y BUIA/IKY 3arajgbHOro 1noJjst. Cucrema piBastHb Ma-
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KCBeJLJIa BiJIHOCHO ciiinopa Makcsesuia y BuliajiKy ajredpalaHo-cleliajbHOro CiiiHo-
pa MakcBesia crae CyKyIHICTIO JIBOX PIBHSHB IEPIIOrO HOPSJIKY BiJIHOCHO OJIHIET
KOMIIOHEHTH 1 JIJIsi PO3B’si3yBaHHs HE TOTPeOYE TiJIBUIICHHST TTOPSJIKY PIBHSIHBL Ta,
3aCTOCYBaHHs HAOJIMYKEHUX METOJIB Ha BIJIMIHY BiJ| MJIXO/IB 1HIINX aBTOPIB.

BpaxoByoun BuileckazaHe, y aucepTaliifdiit podoTi 3a1poroHOBaHO MOJEb, B
OCHOBY $IKOI TIOKJIQJIEHO BHU/ILJIEHHs aJredpaldHo-crerniaJbHoro mojis Makcsesia Ta
3HAIEHO TOUHI PO3B’SI3KU PIBHSHD I[bOTO THUITY. TaKuil mi/IXi/ Ja€ MOXKJIUBICTD OIH-
caTy BJIACTUBOCTI XBUJIb y BCii (DIBUIHO JIOMYCTUMIiil 00J1aCTI BU3HAYEHOCT1 IMiIXO-
JIy Ta IIPHU BCIX 3HAUEHHAX NapaMeTpiB. 3aB/sSKH BUKOPUCTAHHIO 3alIPOMOHOBAHOI
METOJIMKHU BIIEPIe Y XBUJILOBOMY I11/IX0/Il TOYHO OIUCAHO JiBa €eKTU BILJIUBY I'pa-
BiTAlIHOIO 110J1s1 YopHOl Jiipu Keppa Ha mnoJisipusaliiiini BJaCTUBOCTI €JIeKTPOMa-
IHITHOTO TOJIE — TOBOPOT TIJIOMIWHYU MOJIAPUIAINT JIHIHHO TOJSIPU30BAHOI XBUJIL Ta
BILUIMB I'PaBITAIIiHOIO 1MOJIs Ha KYT eJinTudHocTi XBuji. Tomy Temoro jucepraliii €
“MojiesioBaHHS MOMKUPEHHs eJIeKTPOMArHiTHUX XBUJIb y mpocTopi Keppa ma ocHosi
AHAITUIHO-T€OMETPUIHOTO METO/TY .

Orysat miTepaTypy 3a TEeMOIO INCEePTAIlil Ta JieTajJbHe OOrPYHTYBAHHS HAIIPSIMKIB
JIOCJTIIPKeHb, y 3B 13Ky 3 1X 00’ €MHICTIO, BIJHECEMO 10 BIJIOBIIHUX PO3ILIiB POOOTH.

OO6’eKTOM JOCTIIPKEHHS € TTOMTUPEHHST eJIEKTPOMATHITHUX XBUJIb Y BUKPUBJIEHO-
My IIPOCTOPI Ta, 30Kpema, y mpocropi Keppa.

IIpeameTom jiociiijiKeHHs € PO3BUTOK METOJIIB POIIEIJIEHHS] CUCTEMU PIBHSIHD
MakcBeJia, y BUKPUBJIEHUX TTPOCTOpax, M0OYy0Ba aJiredpalduHO-CleliaJbHUX po3-
B’s13KiB piBHsAHL Makcsesuia y nipoctopi Keppa Ta orpumantst GpismaHUX HACIIJIKIB,
sIKl BUILIUBAIOTH 3 [UX PO3B sI3KiB.

MeTo¥10 JucepTaIliitHOTO JOCJIiIXKEeHHS € CTBOPEHHsI MOJIEJI JIJIsI OIIUCY BILIN-
BY I'paBITAIIiiHOrO MOJIS Ha eJIeKTPOMArHITHI XBUJII MIJISXOM BU/JIIJIEHHS TIEBHOTO KJIa-
Cy TaKUX TIOJIiB, PO3BUHEHHsI METOJIB PO3B’3yBaHHs piBHAHb MakcBesa y BUKPUB-
JIEHOMY LIPOCTOPI, OTPUMAHHS 3araJibHUX 1 4ACTKOBUX aJireOpaldHO-CleniaJIbHUX PO3-

B’s3KiB y 1poctopi Keppa Ta Jloc/iijpKeHHst X BJIaCTUBOCTER.
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3aBaaHHS JOCJII2KEHHS:
. OTPpUMAaTH YMOBM POBIIEIJIEHHsI cucTeMu piBHsiHb MakcBejia B T€pMiHaxX Bek-
TOP-MOTEHTIAIY Y PIMAHOBOMY TTPOCTOPI Ha OCHOBI CIITHOPHOTO METO/LY;
. OTPUMATH JIOCTATHI yMOB PO3IIEIJICHHS cucTeMu piBHsIHL MakcBesia B TepMinax
BEKTOP-TIOTEHITIAJIY Y PIMAHOBOMY IPOCTOPI Y BUIAJIKY 130TPOITHOTO TMOJI;
. mobyiyBaTu ajrebpaldHo-clieniaJbHui 3arajbHIi PO3B 30K Ta PO3B 30K 3 Bi/I-
OKpeMJICHUMH 3MiHHUMH PiBHAHb MakcBemna i crninopa MakcBessa y mpoc-
Topi-daci Keppa;
. 00uncanTU (Pi3UUHI KOMIIOHEHTH 130TPOITHOTO M0Jisi MaKkcBesia y JIOKaJIbHI op-
TOHOPMOBaHI# 0a3i Ta TEH30D €JIEKTPOMAIHITHOI'O 110JIs;
. 00YMC/INTY TTOJIIpU3ALITTHI XapaKTePUCTUKHU 130TPOITHOIO 1oJjist Makcsesuia y rpa-
BiTamiitnomy noji Keppa.
Meroau goCIi>KEeHHS

PiBugnns eseKTpoMartaiTHOTO MOJIiA Y BUKPUBJIECHOMY IIPOCTOPI PO3TJIAIAIOTHCI Y

dopmagizmi Heiomena-Ileapoysa y itoro cuinopsiit inTeprpetanii. Jjis orpuManHs

JI3MIHUX KOMIIOHEHT II0JIs 3aCTOCOBAHO METOJ, JIOKAJbHOI OPTOHOPMOBaHOI 6a3W,

BIAIOBITHOI J10 130TponHol TeTpaaun Kinnepcui. g orpuMaHHa OHOHAIIPAMICHIX

130TPONMHUX pPO3B’4A3KiB piBHAHL Makcpesta y mnpoctopi Keppa 0ynio BUKOPUCTAHO

MeTo/u Teopil judepeniiaJbHUX PIBHSHL B YACTUHHUX OX1JIHUX [1EPIIOIO OPSJIKY

Ta MeTO/[ Teopil 3Buuaiinux judepeniiajibHuX PiBHSAHL. BUKOPUCTOBYETHCS T'eOMe-

TpusoBaHa cucreMa omubuip (¢ = G = 1). Ilpu npoBejienHi aHAJITUIHUX TIEpe-

TBOPEHb BUKOPUCTOBYBAJIMCH Ta, CTBOPIOBAJIMCH METOJM KOMIT I0TEPHOT ajredpu Jijisi

O0YHNC/IEHHs] TEH30PHUX Ta CIIHOPHUX BEJUUYMH y PIMAHOBHUX IIPOCTOpAX 3araJjibHOI

Teopil BITHOCHOCTI.

HaykoBa HOBU3Ha OTpMMaHUX Pe3yJIbTATIB:

1. oTpuMaHO AOCTATHI YMOBHU PO3MICIJICHHS CUCTEMU PiBHAHL Makcpesia BiTHOCHO
BeKTOp-1I0TeHialy y KajiibpyBanui JIopenna y Buliajiky i30TpoIHOIO 1HOJIst Ta y
3arajbHOMY BUIIQJIKY. BCTaHOBJIEHO, 1110 POCTIP-4ac, Y SKOMY BUKOHYIOTHCS J10-

CTaTHI YMOBU PO3IIEIJICHHS, 3a/I0BOJIbHSE BIJINOBLIHI piBHsAHH:A 110151 HblOMeHa-
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[Tenpoysa;

. BHaJIEHO 3araJjibHi PO3B’sI3KM HEOJHOPIJIHOT Ta PO3B’SI3KU 3 BiJIOKPEMJIEHUMU

3MIHHUMU OJIHOPIJIHOI cucTemu piBHsiHb Makcpesia y npocropi Keppa juist Bu-

X1JIHOTO Ta BXLHOTO OJIHOHANPSAMJIEHNX 130TPOTMHUX TTOJIIB;

. 32 YMOB 00OMEXKEHOCT] 3a YaCOM Ta 27-11ePIoJINTHOCTI 38, a3UMYTaJIbHOK 3MIHHOIO

OTPUMAHO PO3B’A30K B aHAJITUUHINA (OpMI, 1110 ONKUCYE BUXIJHI Ta BXIJHI IPABO
Ta JIBO MOJSIPHU30BaHI MOHOXpOMAaTHIHI XBuai. Ilokazano, 1Mo yMoBHU BXiJTHOTO
XapakTepy XBHUJI Ha TNOPU30HTI Ta OOMEXKEHOCTI KOMIIOHEHTH TeH30pa eHeprii-
IMITYJICY BCTAHOBJIIOIOTH OOMEYKEHHS Ha JaCTOTY, AKe 3aJeXKUTh BiJl (PIKCOBAHOTO
a3MMyTaJIbHOI'O YKCJIa Ta lapamMeTpiB meTpuku Keppa;

OTPUMAHO OJIHOHAIPSIMJIEH] 130TPOITHI po3B’si3ku y 1pocropi Keppa piBusinb (i-

BUYHUX TOJIB MIJIOTO Ta MIB IIJIOT0 3HaYeHHs CIIHY;

. JIOCJIJIXKEHO BJIACTUBOCTI a3y BUXIJHOIO OJHOHAIpPsiMIeHOTO moJiss Makcsesi-

J1a, 100Yy/IOBAHO XBUJIbOBUI BEKTOP, OOUKMCJIEHO I'PYIOBY Ta (Pa30BY IIBUJIKOCTI.
[TokazaHo, 1110 XBUJILOBUII BEKTOP HE € 130TPOIIHUM, & TAaKOXK, 10 IHTerpaJibHa

KOHT'PYEHIIS XBUJILOBOT'O BEKTOPa HE € Ireoe31MHOI0;

. BHalIEHO BUPa3M JIJIT KOMIIOHEHT BEKTOPA eJIEKTPUYIHOI HAITPYKEHOCT1 Y JJOKAJb-

Hiit opronopMoBaniit Terpaai Kinnepcai. Oouuncieno napamerpu CTokca, KyTH
einTudHocTi Ta opienrtarnil. Orpumano GpopMysy KyTa HOBOPOTY IJIOIMIMHU T10-
nspusalii, sika 36iraeTnest 3 hopMystoio, orpuManoo [ HeginnM a JuMHiKOBOIO
B HaOJIMIKEHHI MeOMeTPUIHOI ONTUKK. 3BiJICH BUILIMBAE BiJCYTHICTH YaCTOTHOI
JIACTIePCil KyTa TTOBOPOTY TIJIOTIWUHU MOJISTPU3AIlii;

Ha OCHOBI ajiredbpaldHo-CIIeniaJbHOr0 PO3B I3KY 1100y 10BaHa MO/JIE/Ib HOIINPEHHS
eJIeKTPOMATrHITHUX XBUJIb, KA BUABJISAE BILIUB KyTOBOTO MOMEHTY YOPHOI JTipHu
Keppa Ha mosisipu3aiiiio XBuJji, 3yMOBJIOIOUN 11 eJIITUYHY ad0 KPYTOBY HMOJISIPH-
zarito. [leit BImB BU3HAUAETHCA IaCTOTOIO, TIEPBICHOIO MOJIAPUIAIIIEIO, BIACHIM
KYTOBUM MOMEHTOM €JIEKTPOMAIHITHOI XBUJI1, KyTOBUM MOMEHTOM YOPHOI JIIpH 1

3aJIE2KUTDH BIJI TIOJISIPHOTO KYTA.
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OcobucTtuit BHECOK 3/100yBava

[TocranoBky 3aBjanb 3jificiioBa HaykoBuit kKepisauk B. O. [lennx. OcnoBHi Ha-
YKOBI pe3yJibTaTH JIUcepTraliil OTpruMaHi aBTOPOM CaMOCTiiiHO, abo 1pu #oro 6e3ro-
cepenniit yaacti. JlucepranT peasisyBaB METOAMKY PO3IIEIJIEHHS] CHCTEMU PIBHSIHD
MakcseJita, BiiHOCHO 4-TIOTEHIIaIy, OpaB y4acTh y CTBOPEHHI MOJIE/Ii OJIHOHATIPSIM-
JIEHOT'O 130TPOIIHOIO 10Jis. Y poboTax, BUKOHAHUX Y CIIIBABTOPCTBI, 3/100yBavueBi Ha-
JEeXKUTE: |[3-7| — y9acTh B MPOBEJICHHI PO3PAXYHKIB Ta aHAJI31 OCHOBHUX PE3YyJIbTa-
TiB; [8,9] — y9acTh y moCTaHOBIN 3a7a4, MPOBEEHHI PO3PAaXyHKIB, (hOPMYyITIOBAHHI
BUCHOBKIB.

Anpobailiis maTepiaJiB Jgucepraiii

PesysibraTn, HaBejeni y janiit jucepraiiittiit podoTi, JI01M0BIaKCs Ta 00I0BO-
PIOBAJINCS HA TAKWX HAYKOBUX KOH(MEPEHIlisIX, ceMiHapax, MKoJax:

— 10th Central European Relativity Seminar (Potsdam-Golm, February 20-22, 2020);

— Bogolyubov Kyiv Conference “Problems of theoretical and mathematical physics”
(Kyiv, September 24-26, 2019);

— 22nd International Conference on General Relativity and Gravitation 13th Edo-
ardo Amaldi Conference on Gravitational Waves (Valencia, Spain, July 7-12,
2019);

— International conference XI Bolyai-Gauss-Lobachevsky (BGL-2019) Conference:
Non-Euclidean, Non-Commutative Geometry and Quantum Physics (Kyiv, May
19-24, 2019);

— Mixnapojna koudeperis mosognx Maremarnkis (Kuis, 7-10 uepsus 2017, 6-8
aepsug 2019);

— An international conference in honor of Ya. Zeldovich in Minsk “The third Zeldovi-
ch meeting SNAUPS-18” (Minsk, Belarus, April 23-27, 2018);

— The conference of the Polish Society on Relativity (Krakow — September 25-29,
2016, Kazimierz Dolny — September 24-28, 2017, Poland);

— Mixnapojina naykoBa koudepeniiis “lndepeniiaibai piBHsSIHHS Ta, X 3aCTOCY Ba-

uHs1” npucsstidena 70-pivato akajgemika HAH Ykpainu M. O. [Tepecrioka (Y xKro-
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poj, 19-21 rpasus 2016);

— Mixnapojna koudepenis “Acrponomisi ta dizuka kocmocy” (Kuis, 27-30 Tpas-
ust 2014, 20-25 ksirhg 2015, 29 rpasust - 1 wepsus 2018, 27-29 rpasust 2020);

— Kondepentist mosogux suennx “ITpobaemu reopernanol dbizuku” (23-24 rpyHst
2019);

— 20th Annual Student Conference, Week of Doctoral Students 2013 (Prague,
Czech Republic, June 4-7, 2013);

— Mixuapopna koudepeniis “Cyqaacti mpobsemn mexaniku i maremaruku” (JIbBiB,
21-25 tpasmsa 2013, 22-25 rpasua 2018 pp.);

— Kondepennist mosopnx suenux “Ilijgcrpuraviseski unranus” (JIbsis, 23-25 Tpas-
ns1 2012, 28-30 Tpasus 2014, 23-25 tpasus 2017, 27-29 rpasus 2019, 26-28 TpaBHs
2020);

— Mixnapojna maremaruana koudepentis im. B. f. Ckopoborarska (Iporobut,
19-23 Bepecus 2011, 25-28 ceprng 2015, 26-30 xosrHa 2020);

— ceMiHapu BIIIY JudepeHIiaJbHuX piBHAHD 1 Teopil ¢pyHKmii [HeTuTyTy 1pH-
KJIaIHAX Tpobsem Mexanikn 1 MatemaTuku im. A. C. Iligcrpuraua HAH Ykpaian
(20112021 pp.).

Y moBHOMY 00CsI31 AucepTaliiifia pobOTa JIOMOBIIaIach Ta OOTOBOpIOBAJIACh Ha
PO3IIUPEHOMY HAYKOBOMY ceMiHapi Bijyiiy JiudepeniiiajibHuX PiBHSHB 1 Teopil (yH-
KL Ta By MareMaTudHol (Pi3UKM IiJi KEPIBHUIITBOM Ji. (D.-M. H., IIp. H. C.
P. M. [lisiika Ta 3arajbHOIHCTUTY TCHKOMY HAYKOBOMY ceMiHapi 3a HanpsMkoMm “Ma-
TeMaTUIHe MOJICJIFOBAHHS Ta O0UMC/IIOBAJILHI MeTou [HCTUTYTY NPUKJIATHUAX TTPO-
osem Mmexaniku 1 maremaruku iM. . C. Iligcrpuraua HAH Ykpainn mig kepiBau-
rBoM . d.-Mm. H., npod. B. B. MuxacbkiBa; HayKoBoMYy ceMiHapi Kadejapu Ipu-
KJaiHo0T MaTeMaTukn Harionayibaoro yuiepcutety “JIbBiBchbka nositexuika’ MOH
YKpainu mij KepiBHAITBOM J. {.-M. H., mpod. B. M. MapkoBuua; HayKOBOMY Ce-
minapi kadejpu indopmaniitnux cucreM JIbBIBCHKOIO HAIIIOHAJILHOI'O YHIBEPCUTETY
imeni IBana @panka MOH Ykpaiuu mijg kepisauirsom Ji. b.-m. H., npod. I'. A. [Tlun-

KapeHKa.
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CrpykTypa Ta obcdr auceprariii

Huceprariiitna podoTa CKJaJIa€ThCs 31 BCTYILY, TPhOX PO3JILIIB, SKi MICTATH 8 pu-
CYHKIB Ta OJ{Hy TaOJIMII0, BACHOBKIB, CIIMCKY BUKOPUCTAHUX JiKepei 13 84 HaiiMeny-
BaHb Ta JIOAATKIB. 3arajabHnii 00CsAT aucepTaliitiol poboTn cTaHOBUTH 133 CTOPIHOK.
O0csir OCHOBHOT'O TEKCTY — 88 CTOPIHOK.

Pesynbratu poboTr oTpuMaHI Ha OCHOBI CIIHOPHOIO IiJIXOny Ta (hopMaJi3My
Hbiomena-Ilenpoysa, siki € epeKTUBHUMKU METOJAMK OIKCY IOJIB Yy Teopil BiJIHO-
cHocti. CTHCIUI OIUC NMUX MiJXOMIIB, O3HAUEHD, IIO3HAUEHb Ta METOJIIB 3p00JIeHO y
nmomaTky A.

[lepinit posii npucBsiuenuii 1podJieMi BiJIOKPEMJIEHHs! PIBHSIHb Y PIMaHOBOMY
npocTopi. BukiiajleHo OCHOBHI PiBHsIHHSA, IO PO3IJISAIAI0THCS, — Y CIHIHOPHOMY Ta,
TEH30pHOMY Tijaxomax. ¥y mijgposiii 1.1 npoBejieHo Orisi MEeTOJIIB BiJIOKPEMJIEHHS
cucremu piBHsinb Makcsesta y dopmasizmi Heiomena-Ilenpoysa, 1o orpumani y
1972, 1974 Trokonbebkum Ta [pecom [10,11] gt mpocropy tumy D. VY 1.2 3niiicue-
1o orutsit miyixozy Lepria-/lebas st mpocropis Tumy D (Koren ta Keresec [1,2]). YV
1.3 mpeicTaBieni jocTaTHi YMOBH BiJOKpPEMJIEHHs cUCTeMH PiBHAHL Makcsesiia BijI-
HOCHO BEKTOP-TIOTEHIIIAJIY V 3arajbHOMY BUIAJIKY, a B 1.4 — y BUNIAJIKY 130TPOITHOTO
noJist [3,12]. Pesymbrarn y nux migpo3iiax oTpuMaHi BAKOPUCTAHHIM PO3POOIEHIX
JIOJIATKOBUX Hijnporpam st cepegoBuina Maple, siki mapejeni y jgogarky B. Onuc
eJIEKTPOJIMHAMIKY OTHOHAIPAMJIEHUX 130TPOMHUX TMOJIIB 3 4-CTPYyMOM JIjis PIBHSHD
IEPIIOrO MOPsijIKY y npocTopi Tuity D, nposejero y mijapossini 1.5 [4].

Y Ipyromy posjiiji npejcTaBlIeHO PO3B’s3KKM PiBHsSIHL MakcBesia y CIiHOPHOMY
nigxomi y Metpuri Keppa. ¥V migpozain 2.1 mpoBeieno orrs migxoay TIoKombehKo-
ro [10]. V¥ mizposminax 2.2, 2.3, 2.4 mpejcTaBieHO 3araJbHUNl PO3B’SI30K DIBHIHD
MakcBeJiia, JiJish OJHOHAIIPSIMJIEHOT'O 130TPOIHOIO 1oJisi MakcBesia Ta po3B’si3Kd 3
BIJIOKpEMJICHUMU 3MIHHUMHY 3 jofgaTkoBuMu ymoBamu [4,5,8,9|. ¥V momarky B na-
BEJICHO METOJIMKY BHAXOJKEHHSI 3alaJibHOI'O PO3B’si3Ky. ¥ Hijposiial 2.5 1HoJaHo
y3araJibHeHHs 111JIX0/1y 3 PO3IJisijly 130TPOIHOIO 110Jis Y HpocTopax Tuily [ Ha 1oJist

HLIMX Ta HaniBULIMX criniB [8] Ta npejcrasieno poss’sisku y npocropi Keppa.
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Y TperboMy PpO3/iiJi LPOBEJIEHO JIOCJI/PKEHHS BJIACTUBOCTEH OJIHOHAIIPSIMJICHO-
1o 130TPOITHOIO 1oJisi. Y 1ijpo3/iiii 3.1 3pobJIeHO OIvIsi/l, JOCHII>KEHb, 110B’I3aHUX 3
BILIMBOM MacH, 1110 00EPTAEThCs, HA, MONTUPEHHS €JIEKTPOMArHITHUX XBUJIb. Y IIi/I-
po3J1iti 3.2 OMUCaHO BIACTHBOCTI XBUIILOBOIO BeKTOpa [6]. YV mijpos i 3.3 Ha ocHOBI
METOJIy OPTOHOPMOBAHOI 0a3u IpeJicTaB/IeHO (DI3NYHI KOMIIOHEHTH BUXI1JIHOT'O OJIHO-
HaIIpAMJIEHOTO i30TpomHoro mojs Makcpensa, y migposain 3.4 — mosgpusaliiini
BeuInHn [7].

3B’a30K pob0TH 3 HAYKOBUMHU IIpOrpaMamu, IJIaHAMH, TeMaMu, I'PaH-
TaMU

Huceprauiitna podoTa BUKOHAHA BIJIIIOBIHO JI0 IJIAHIB HAYKOBO-JIOC/IIJIHUX POOIT
[HcTuTyTy npukiaagaux npobsem mexaniku 1 maremaruku im. . C. Iligcrpuraga
HAH Vkpaiau B pamkax JiepKOo pkeTHux TeM: “Aredbpo-reoMerpuaHi MeTOMH J10-
CJIJIDKEHHS 1HBApPIaHTHUX CTPYKTYP Ha MHOTOBHJAX Ta PEISITUBICTCHKUX PIBHSIHDL
MareMaTudHol Ta Teopernanol dizuku” (Ne 1/p 0110U004819, 2011-2015 pp.), “Pos-
BUTOK METO/IIB JIOCJII/PKEHHSI CTPYKTYpP Ha MHOT'OBHJAX, acOIifloOBaHUX 3 I'PyIaMHu,
ajiredpaMu 1 rpadamMu Ta pO3BUTOK I'€OMETPUYIHOIO aHAJI3y CTOCOBHO PEJISATUBICT-
cbkux moutiB i gactok” (N 1/p 01190101243, 2016-2019 pp. ), 3a 610/KETHOIO TPOrpa-
moto “IliTpuMka po3BUTKY mpiopuTeTHUX HayKoBux Hampsimkis” (N m/p 6451230,
2018-2019 pp.), Haykosoi kocmiunoi nporpamn HAH Ykpainu ta dacrkoBo 3a pa-
xynok mnporpamu HAH Vkpaimn “I pis-indpacrpyKrypa Ta rpif texHosorii 1st na-
yku Ta 3acrocysanb’ (Ne j1/p 01180004780, 2014-2018 pp.), B sikux 3700yBad Gpas
y4aCTh sIK BUKOHABEI[b.

IlpakTuyHe 3HaYEHHSA OAEP2KAHUX PE3yJIbTATIB

[IpakTraHe 3HaYEHHS OJePXKAHUX PE3YJILTATIB MOJSAra€ Y MOXKJIMBOCTI BUKOPH-
CTaHHs piBHsIHb MakcBesia BIJJHOCHO BeKTOp-IoTeHniaay y gpopmaJizmi Heiomena-
[lenpoysa sl MOMAJIBIIONO PO3BUTKY METOJMKH PO3MIEIJIEHHS CUCTEMHU PIBHSIHbD,
30KPEMa, BCTAHOBJICHHSI 1HIIUX JOCTATHIX YMOB PO3IIEILICHHsI, OTPUMAHHS 4aCTKO-
BUX PO3B’sI3KiB 3a JIOIIOMOI'OIO 11bOI'0 Iijixoy y merpuni Keppa.

O tHoHANPSIMJIEH] 130TPOITHI PO3B’SI3KU MOXKYTh OyTH BUKOPHUCTAHI JIjIsT TIOOYI0BH
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MoJleJiell BUIIPOMIHIOBaHHs, 1110 I'€HEPYETHhCs B OKOJI1 4opHOI Jiipu Keppa, a nosistpu-

3allliiil BJIACTUBOCT1 1IbOTO BUIIPOMIHIOBAHHS — JIJIsl BUBHAUYEHHS 3 €KCIIEPUMEHTIB 11
napameTpis.

OTrpumaHi BUCHOBKH CTOCOBHO KYTa EJIMTUIHOCTI 1 TOJSIPU3AIIAHOIO KyTa MO-

KYTh MATH 3aCTOCYBAHHs TAKOXK y KBAHTOBUX KOMYHIKaIlisfx 1moban3y 3emit (near-

Earth quantum communications), jie icTOTHe 3HAYECHHS Ma€ BpaxyBaHHs TOBOPOTY

IJIOTIMHY TI0JIsIpU3aliil y rpaBiTalliiiHOMY T0JI 3eMJI.
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PO3ILI 1

IIpobsema po3inenyieHHsa cucTeMun piBHAHb MakcBesia y

BUKPHUBJIEHOMY IIPOCTOPI

BekTopHi, CliHOPHI Ta TEH30PHI 110Jisi Ha BIJIMIHY BiJ| CKaJIsSiPHOI'O CKJIaJIal0ThCs 3
K1JIbKOX KOMITOHEHT. TaKiuM 9MHOM, 1 CUCTEMHU PIBHSIHD, 1110 € MOJICJISIMU TIOIITMPEHHS
X TOJIB, MICTATH Il KOMIIOHEHTH. 3aCTOCYBaHHS KPUBOIHIHHUX CUCTEM KOOP-
JIMHAT Ta PO3IJIsi)l PiBHSAHb Y BUKPUBJECHOMY IIPOCTOPI HPUBOJUTDL JIO 3B’ si3yBaHHs
PIBHSHD 1 /IO BUHUKHEHHS 3a/1a41 3 PO3IMIEIJICHH ITUX CHUCTEM.

Y 1IbOMY PO3JIiJI M 3POOMMO OTJIsi)l OCHOBHUX ITIXOJIIB JIO PO3IIEIJICHHS] CUCTEM
PIBHSHB Y IpOCTOpax TUIy [, Ta MpecTaBUMO PE3YJIbTATH, IO CTOCYIOTHCA JTOCTa-
THIX YMOB PO3IIEIUICHHsSI CUCTeMH PiBHAHL Maxcpesia BiTHOCHO 4-TOTeHIady. ¥
BUIIAJIKY 130TPOIHOIO ciiiHopa MakcBesuia, OTPUMAEMO JIOCTATHI YMOBHU BiJIOKpEM-
JIeHHsI piBHsIHb MakcBesiia, 10 BUJIJISIIOTH OlIbIN 3arajbHUil pPiMaHOBUI TPOCTIp,
HI>XK Y BUIIAJKY JIOBLILHOTO 110Jist. Ha 3aBepiieHHst NpoBeIeMO OINC eJIeKTPOIMHAMI-
KU OJIHOHAIPSAMJICHUX 130TpoIHuX 1ojiB Makcsesia y npocropi tuity Dy BUrIsi

cucreM piBHsAHBb y (popmasizmi Heiomena-Ilenpoysa.

1.1. Po3miensienns cniHOpHUX piBHAHb MaKcBeJslia

Pipusinass Makcpesiia y TeH30pHOMY T1JIX0/1I MalOTh BUTJISI

V F® =drJb,
v[anc] = 0;

(1.1)

F® — tenzop Makceesa, J* — Bekrop 4-ctpymy, V, — KoBapianTHa moxigna. Y

poboTi posriggarumemo jdiiicHe nosie Makcseyuta Fy, = Fy, Ta jgificauii 4-crpym
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Ockinbku Terzop F® nificuuit Ta aHTHCHMETPUUHUI, TO HOrO MOXKHA 3aIlHCATH
3a dopmyiioro (A.59) uepes crinop Makcesemta @ 4p. pyre piBasuus cucremu (1.1)
eKBiBaJIeHTHO piBHsNHIO V, F*% = 0, ne F*® = 1/26“deFCd nyasibHmii obpas F.

: . . 1 R/
Crinopruii poskiaf ayasubHoro Tenzopa F* mae purusin F = —ipdBed'B 4

ie'BpAB B ' M
@7 . Buxonga4n 3 1poro, noBHy cucremy piBHaHb Makcsessa mokemo 3anuca-

TH y BUTJISAL OJIHOTO PiBHAHHA'

VABpA, = A4 (1.2)

PiBusiHHA HemepepBHOCTI

Vaj® =0 (1.3)

e HaciikoMm piBugauHs (1.2) abo meproro pisasHE cucremn (1.1) [13].

B komuonenTHiit ¢popmi piBusinus (1.2) Mae BurJIs)| cUCTEMU DIBHSIHb

( = .
Dy + (26 — p)p2 = dp1 + 2mp1 — Ay — Ji,

82 + (26 — )2 = A1 + 2101 — vy — Jo, 1.4

Apg — (27 — p)po = 01 — 2701 + 092 + 1,

| 0o — (20 — m)pg = D1 — 2p1 + kg2 + Jo;

e a, B, 7, € K, 0, p, T, V, A\, i, T — ckansapu Hoiomena-Ilenpoyza (A.79), D, A,
§,  — moxizHi 3a HampaMKamu isorpomHoi Terpann (A.80), va: o = C, 11 @ =
C, po: @9 — C — KOMIIOHEHTH CIIIHOpa (P4p y CIIHOBINH 0a3i, sKi 03HAYYIOTHCS

(A.60), abo, ekBiBaJIEHTHO, 3aJJAHHSIM PO3KJIALY Y CIIHOBIi 6as3i

PAB = P2040B — P10ALB — P1LA0B + PoLALB; (1.5)
Jo: g2 — R, jo: jo — R, ji: j1 — C — kommnonenTu crinopa, jBA/ y criHoBiii 6a3i;
PO3KJIaJI, CIIIHOPA, jg" y CIIHOBI# 0a31 Ma€ BUIJISLT

!

jBA/ - ijBOA - leBLA/ - jleOA, + jobBbA,- (1.6)

Pigusinnst nenepepsrocti 4-crpymy (1.3) y koMnonenTHiit hopmi Mae BADIIs

IMHOKHUK 27, O CTOITH Y IpaBiil YacTHHI BHECEHO Jif 3PYYHOCTI B KOMIOHEHTH 4-CTPYMY, TaK IO jaar =

27TJAA/.
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Djs —0j1 =01+ Djo+ (e +E—p—p)ja— (B —a+ 7 —7)j1—
—B-atm =T+ (u+ta—v—7)j=0 (L7
3a0a4a PO3ULLNAEHHA CUCTNEMU PIGHAND TIOJATAE y HacTynHoMy. s cucremu
PIBHSIHD, JIe KOXKHE PIBHSIHHS MICTHTb BCl HeBijloMi (PYHKIIT HEOOX1IHO BUOKPEMUTH
OJIHE PIBHSHHS TaK, 00 BOHO MICTHJIO JIMIIE OJHY HEBIJIOMY (DYHKIIIO. 3HAKUIIOB-
IIT1 PO3B 130K I[LOTO PIBHAHHS, MIYKAETHCS MOXKJUBICTH BiJIOKPEMJIEHHS PIBHSIHHSI
BIJTHOCHO HACTYIHOI (DYHKINI, TOKK He Oyae 3HaiijgeHo Bci HeBimomi dynkmii. Ta-
KUl c11ocid BiJIOKpEMJIEHHsI PIBHSIHb HA3UBATHMEMO NO0CAL008HUM DPO3ULENAEHHAM
cucmemu. PiBHsIHHsI, 1110 MicTsTh JiBI ab0 Oljibine HeBijoMux (BYHKIIH Ha3UBaTH-
MEMO 3B SI3aHUMU.

Cucrema piusiib (1.4) € 3B’s13aH010. Bigokpemiiene piBHSIHHST BITHOCHO KOMITO-
mertu 1 y npocropi Keppa orpumanu ®@akepesn ta Aitncep |14]. BusBuiocs, 1o
110/1aJIbIIIe 3HAXO/I?>KEHHsI PO3B 3Ky 1bOI'0 PIBHSIHHS METOJOM BIJIOKPEMJICHHSs 3MiH-
Hux € HemoxsmBuM. Bapmin ta [lpecc [15] orpumaru BiokpemseHi piBHSHHS y
npoctopi [IBapmmmabaa. g ekcTpeMaabHUX KOMIOHEHT 9, (g, AITPOKCUMAITIii-
HUM METOJIOM 1100Yy/I0BAHO PO3B’s30K.

3a JIOIIOMOT0I0 KOMYTAIlifHUX CITIBBIIHOIIIEHD Ta BUKOpUCTaHHST (hopMmastizmy Hbro-
mena-Tlenpoysa Trokosbebkuii [10,16] 3anucas BijlokpemiieHi piBHsIHHS Y TPOCTOPI
tuity D BIJIHOCHO €KCTpPeMaJIbHUX KOMIIOHEHT (0o, wq. Jljist oTpuMaHux piBHsIHb MO-
JKJIMBO TIPOBECTH BiJIOKPEMJIeHHs 3MiIHHUX y MeTpulll Keppa. Bijokpemiiennst 3Min-
HUX JIJIsI OJHOTO 3 PIBHAHBL IPOBOIUTHCA BiJipaly, a JJjs 1HIIOTO € MOXKJUBUM IIpH
nposesieni saminu byHkiii ¢ = (1 — ia cos 0)%py [17].

Binokpemseni piBasaHsg y ¢gpopMmaizmi Heomena-Ilenpoysa y mpocropi Tumy D
MaIOTh BUTJIS;

ADpy — 6609+ (21 + i + v — ) Do + (26 — p) Ay — (o + B+ 27 — 7)dpa—
— (28 = 7)dps + (A(2e — p) = 0(28 = 7) + (26 — p)2p + i+ — 7)—
—28—1)2r + B+ a— f)) 09 — 0jo + Aj1—

—2r—T+a+B)j+ 2u+pa+y—7)i=0; (18)
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ADpy — 60p1 + (u+ i — v —5) D1 — 2pA¢@1 + (o — B — 7+ T)dp1 + 27001+
+2(T7r—p,u+\lfg)cp1+Aj0—5§1+(a—B—w+?)§1+(u+ﬁ—’y—’7)jO:0;

DApy — 60y — (27 — ) Dy — (2p + p+ € — €) Ay + (2a — T)dpo+ (1.9)

+(@+B—7+27)00) — (D27 — ) —62ae — ) — (27 — ) (2p + p + € — E)+
+(2a — )27+ a+ B — 7)) o — Dj + 8o+
+2p+pt+e—€j— 2r—T+a+ 8)jo=0; (1.10)

Piguanng (1.8), (1.9), (1.10) mobymoBani 3a JOMOMOTOI0 KOMYTAIIHHOTO CIiBBIJI-
nomenns (2.11, [10]). Ix Takox moxna 1mobyiyBarTi Ha OCHOBI KOMyTalUifiHUX CIIiB-
BiyHommenb (A.82) ta camux pisasinb Makcepesuia (1.4), BUKIIIOUAIOUM OJIHY 3 HEBi-
JloMux (pyHKIIH y rnapi piBHsHb. Tak MOXKKHa 1OOYy/lyBaTu HE JIUIIE BiJIOKPEMJIEH]
PIBHSITHHSI, & TaKOXK 1 PIBHSHHS, 1110 3B 3yBaTUMYyTh JIBl KOMIoHnenTu. Hacrynni jBa
PIBHSTHHS OTPUMaHi TAKUM CIIOCOOOM 1 Ha3MBAIOThCsI TOTOXKHOCTAMU TIOKOJIHCHKOTO-

Crapobincskoro [18,19]

DDy — 65y + (3¢ — € — 4p) Dy + 2(De + (€ — € — 4p)e + p*) o+

+ (3a+ B —4m)dpo + 2(0a — (a4 B — 4m)a — )y — 2(D7 + 6p — (o + B)p+
+ (e = &m)p1 + Dji + 4o + (e = €= 3p)j1 — (a+ 5 — 3m)jo = 0; (1.11)

ADpy — 6803 — (3y — 7 — 4pu) Ay — 2(Ay — (v — 7 — 4p)y — p*)po—

— (38 +a—41)5py — 208+ (B +a —47)B + 78 + 2(AT + S + (B + @) put

+ (v =NT)e1 =2 — Aji = (B+a=37)ja+ (v =7 — 3 = 0; (1.12)

TakuM IMHOM, KOMIIOHEHTH Y9 Ta () € TIOB I3aHUMU — 3HAMIeHI PO3B’I3KM PIBHIHD
TTOKOJIBCHKOTO MMOBUHHI 33TOBOJILHATH TOTOXKHOCTSAM TTOKOTHCHKOTO-CTapobiHCHKOTO.
Orxke, cxema posmIelJieHHsT cucTeMu piBHsHbL MakcBesuia y npocropax tumy D
BUIJISIA€ TaK. SHAX0MMO po3B’si3ku piBHsiHb (1.8), (1.10) BiJIHOCHO KOMIIOHEHT 9,
©g. i po3B’si3kM MOBUHHI 330BOJILHATH TOTOXKHOCTI T10KO/IHCHhKOT0-CTapobiHCHKO-
ro (1.11), (1.12), siki 3MEHIITYIOTh 3arajbHICTh OTPUMAHNX PO3B’SI3KIB 9 Ta . Po3-
B5130K BIJTHOCHO KOMITOHEHTH (01 3HAXOAUMO 3 piBHsAHHs (1.9), a00 3 cucremu piBHIHD

Maxcsesia (1.4), mijicTaBiasoun 3HARTCH! PO3B'I3KHU (09 Ta (g Yy CUCTEMY.
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[Tiyixiy TrOKOJIbCHLKOIO XapaKTepHUuil TUM, 1110 caMi HeBijioMi (PyHKIT € PyHKIII-
siMu, 10 Oe3rocepe/iHb0 BU3HA4YaloTh 1oJjie Makcesesia. BijlokpemyieHHsi PiBHSIHB
BIJIOYBAETHCH 3 BUKOPUCTAHHSIM KOMYTAIIHUX CIIBBIJIHOIIECHD, IO NPUBOJIUTH JIO

PO3TJISITY CUCTEMU PIBHAHDL JIPYTOTO TOPSJIKY.

1.2. Po3miensiennsa cucreMm piBHAHB y mijgxoai l'epria-BpomBiga-

ebas-Birtakepa-Ileapoysa

[Tijxizn Tepra [20] 3 kauaibpyBasibHuMEU yMOBaMu TpeThoro pojy [21] y Bukpusie-
HOMY IpocTOpi [1]| 10 po3B’sa3yBatus ogHOpigHOrO piBHsAHES Makcsesna (1.2) moss-

ra€ y 3HaXOJI>K€HHI PO3B’gI3KYy PIBHSAHHA
—~WV\V*'P, + (V'V, -V, VY Py, + (V,V}=V'V,) P, =
=V,G, —V,G, — V' Wy, (1.13)
BLJIHOCHO aHTUCAMeTpUIHOro Tensopa ['epuna Py, 1€ TeH30p €JIeKTPOMArHiTHOTO I10-

JIsl 3HAXOJIUTHCS 38 (POPMYJIOI0

F,=-V,V'P\, +V,V*P,, - V,G, + V,G, =
= V\V*P, — V'V, P\, + V'V, P\, — VW, (1.14)

G, — nosinbuuit BekTop, Wy, — JOBUIBHKI TOBHICTIO aHTUCUMETPUIHUNA TEH30D.
Cuinopuuii uijxin Fepua y BukpusieHomy npocropi [2] nossirae y 3HaxojkeHHi

cuinopa Lepria PAB = PAB) 3 pigusinns gpyroro nopsiixy
vy, PP = v e B, (1.15)

sie nojie MaxkcBesuia 00UnCIIOETHCs 38, (POPMYJIOIO

—A'B’ ’
048 =VursVpeP  —ViaarGp, (1.16)

/ . . .
GAY — noBinbHuMit criHop.

Pigusirns (1.13), (1.15) y komnonenTHiit ¢hopmi € cucremMamu 38’ si3aHUX PIBHSIHD.
st o0y 0By HiX0/Ly BiJOKpEMJIEHHST PIBHSIHL BUKOPHUCTOBYETHCS y3araJbHEeHHsI

JIBOKOMIIOHEHTHOTO mijixofy [ebas [22-24| na Bukpusineni npocropu [1,2,25, 26.
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Tensop (cuinop) Iepria Bubupaerbes Tak, mob Horo rooBHi i30TpoIHi HAPSIMK K
CHIBIIA/Ia/I1 3 N'OJIOBHUMHU 130TPOIHUMU HalpsiMKaMu I'pasitaiiiinoro nojs. Tyr 3a
MPUIYIIEHHsIM I'paBiTaliiiine 1oje € ajaredbpaldHo-creniaabuuM Tty . 3a Teope-
moto Lomybepra-Cakca [27,28] kparui rososni i3orporni nanpsvkn crinopa Beitsst
reHepyIoTh OE3CYBHY KOHIPYEHIIIIO 130TPOMHUX reojiesiiinux [13], sika 3a Teopemoro
Pobincona [29| Busnavae icuyBamHs i30rTpornHOoro mosis MakceBesia, KpaTHi TOJOB-
HI 130TPOIHI HAIPAMKH SKOTO € JOTUIHUMHU JIO KOHI'PYEHIl 130TPOIMHUX Treoe3iii-
rux [30]. Takuit Bubip Tenzopa (crinopa) Lepiia o3uavae, 1Mo BiIMOBIIHEIT KOMIIOHEH-
THUIl PO3KJIaJ] TeH30pa (CIiHOpa) MICTUTHME JIUIIE OJIHY KOMILIEKCHY KOMIIOHEHTY:

Pun = —Pap = 0, Py = — Py = 10, abo y crinopuomy mijxopi
PAB = ¢OAOB. (1.17)

Bubip kamibpysaabuux yMoB Gy, = Wimm = 270 + 270, G, = Winm = 200, Gy =
Wiwm = Qﬁ& JIO3BOJISIE OTPUMATH OJHE BlJIOKpEMJIEHE PIBHSHHS BIJHOCHO KOMIIO-

nentu 9 [1,2] B y3araibienomy kiaci npocropis Tosubepra-Caxca (3pigxku ciijye

k=0=0)
(A=F+7+a)(D+2e+p)— (0+a+8-7)(0+28+7)]v=0. (1L18)

KowmmonenTn nosist MakceBesia BU3HAYAIOTHCS CITIBBITHOIIEHHSIMA

0o = fim = [~ (D —e+€—p)(D+ 26+ p)|e,
01 =1/2(fin+ fam) = [~ (D+e+& (8 +28+7) + (7 +7) (D +2e+p)] ¢,

pr=fan=|[—(0+a+B8—-7)(0+26+7)+A(D+2+p)].
(1.19)

Bubip cmenianizarii Temsopa (cminopa) epria pazom 3 KamiOpyBajibHUMH yMO-
BaMKM MOXKHQ, 3JIIfICHUTH I1ie JIBOMa CIIOCODAMM Ta OTPUMATHU BIJIOBIJHI CXeMU BiJi-
okpemsienHs piBHsiib. Lle dopmysn (5.8), (5.9) ta (5.10), (5.11) y [1]. Burusiy cre-
miajizoBaHoro crinopa [epna y mux cxemax Oyje, BiioBiaHO, TakuM Pag = 1Yialp
ta Pyp = oatp. Y pobori [1] 3aznaveno, 1mo y Bijokpemiaesomy piusinni (5.10)
He BJIAE€THCS 3aCTOCYBATH MPOIENYPY BIIOKpEMJEHHA 3MIHHUAX Y HEIKAX BaKJIMBHUX

IPOCTOpax, B IKUX, BCe XK, JiJis piBHsAHD (5.5) Ta (5.8) BiIOKpeMIICHHST 3MIHHUX TPO-
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BecTu MOXKJIMBO. [lsi curyanis € 1moai0HOI0 10 cuTyalil 3 BiJIOKPEMJIEHHSIM 3MIHHKUX
y piBusiaai @akepesia-Aiircepa.

Omrxke, y mijgxoji Iepra, po3s’sizamist cucremu piBHsiHb MaKCBeJLIa 3BOJIUTHCS 10
PO3B’si3aHHsT cCHCTeMU PiBHSAHB Apyroro nopsiyiky (1.15). s cucrema € 38’ s3aH010 cH-
CTEMOIO BIJIHOCHO KOMTOHEHT criifopa (Tensopa) lepria. st posmierniennst cucremu
3aCTOCOBYETbHCs JIBOKOMIIOHEHTHUI mijixij Jlebast, 1o 1mo cyTi € creniaJi3alliero Cii-
Hopa (renzopa) I'epria, ToOTO HAKJIATAHHS HA HBOTO TEeBHUX oOMexeHb. Kpim Toro,
3aCTOCOBYIOTHCSA KaJiOpyBaJbHI YMOBU TPETHOI'O POJY, MICJs YOTO 3aJiavua 3BOJIHU-
ThCS IO PO3B’SI3aHHs OJHOTO piBHsHHS XBUIboBOTO THy (1.18). Kommonentn moss

Makcsesia 3HaxojisThest 3a Gopmysioo (1.19).

1.3. JlocTaTHi yMOBU PO3IIEIJIEHHS CUCTEMH PiBHAHB Makcsesnia

BIJTHOCHO 4-TIIOTEHITiaIy

Tenzop ejiekTpoMarHiTHOrO 10Jsi MOXKe OyTH HpejcTaBjIeHuil yepes 4-1oTeHiiall
A, 2
Fop =V, Ay — Vi A, (1.20)
BpaxkaTumemo, 1110 BUKOHYETHCs KaJiiOpyBaJibHa ymMoBa JIopeHta

VA" = 0. (1.21)

Y cuinopniii popmi pisaicrs (1.20) paszom 3 Bukonanusiv ymosu Jlopenna (1.21) mae

BUJISA

/

pap = VanAg . (1.22)
[Ipu Takomy posrisi jgpyre piBasHHs cuctemu (1.1) BUKOHYETBCS TOTOXKHO, a

mepiie piBHSIHHS CTa€ TaKUM
VyVPAY + R* A = 470J", (1.23)
Y cuinopHomy Buristi piBasirtst (1.23) Oyje Maru Takuit BULIs

VA VB AL, = 2 gAY (1.24)

2B:xkuBaruMeMo TaKoXK Ha3By “BEKTOp-IIOTeHIiaJr”.
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abo uepes cuinopu Kpusuhu [13] —
]_ !/ I /! / I /
5vBB,vf% AM @AY ACT L 3AAM = 21 gAY (1.25)

e Aga — CHIHOPHMI €KBIBAJIEHT 4-ITOTEHITIATY.
PosrnganaruMmemo maJii ogHOPIAHY cucTeMy piBHsHB Maxcpesia BiTHOCHO 4-T10-

rerniasy (1.24) ra 3auuimenmo 11 B KoMIOHeHTHOMY BulJisiil y popmasizmi Heromena-

[Tenpoysza
1000\ [ DAA, —1 0 0 0\ (854,
0100 DA A N 0 -1 0 0 56 Ay .
0010 DAA, 0 0 -1 0 60 A,
000 1)\ DAA 0 0 0 -1 0 A,
w4+ 0 % v DA,
0 — (v~ —T —T DA
N p=(r+79) ol
—T v w4y —7 0 DA,
—T v 0 p—=(r=7) DA,
[20e+e)—p 0 7 ™ [ A4,
0 B R AA
+ +
—R m 2e—p 0 AA;
\ -k 00 2-5) \ A4
—1 — (a4 f) 0 i A [ 64y
0 —7+ (a+ f o 0A
N (a+B) ) 0|,
o —A —m — (a— ) 0 dA
p —Ji 0 —m+(a—B) ) \ 64
[—7—28 0 ) iy 5 A,
0 —7T 4 2t o ﬁ 5140
- _ -
p - —T4+2a@—-p) 0 A
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A A Az Au Ay
4 A21 A22 A23 A24 AO _ 07 (1.26)

Az Az Azz Az Ay

A41 A42 A43 A44 1211
ne Ay = —Ap— 0B+ ANe+ Ae+67 —da+(a+B—F)T+(—p+e+e+ppu—
20 —T+pB)B—vk, Ap=Apu—v+ (T —a+7-38v+(y+7+p— iy,
A3 =AT—0y+AB -0+ 6y—Aa+ (T+B8+7—a)u+ (—y+p+v)7—2(y—
Y4+ p)B—vo, Ay = A1 — A+ (—e+E—plv+ (T =28)A+ (a — B+ T+ 7)u,
Ay = —Dp+ s+ (m—B+T—3a)k + (e +€+p—p)p, Agy = =Dy — DY +
Di—dén+déa+d8+B—-a+a)m+(y+y+p—j)p—2@a—x+B)a— vk,
Ay = 00 — DT+ (—y+ 7 — )k + (2a+m)o+ (T+B+7—a)p, Ay =
de—06+0p—D7+DB—Da+(a—B+7+m)p+(e—+p)m—2(e—E+p)a— Ak, Az =
6p+DB—be+Da—D7—dé+(—m—B—a+7)p+(—e—+p)m—2(F—a—Be+ Mk,
Ay = Dv—op+ (B—T+a) A+ (—p+2v+ (—p+ag—v—7)7, Az =
Dy—Dy+6a—03+Dpp—07+(—y+7y— i) p+ (=7 —7—B+a)m+2(fi+7—7)e+ Ao,
Azy = DA—=01+(f—a—T—m)m+(p—p—E+3 )\, Ay = Sp—Ak+(a+B—T)o—(pu—
2V)k—(p—pt+e+E)T, Ayy = =0+ 07+ AT—AB—Aa+dy+(—T7+T—B—a) pu+(—y—
F+p)T—=2(F—a—LP)y+vo, Ays = —Ac+017+(—T—f—T+a)T+(—F+3v+i—p)o,
Ay = 67— Ap+Ae—Aet+da—06 B+ (—e+e—p) pu+(—T—m+B—a)T+2(p+e—€)y+ Ao,

A — A0t — A oM A — At + Ay (1.27)

— pO3KJIaJ 4-OTeHIaNy ¥ CIiHOBIHA miami, Ao Ao — R, Ap: Ag— R, A;: Ay — C
— KOMIIOHEHTH PO3KJIa Iy B CIIHOBIN J11al.

Cucrema (1.26) mpejicraBieHa BIepiie Ta OTPUMAaHA 38 JIOOMOTOK PO3POOIEHIX
aBTOPOM JiucepTaliil JJOMOMIXKHUX [JITPOIPaM, 1110 BUKOHYIOTh aHAJITUYH] T€PETBO-
pernst y cepejgosuiti Maple. Ocnosni dyuKIil npejcrasieni B gojarky B. Bima-
IOJIKEHHSI TiJIITporpaM IIPOBE/IEHO Ha, PIBHSIHHAX TIOKOJILCHKOTO. ¥ JIeIo BijMiH-
romy Burisiyii cucrema (1.26) Gyna npejcrasiena y podori [3]. Tlicast orpuManHs
i€l cucremu y pobori [3|, momarkoBo Oy BUKOPUCTAHI KOMYTAIIiHI CIIIBBIIHOIIE-

aHst (A.82) BIITHOCHO KOMIIOHEHT 4-TIOTEHIiaJy, 110 BIIUHYJIO JIUIIE Ha JiaroHaJbHi
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eJIEMEHTU MaTPUIlb.

Cucrema (1.26) € 38’13aHOI0 CHCTEMOIO PiBHsIHD. PIBHSIHHS 3aJIMIIAIOTHCS 3B’ si3a-
HUMU depe3 KoedilieHTH 1Py Mepiinx MoXiJIHUX Ta ajredpaldHiil 4acTuHi.

Jocmamuimu ymosamu poausenienns cucmemu pienans (1.26) Gyaemo Hasu-
BaTH YMOBHU Ha KOEGMIIIEHTH MPU MOXIJHUX Ta ajredpaldniil dacTuni, siki 3abe3rie-
JyBATUMYTh MOBHE ab0 IMOCJIJIOBHE BiJIOKpEMJIeHHS PiBHAHDL. [l yMOBH MaTmMyTh
BUIJISAJ, PIBHSHDB, B gKi BXOAATH cKajdpu Hbiomena-Ilempoysa, moxijani Ha cKaJasgpu
Hoomena-Ilenpoysa ta/abo ckaisipu KpUBHHI.

Y pobori 3] 6ysio BcTaHOBIIEH] TOCTATHI YMOBU BiJIOKDEMJICHHST DIBHSIHD CHCTEMU

(1.26):

Teepmxkenns 1.3.1. Cucmema pisuanv Maxceeanra 610HOCHO 4-NOMEHULANY Y Ka-
atopysanni Jdopenuya (1.26) poswenatoemuvca y neesdopimanosomy npocmopi 3a 6u-

KOHAHHA YMOGB

k=o0c=p=T=€e=a=0. (1.28)

Ywmosu (1.28) 3acrocoByrornest j1o piBusanb moss (A.84). Ilicas mporo orpumyemo

PIBHSIHHSA, IO BU3HAYAIOTH CKaJsdpu Beitsa, ckansgpu Piudi Ta ckaggapHy KpUBUHY:

Vo =Wy = Pgp = Pp2 = P19 =0,

Uy =1/3(Dy+68+ (—n+B)B),

U3 = oy — BA+ B,

Uy=-AN+ov+(F—-37y—pn—p@A+ (B+7)v,

Oy =1/2(Dy -6+ (=B —n) B),

Pro=—-AB+ 07+ (27 =7 — u)B,

oy = DX\ — o — (m — B)m + (38 — &) \,

By = o (Dv— A+ 0 — b+ (38 = DA+ (k= y + ) 7+ (~B =) ).
Doy = —Ap+0v—(u+vy+3)p— A+ om+ (38 — 1)y,

A=1/6(=Dy =58+ (7 —B)B). (1.29)

Pimanis mpoctip, B gkoMmy piBHAHHA MakcBesia BiTHOCHO 4-TIOTEHIIAIY BiJIOKPEM-
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JIOIOThCst, BUu3HavYaeThes piBHstHusivu (1.28), (1.29). Cuinop Beiiis nasexurs ji0

runy 11 3a kinacudikanieo Ierposa, Buxousiuun 3 Toro, mo ¥y = WUy =0y (1.29).
Hixue naseseni MaTpuil Koedili€HTiB MpH MOXiTHUX Mepiioro nopsajaky Bl =
1 2 _ || p2 3 _ || p3

1B5|. B> = [|B5|l, B° = || B

HAZ'J'H (1 =1.4, j = 1..4) nas cucremu piBHsiHb BiHOCHO 4-0TenTiagy (1.26) npu

’, B* = Hij ‘ Ta Tpu aJgredpalvdHiil yacTuHi A =

BUKOHaHHI yMoB (1.28):

wty+y 0 v v 00 7 =
Bl 0 pw—(v+7) 0 0 B 0000 |
0 wty =7 0 0O 0 O
0 % 0 w—(y—7%) 07 00
—r—F 0 —Ji ) —7—-28 0 X —u
B _ 0 —7m4+8 0 0 B = 0 —7 0 0
0 A —7m+p 0 0 - -7 =28 0
0 —Ji 0 S 0 - 0 -7
A:
55 — 283 Ap— v+ (7 —3p) v+ AT — 6y + AL —0p + 7+ A — -
(Y Y+ - pp A+ Ap+20v+ 7@ 2B+ (=B +m)u
—Dy—Dy+Dp—07+46
0 0 ¥+ Dp — 07 + 66+ 0 0
+(8—m)m
0 Dv —dp+ (B —7)M+ Dy — 6B+ D — Dy — 67+ D)\ — on+
Hp+p—y =) +(=7 = B)m +(B—m)m
—6+ 07+ AT —AB+6 _
0 i+ o0y + AT B+ v+ 0 55

(7 — B+ 27+ By
(1.30)

Marpuiii KoedimieHTiB Ipyu APYIUX MOXIIHUX 3aJUIIATHLCS Oe3 3MiH.

CrouaTky BiJIOKPEMJTIOEThCS JIpyTe piBHsHHS cuctemu (1.26), 3 sskoro Moxke OyTu
3Haiiera koMmrnorenTa Ag. Po3p’si30k Ay BpaxoByeThesi y peinTi piBHSHb — HEPIIOMY,
TpeThoMy Ta yerBepromy. Tojii yeTBepTe PiBHSHHS CTAE PIBHAHHSIM JIUIIE BiJIHOCHO
kommonentn A;. Jami po3s’sizok A; mijcraBisThCs y BCl pemrTa PiBHSHL — TpeTe
ta nepie. Tpere piBHsiHHs cTae BijokpemyienuM. [licist #ioro po3s’sizanHst pO3Bsi-
30K A; MiICTaBJISIETHCS B HEPIIe PIBHIHHS Ta OTPUMYETHCA BiIOKPEMIICHE PIBHSIHHSI

BIIHOCHO KOMIIOHEHTH Ag. OTrKe, pIBHSIHHSI cucTeME piBHSHL MaKcBesia BiJHOCHO
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4-norenrjany (1.26) npu BukoHatui ymMoB TBeppKeHHst 1.3.1 m0CJII0BHO BlJIOKpeM-
JIIOIOTHCS.

BucuoBku 10 migpos3aiiiy

st 3anucy ojgHOpiHOT cuctemu piBHsIHL MakcBesuia BiJIHOCHO 4-TIOTEHIAJIY B
KOMITOHEHTHI#t (pOpMi 3 METOI0 TMOJAJIbIIOr0 11 Po3IIeneHHs BUKOpucTano dopma-
aism Hetomena-Ilenpoysa. Cucrema piBusiub mae uriisiy (1.26). s npuseenus
MATPHUIl KOMIMIEHTIB IpU JAPYTUX MOXITHUX JI0 JIATOHAJBLHOIO BUIISIY OYJIH BHKO-
pucrani KoMmyTaiiiini crnissignomenns (A.82). BimnocHo npyrux moxigHux cucrema
PO3IIEIIIOETHCSI, 3B I3aHICTh PIBHAHDb CUCTEMHU 3aJIMIIAETHCA Ha PiBHI KOeIIi€HTIB
[pU HEePHUX MoxijHux Ta ajarebpaiuniit vactuni. ChHoOpMysbOBaHO JIOCTATHI YMOBU
PO3IIENJIEHHS CUCTEMU PIBHSAHD BIJIHOCHO 4-TI0TEHIIay — yMOBU TBepKenHs 1.3.1.
Bonu Buiisisitorh piMaHiB pocTip, 1o onucyerbest piastaasivu o (1.29). Criinop

Beitnst nanexxuts o tuny Il 3a kinacudikariero Ilerposa.

1.4. Po3zinensenns cucremu piBHIHL MakcBeJL1a BiZJHOCHO 4-IIOTE€H-

Iiajly y BUOaJKYy i3oTpomHoro mnoJjig Makcsessia

Hocrarni ymoBy BijjokpemJienHst piBHsinb Makcsesuia BijHoCcHO 4-orentiiaiy (1.28)
HAKJIaJIal0Th [IeBHI OOMEXKEHHSI Ha PIMaHOBUI IIPOCTIP B SKOMY PO3IJISIIAI0ThCA PiB-
HsaHHs. Jlyist oTpuMaHHS MeHIT 0OMeXyoodrx yMoB y pobori [12] posrisamyTto jo-
JIATKOBEe OOMEYKEeHHs Ha came mojie MakcBessia y BHUIVIS YMOBH 130TPOIHOCTI. Y
IIJIOCKOMY IIPOCTOPI B JIEKAPTOBI cUCTEM] KOOpInHAT ab0 B JIOKAJIbHIA OPTOHOPMO-
BaHiil 0a31 19 yMOBa Ma€ BUTJISA] E-B= 0, E? = B2

YMmoBa i3orponHocti nossi Makcsesuia y crinopiit popmi mae suriisi [30]

wo = ¢1 = 0. (1.31)

st orpumants oOMexKeHb Ha 4-MOTEHIaJ, 10 BUILIUBAOTL 3 yMoBu (1.31),
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saiuieMo criBsijHomenns (1.22) y kommnonenrii Gopwmi
QOOZDAl—(SAo—J’—(@—I—B—ﬁ')AO—(€—€+ﬁ)A1—0A1+/€A2,
@01 = DAy — 6A; + pAy — A + (@ — B —T) AL + (e + € — p) Ay,
gpl:5141—AAO—l—(’y—i—’_y—ﬂ)Ao—l—(B—oz—%)Al—714_11+pA2,
QDQZSAQ—A[h—I—VAo—)\Al—(’}/—’_}/—i—ﬂ)z‘_h—F(Oé—f—B—%)AQ,

(1.32)

Ta 3 BpaxyBanHsiM (1.31) orpumyemo HacTyIIHI PIBHsSIHHS
DAy — 6A; + pAg — A1+ (@ — B —7)A1 + (e +€— p)Ay = 0,
AAO—SAl — (’Y+’_Y—,L_L)A0— (B—Oé+7_')A1—|—Tf_11 — pAy =0, (133)
60Ag— DAy — (a+ B —7)Ag+ (e — e+ p)A; + 0 A — KAy = 0.
Y sapyromy i Tperbomy cruissigHomenni (1.32) sisi wactunu € piaumu. Ilpasi

GAaCTUHM € TAKOXK DIBHUMM BHACJIJIOK BUKOHaHHs ymou Jlopenna (1.21), sika y

KOMITOHEHTHIil (pOpMi Ma€ BUTJISI

DAy + AAy —0A, — A +(e+e—p—p)As+ (n+ i —v —7)Ag—

_(ﬁ_a_qt+7r)A1+(C_¥—ﬁ—|—T—7_i')A1ZO. (134)

BukopucroByroun komyTariiitai criisigHomnennst (A.82) ra pisusians (1.33), orpu-

MYEMO PIBHSTHHSI JIPYTOT'O TTOPSIJIKY

DAAy = 05Ag+ (v +7 — u)DAy+ (1 — o — B)5Ag + pD Ay — K6 Ag+
— (1 +2a —7)DA; — kAAL + (p+ p)dA, + 06A; — TDA| + 564,
+ (Dp — 0R)Ag + (Dy + DY — Dy — S — 83 + dm) Ag—
— (DT — DB + Da — 6€ + de — 6p) Ay — (DT — 65)Ay; (1.35)

DAA; = 06A; — (y+7+pu— g)DA; + (=2¢ + p)AA; + (o + 7+ T — B)d A1+
+ (28 — 2a + 7)0A; — RAAy 4+ pdAy + vD Ay + (1 — T)AAy — M6 Ay — (p + it
+ 29)0Ag + GAA, — T6A; — (AR — 6p) Ay — (Aa — At + AB — dy—

— 67+ 0p)Ag + (Ap — Ae — Ae — 617 — da + 0B) Ay + (A — 67) Ay, (1.36)
Bukopucraemo pisuanns (1.35), (1.36) y cucremi piBusup Makcsenia Bignocno 4-

norenriany (1.26). [lepmii nsa piBusuns cucremu (1.26) cyTTEBO CHPOIIYIOTHCSL.



37
HaJii, Hakjiajaoun ymoBu Ha ckaJjsipu Hbiomena-lIlenpoysa ta ckajisipy KpuBuHu

(mocTarHi yMOBH BiJIOKPEMJICHHST ), OTPUMYEMO OJIHE BIJJOKDEMJICHE DIBHSHHSI.

Teepmkenns 1.4.1. Cucmema pienanv sionocro 4-nomenuyiary (1.26), wo 6idno-

gidae izomponnomy noato (1.31), npu euxonanmni ymos
k=c=v=A=7=7=0,090 = i, (1.37)

ma y karbpysanni Jopenua posuwensoemoca:

2

DAAy — §0As+ (2u+ i+ v+ 7)DAs + (—p + 2¢ + 2€) AAy+

H(—a— 7 — B)dAs + (=7 — 28)5As + (Ae + A — So — 55—

) —Ap—2(a+B)B+ (2e+26—p)u+ (e+E—p)i)Ay =0, (1.38)
AAy— (v 4+ 7)Ag = DAy + (e + €) As,

A+ (B—a+7T)A —TA = AAy— (v +7 — i) Ag — pAs,

DA — (e—€+p)A; =0A) — (a+ B — 7)A,.

TaxuMm 9uHOM, OTPHEMYEMO CXEMY IOCJIJIOBHOTO PO3MIEIJIEHHS CUCTEMH — CIIO-
qaTKy 3HAXOJUMO DPO3B’si30K KOMMOHEeHTH As 3 mepinoro pisasuus cuctemu (1.38),
nasi mpu BijoMomy posB’s3ky Ag 3 jpyroro pismsinus cucremu (1.38) 3HAX0AMMO
PO3B 130K KOMIOHEHTH Agy. 3 TpeThoro i uerBepToro piBHsHHS 3Haxogumo Aj. Ilep-
e piBsiis cucremu (1.38) € rperim (Bigokpemsiennm) piBastiasivu cucremu (1.26).
Hpyre, tpere i uerBepre piBHsinust cucremu (1.38) e piBHsinusimMu (1.33).

[Ipocrip-uac, 1o 3a0BosbHsie ymMoBH (1.37), oluUCy€eThCst HACTYITHUMU PIBHSTHHSI-

MU IIOJIA

WUy =V = Py =0,

Uy =Dj — de+ (€ — p) B + ae,

Uy =1/3(Dy—Ae— (da—68) —Ap+ (e+E+p—p)v+
+(y+F+p—R)(e+p)+(@-B)a+ (~a+p5)p),

Uy =~ Aa+0y+ (7 — i) a+ B,
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oy =Dp — p> — (e +&)p, Ap+ (n+ i+ +7)u =0,
o1 =1/2(dp + (—a = B) p),
g =Da — de — (p+ € — 2€)a + fe,
D1y =1/2(Dy— Ae+da— 0B+ (—p+p+e+e) v+
+(v+y+RE-pet(—a+Bat (a—B)B - pu),
Do =—AB+dy+(a+B)y+(v—7— b,
Oy =1/2 (=0p+ (-8 —a) ),
0=Ap+ (u+p+v+7)k
A =1/6 (D — (Ap — (Dy — Ae) +da — 68 + (€= p) p+ (7 — i) p+

+(—y—F+m)e+(—e—e+p) v+ (a=B)B+(B—-a)a—pu), (1.39)

Ta € OJJHAM 3 MPOCTOPIB 3 JIOKAJIHHO-00EPTOBOIO CUMETPIEIO, 110 HAJEXKUTH JI0 KJla-
cudpikariii Cerpe mpu ®oo # 0 |31, 32].

BucuoBkm 10 mijipo3aity

Posmierniennst cucremu piBastEb (1.26) Big0Oys10ch MUISXOM HAKJIATAHHIM JIOCTa-
THIX YMOB BIJIOKpEeMJICHHsSI Ha piMaHiB IPOCTip Ta Ha came mnoje Makcsemia. ObMme-
XKenHs Ha mojie Makcpesuta y Buruisiii ymoBu isorporsocti (1.31) € momibaum 10
sacrocyBantst mijgxony Hebasi (1.17). Posruisy anrebpaiuHo-crieniajbHOro criiHopa
JIO3BOJISIE€ PO3IVISIHYTHU JIOCTATHI YMOBH BlJIOKPEMJIEHHSI JiJisi OlJIBII 3araJibHOIO PiMa-

HOBOI'O 11POCTOPY.

1.5. OHOHANPAMJIEH] iI30TPOITHI MOJIA

Posiensiennst cucremu pisusinb Makesesuia ijHocHo 4-norenniany (1.26) y Bu-
naJKy isorporHoro nosist (1.31) MoxJmMBe siK MpU 0OMeEXKEHHI TeoMeTpil MmpocTopy,
Tak 1 npu obmexeni camoro nosist Makcsesuia (Trepimkennst 1.4.1). Ymosa i30Tpo-
nnocti y survisil (1.31) naksajiae oOMekeHms Ha KOMIIOHEeHTH ciiinopa Maxkcsesa,

pH IHOMY cucTeMa piBHsAHL MakcBesuta mepinoro nopsiky (1.4) posmenmoerbes y
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BaXKJIMBOMY KJjiaci ipoctopiB — tpocropi tuity D 3a [lerposum. Ile posiernients ne
BUMAara€ BUKOPUCTaHHS 11JIX0/ly noreHniaJjaiB Iepia, au 4-rniorenriajy. Y BuOpaHiit
KOOP/IMHATHIN 6231 OTPUMYEMO CUCTEMY JIBOX JinpepeHIliaibHUX PIBHSAHL B YaCTUH-

HUX TIOX1THUX TEPIIOTO MOPSJIKY

Dy + (2 — p)p2 = 0,

(1.40)
0p2 + (28 — 7)p2 = —Jo.

Obwmerkenns na nose Makcesesuta y Bumisaal ymosu iorpormocti (1.31) sxicuo
Take caMe siK y JIBOKOMIoHeHTHOMY minxoi lebast [1,2].

Bubip 6iBekTopa ['epria y mijgxoji [ebas 3/11iiCHEHO TaKUM YUHOM, IO II0JI€ CIIi-
Hopa (Tensopa) lepria omucyeThest JHIE OJHIEID KOMILIEKCHOK KOMIIOHEHTOM. Y
HOIEPEJIHBLOMY HIAPO3/1/l 1Py PO3IIsLl 130TPoHOIro ciinopa Makcsesia Tex 3a-
JIMIIAETHCS JIMIIE OJIHA KOMILJIEKCHA KOMIIOHEHTa. Takuit Bubip CIiHOPiB OOTPYHTO-
BYETHCS 1X OPIEHTAIIEI0 B3J0BXK TOJOBHUX 130TPOMHUX HAMPAMKIB I'paBITAIITHOTO
OJIS.

[Tokaxkemo  opmasbHO — Tporeaypy  opieHTtarii  crninopa  Makcsesa
B3JIOBXK KDATHUX TOJIOBHUX i30Tponuux HanpsaMmkis [4]. Ilpumycrumo, mo pimano-
BUil mipocTip € mpoctopoM tumny D 3a Ilerposum. Lle o3mauae, 1110 roJI0BHI crinopu
ciinopa Beiins e nonapuo xparaumu: Wapep = 14v8CcOp)y = Y(a¥BdcOp). Posz-

KPHUEMO JIY>KKHU CUMeTpu3allii y cuinopi Beitns, 3ammcanoro depes ToJIoBHI CIIHOPH:

1
Vapep = Y(avBIcdp) = 3 (YAYBOcOD + VBYcODOA + Yo YDIAOB+

YpY40BOC + YD YBOCOA + YaVcOBOp) . (1.41)

[TizcraBuMo pO3KIaIM CIIHOPIB Y4, 04 V CIIHOBIH 0a3l Y4 = 7104 — Yota, 04 =
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9104 — dota y (1.41) Ta orpumaemo

1
Wapcp = Vi0704050c0p — =7161(Y001 + 7160)040800LD—

2
— %’7151(%51 +7100)040BLc0D + 1( 260 + 7607 4+ 470007101 0a0BLotD—
- %71(51(7051 + 7100)0atpocop + %(71 8 + 7507 + 4v000v161)0at Boctp+
%( 105 + 1001 + 470007161 )0atBLooD — %7050(7051 +7100)0aLBLotD—
- % 01(7001 + 7100)t40B0c0D + é( 100 -+ 7507 + 470007161 Laopoctp+
é(v + Y507 + 470007161 )LA0BLEOD — 17050(7051 + Y100)ta0BLcLp+

1
(Vi35 + 7507 + 470607101 Latpocop — —7050(7051 + 7100)LatBoctp+

cm»—x

1
— 57050(7051 + 1d0)tatpicop + Yogtatstotp. (1.42)

3 immmoro 60Ky, 3riJIHO 3 O3HAYEHHSIM KOMIOHEHT crinopa Beits (A.85), orpu-

MYEMO

Vapcp = V4040p0c0p — Y3040p0ctp — V3040pLc0p + Vo040BL00D—
— W304Lp0cop + Vooatpoctp + Wooatptcop — Vi0alplotp—
— Wag0pocop + Wargopoctp + Watgopicop — Witgoploip+

+ Worgatpocop — Vitatpoctp — Vitatpicop + Voratptotp. (1.43)

[IpupiBHiooun KoedinieHTn po3KIAIB 3a criHoBuM HazucoM crinopa Beis (1.42)

a (1.43), orpumyemo Taki BUpa3u KOMIOHEHT criHopa Beiuis y crminoBiii 6asi, ki

IOB’sI3aH] 3 KOMIIOHEHTAMHU HOro KpaTHUX TOJIOBHHUX CIIHOpiB: Wy = 7%5%, Uy =

57101 (7001 + 1160), Yo = (1105 + 1367 + 4v0007101), U1 = 57000(7001 + 1160),
— 252
70%%-

Tenep npuiyckaemo, 1o ciinoBa 0a3a BubOpaHa Tak, 1110 KPaTHI I'0JIOBHI CIIIHOPH
Y4, 04 crinopa Beiisi € nporopriitaumu 10 0a3McHUX CIIHOPIB 04 Ta L4, TOOTO,
BBAYKAEMO, T1I0 Y4 = Y104, 04 = —0gt 4. TaKUM IUHOM, YOTUPU KOMITOHEHTH CITIHOPA
U 4pop nopiBaIOIOTE nyJesi: ¥y = Uy = U3 = U, = (0, a komnonenTa Wy = 1/67

Take mpumyneHHEs: MOTUBYEThCsT THM, 1110 TeTpajia Kinnepesni (i Biamosigna crninosa
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0aza) y sKiif po3riIsaTUMY ThCst JaJil piBHsIHH € Takoio, 1o Wy = Uy = Uy = Uy =
0. 3a Teopemoio LonaGepra-Caxca [28,33] orpumyemo Kk = 0 = v = A = 0.

Bpaxkarumemo, 1o crinop Maxcsesia wap = aafp), Je aa, g — ioro rojosni
criinopu, € isorpornnm (pape? = 0), a fioro ronosni cninopn a4, B4 — Kpari
KpPaTHOMY TOJIOBHOMY CITIHODY Y4 crinopa Beiirs: aq ~ va, Bp ~ vp. B pesymnwrari

po3KJIa]l crinopa MakcBessia y CIiHOBI# 0a3i MaTuMe BUIJISIT

PAB = P20408, (1.44)

ab0 ekBiBaJeHTHO @1 = o = 0.

Ozuauvenna 1. Ilosie MakcBesiia y BuOpaHiil ciiHoBiit 0a3i, 10 Ma€ BUIVIs/]
(1.44), Gysemo Ha3uBaTH GUTIOHUM OOHONANPAMACHUM I30MPONHUM NOAEM (GUTI-
dnum OII)?. qna siabnoro noast (jaa = 0) BUKOHAHHS PIBHOCTEH K = 0 = v =
A = 0 € HeoOxijiHUM JiJIsi iICHYBaHHs Takoro roJjisi MakcBesuia, OCKLJIBKHU, 3T1THO 3
piBHsiHHsIME MakcBesia, Tpete Ta derBepre piBHsHHs cucremn (1.4) 3a710BosbHS-
TUMYTHCSA TOTOXKHO.

[lincraBumo kK = 0 = v = XA = 0 1a 1 = @y = 0 y cucremy piBasnn (1.4),
PIBHSIHHSI CUCTEMH IOBHICTIO BIJIOKPEMJIIOIOTHCS. 3 TPETHOTO 1 YeTBEPTOr0 PIBHAHD
cucremu (1.4) Bumtusae, 1o jo = j1 = 0.

[oJioBHI ciHopu g, B4 cuinopa MakcBesia MOXKEMO TaKOXK BHOpaTH KPATHUME
JIO TOJIOBHOI'O CIIIHOpa 0 4 criHopa Beitsi: aq ~ 04, Bp ~ dp. B pesynbrari poskia,n

cruinopa MakcBeJuia y CriHOBIN 0a31 Mae BUIJIS,

PAB = POLALB; (1.45)

abo 3 iHmoro 60Ky 1 = @9 = 0. B npomy BUNaJKy MU 3J1HCHUIA ,OPIEHTAIIIO"
cuinopa Makcsesta B3JI0BXK 1HIIOIO KPATHOI'O TOJIOBHOTO 130TPOITHOIO HAIPIMKY
(t4) cminopa Beiis.

Oznadvennsd 2. [lore Makcsesa, mo mae suriisiy (1.45), 6ygemo HasuBatu 61i-
dnum odnonanpamaenum izomponnum nosem (erionum OIII).

[Tligcraumo Kk = 0 = v = A = 0 y cucremy pisusinb (1.4) Ta BpaxoByemo, 110

Y9 = 1 = 0. Ak HacJIOK OTPUMAEMO [TOBHICTIO PO3IIEIJIeHY cucTeMy piBHsHbL Ma-

3Buepue Taxi nons 3ycrpivaiorbes y monorpadii Yanapacekapa [34], cr. 394.
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kepesuta, jigist Bxijgnoro OIIT y npocropi tuny D, e ymoBu jo = j; = 0 BUILIMBAIOTH

3 11epIIoro i Jipyroro pisHsiab cucremu (1.4)

Apy — (27 — p)po = 0,

- (1.46)
dpo — (2a — ) = Jo-

Mu BuiiisieMO OKpeMy HasBy st 110JiiB Burysiy (1.44), (1.45), ockijibKu BOHU €
4aCTKOBUMHY BUTAIKAMI 130TPOITHOTO MOJIS, 0 BU3HAYAETHCS YMOBOIO (0 4pp Pl = 0
(kpurepiit i3orporHocTi). st yMOBa y KOMIIOHEHTHOMY BUIJISIJI MA€ BUIJIs)] HEJTiHIfi-
HOTO aireOpaiHoro piBHAHHA @90y = 2 | BUKOHYETLCA B IUX YACTKOBHX BUIIA]I-
Kax. [30TpOMHI MoJIst TAKOXK HA3UBAIOTHCs aJrebpaldHo creriadbHuMu |35, mo o3Ha-
Ja€ KpaTHICTH ToJIOBHUX crmiHopiB Maxkcsesna. [onoBHi cinopun Maxcsesia ojHO-
HATTPSAMJIEHOTO 130TPOMHOTO TOJI OPIEHTOBAHI B3JIOBXK OJIHOTO 3 KPATHUX MOJOBHUX
130TPONHUX HAMIPAMKIB (POHOBOI'O T'PaBITAIIIHOTO TOJs, AKi MOB’d3aHI 3 BUOOPOM
Oasucy. ACUMITOTHIHUI HA HECKIHIEHOCTI 3a 3MIHHOIO 7" PO3B’sI30K y (hopmi BuXi-
anoro (BxigHoro) OIIT Bupakaerbesi uepes iHTErpasu piBHsIHD, SKI MAOTh BULJISA]
t —r (t+7). e o3navae, 1o BiH onucye 3aMi3HIO0YY (BUMEPEIZKAIOUY) XBUIIO, a0
BUXiJHY (BXIJIHY) XBHIIIO.

HauJii, ropopsiun 1po izorpoirne mnoJie Makcpesa, Oy 1eMo po3yMiTH i1 IIUM BUKO-
HaHHA YMOBU gpAngAB = 0, miJi OJfHOHAIPSIMJIEHUMH 130TPOITHUMU IOJISIMU OyJ1€MO
posymitu mosist Burysy (1.44), (1.45).

Posrysiy suxiguoro (Bximuoro) OIIl Makcpesta, mpuBOJUTH JI0 PIBHOCTI HyJIie-
Bl BCIX KOMIOHEHT 4-CTpyMy, 3a BUHSTKOM KOMIOHEHTH jo (Jjo), 1 4-crpym, sikuii
JIOIYCKA€E Takl MOJIsd, € TAKOXK 130TPOITHUM — JA A/ jAAI = 0.

[Tpu posruisii aiiicaoro 4-crpymy, koMmnonentu 4-crpymy (1.6) ja Ta jo € AiiicHumu
dbyukuisimu. Takum anrom, JiiBl dacTuau Jgpyrux pisasiab cucrem (1.40) ra (1.46)

MOBUHHI TeX OyTH JiiicHuMu pyHKIissMuU. BijiHsiBIm Bijl ipyroro piBHIHHS CUCTEMU

(1.40) KOMILIEKCHO CIPSIYKEHE JI0 HBOTO, OTPUMYEMO HACTYITHE DiBHSHHS

Opa = 0@a + (26 — T)p2 — (28 — T)p2 = 0. (1.47)

OtxKe, BUXiJIHI OJIHOHAIIPsIMJIEH] 130TponHI mojss Makcsesia y npocropi Tumny D
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3a [lerpoBum 3 JiificiuM 4-CTPyMOM OIUCYIOTHCS TAKUMU PIBHSIHHSIMU

4

Dy + (26 — p)pa = 0,
§ dp2 + (28 — 7)p2 = —Jo, (1.48)
\ Djo— (p+p—€—€)jp=0.

Ocranne piBHAHHS Tie piBHsIHHS HemepepBHocTi 4-crpymy (1.7) mpu 71 = jo = 0.
Bximgni ogHonampamieHi i3oTponHi nmosa Maxcsesia y npocropi tummy D 3a Ile-

TPOBUM 3 JIUCHAM 4-CTPYMOM OTMHUCYIOTHCS TaKUMU PIBHIHHAMU
(
Ay — (27 = p)po =0,
3 3o — (20— m)e0 = jo, (1.49)
| Ado+ (pt = =7)jo=0.

Ocranne piBHsAHHS Tie piBHsIHHS HemepepsHocti 4-crpymy (1.7) mpu j1 = jo = 0.

BucuoBku 10 mijgpo3aity

[Ipu npuenanui ymosu isorpornnocti (1.31), cucrema piBHSHB BiTHOCHO CIIHOpA
Maxcsesra (1.4) posmiermmioerbes. YMoBa i3orponHocti (1.31) mos’s3ama 3 opienTa-
nieto cruinopa Makcsesuia Ta 3pyunum subopom 6azu. [Iposejieno popmasibHuii onuc
opienTaliii criinopa MakcBesujia B3JI0BXK KPaTHUX T'OJIOBHUX 130TPOIHUX HAIIPSIMKIB
Ta 3allPONOHOBAHO HA3WBATU TaKi 10Jisd “OJHOHATPAMJIEHUME 130TPOITHUMMU T10JI5i-
Mu”. 3ammcaHo CUCTEeMHW PIBHSHB JJIsT BUXIJIHOTO Ta BXIJIHOTO OJHOHAIPSMJIEHOTO
130TPOMHUX TOJIIB 3 BpaxyBaHHAM 4-cTpyMmy. [lokazano, 1o 4-cTpyMm mMae Juiie ojny
KOMIIOHEHTY Ta € i30TPOIMHUM. JOIMJIbHICTD POy i30TPOIHOTO 4-CTpyMy Iij-
TBEPJIKYEThCST THM, 110 ¥ Ge3cusioiit esekrpogunamini Biaandopna i Suaeka [36],
Bpenana, I pauti i keiiko6cona [37], sika € yacTUHO0 MOJIEIT TeHepalIlil KeTiB Bij
JOPHUX JIIP, BiH BUKOPUCTOBYETHCS JJIsT OMUCY TIBUIKOIO PYXY 3apsIiB.

BucuoBku 10 po3mainy

Cucrema piBasinb Makcpesia, y 3anuci depe3 crinopa Makcsesia, € 3B’ s13aHO0
CUCTEMOIO PiBHSHB MEPIIOro MopsiKy. BijlokpeMyieHHsT piBHsIHb y TIpocTopi Tuity D
3a [leTpoBuM JiIsi KOMIIOHEHT (09, (01, Qo BiJIOYBAEThCs 3a paxyHOK KOMYyTal[liiHUX
CHIBBiJIHOIICHD. BijoKpeMmJieH] PIBHAHHS € PIBHAHHSIMU JPYIOro MOPSIKY. 3aCTOCY-

BaHHsI KOMYTalliiHUX CIIIBBIIHOIIECHD JIA€ TAKOXK PIBHSHHS 3B SI3KY JIJIsI €KCTPEMaJIhb-
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HUX KOMIIOHEHT, sIK1 BIJIOMI siK TOTOXKHOCTI Tioko/ibchKOro-Crapobinchkoro. Y mpasi
YACTUHU PIBHSAHD JIPYTOTO HOPSIAKY BXOJATH KOMIOHEHTH 4-CTpyMy Ta 1X Hepiiil mno-
X1JIHI.

OuikyBaJjoCch, MO POIIIEIJIEHHST CUCTEMN PIBHSHD y TPOCTOPI TUiy [ MOXKJIHU-
Be JIJIsT CUCTeMM, 3amucanol depe3 4-notenmias. [Ipore, y nmpromy mpoctopi cucrema
PIBHSIHb HE PO3IIEIJIIOETbCS — PIBHAHHS 3aJIMINAIOTHCS OB’ si3aHUMU depes3 IepIii
HOXiJiHI Ta ajrebpaluny dacTtuny. [lokasaHo, 1110 cucTeMa piBHSHDb PO3IMIEILIIOETHCS
npu BukoHaHHI yMOB (1.28), siki Buiiisai0Th pimanis npocrip (1.29). i ymosu cdop-
MYJIBOBAHO SIK JIOCTATHI YMOBAMH PO3IICIICHHST CUCTEMHU. Y 3araJbHOMY BUIAJIKY
eJIEKTPOMATHITHOTO T0JIst JOCTATHI YMOBU PO3IIEIJIEHHST HAKJ/Ia/IAI0Th Ha, PIMAHIB
HPOCTIP CyTTEBI OOMEKEHHsI, TOMY OYJIO PO3IVISHYTO MOJIE/b 130TPOIHOIO 11oJist Ma-
KCBeJIJIa Y BUTJISII YMOBU Ha HOTO KOMIIOHEHTH, Ta OTPUMAHO JIOCTATHI YMOBU PO3-
merienst (1.37), mo BuIstioTh Glibin 3arajbHuii pimanis mpoctip (1.39).

[Ipm posmenienni cucreMnu piBHAHDL 3a JOIMOMOIOIO MiXoay l'epria BUKOPHCTO-
ByeTbCs aHaJjor miixoiy [ebas — cremiamizanis croinopa (tenzopa) lepra, sika e
IOJTIGHOIO JI0 PO3IJISLY 130TPOMHOrO crinopa Makcsesuia (0 HOHATIPSIMIIEHE 130TPO-
nHe nosie). B nboMy BUNaIKy 3a/1ava 3 BiJOKpEMJIeHHsI CHCTeMu piBHstHb Makcsesiia
TIEPIIOTO MOPSJIKY BiHOCHO KOMIIOHEHT criHopa MakcBessia 3HIMaEThCS.

[Tposejieno gpopmasibuuit onuc opieHraliii ciinopa ciinopa Makcsejuia, BUKOPU-
CTOBYIOYM MTOHSITTS TOJIOBHUX CITIHOPIB. 3alIPOITIOHOBAHO HA3WBATH TaKi MOJIsT OJIHOHA~
NPSAMJIEHUMU 130TPOIMHUMEU TOJIIMU. PO3TIIsiHYTO JIBa He3aJIeXKHI BUTIAJIKW Opi€HTaIlll
crinopa MakcBesuia Ta 3anmucato BiOBLIHI cUCTeMHU PIBHSIHB 3 4-CTPyMOM (HEOIHO-
pifgai cucremu). Y MO OHOHAIPSIMIICHOTO 130TPOITHOTO [OJIst y TpocTopi Tuiy D
4-cTpyM IOBHHEH OyTH 130TPOITHUM.

Y HACTYIHOMY PO3JiJi Y sIKOCTI MOJEJl PO3IJIsTHEMO BHUXITHI Ta BXIJTHI OJHOHA-
npsiMJIeH] i3orporHi nojs Makcsesia y mpocropi Keppa Ta moOyayeMo po3B’si3Ku

BLIOBLIHUX JupepeHIiaibHIX PIBHSIHD.
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PO3/IILIT 2

Po3p’a3ku piBHaHb MakcBessia y npoctopi Keppa B aHagiTuaHOMY

BUTJISIT1

OcHOBHUMU PIBHSIHHSIMM, 3 JIOIOMOI'OI0 SIKUX TTPOBOJMTHCS MOJICTIOBAHHST 110~
IUPEHHS €JICKTPOMArHITHUX XBUJIb Y T'PaBITAIIHUX MOJIAX YOPHUX JIip, 1110 06ep-
TAIThCA, € PIBHAHHS TIOKOJBCHLKOTO. Udepe3 CyTTEBI MaTeMaTHUuHI CKJIAHOII, 110
BUHHMKAIOTH IIPU PO3B’sI3aHHI PIBHAHD, BaXK/JIMBUM 1 aKTYaJbHUM € 3HAXO/[?KCHHSI TO-
YHUX YaCTKOBUX PO3B’A3KIB. ¥ 1IbOMY PO3JIiJIi IPEJICTaBUMO PO3B SI3KHM piBHSIHL Ma-
KcBeJlsTa y mpoctopi Keppa y BUrsgjl BXiJHONO Ta BUXIJHOTO OJHOHAIIPAMJICHUX
130TPOIHUX IOJIB — 3arajbHi PO3B’sI3KM Ta PO3B I3KK 3 BIIOKPEMJICHUMU 3MIHHU-
Mmu. PosrisineMo 10/1aTKOBI YMOBHU Ha PO3B’SI3KHU 3 BIJOKPEMJICHUME 3MIHHUMU.

Y uijposiiai 2.1 3jilicHeH0 OlUC BUXIJIHUX PUILYIIEHb, HABEJEHO O3HAUYEHHS
HeoOXijiHuX BesinvuH y gpopmaJiizmi Heiomena-Ilenpoysa. [Iposejieno oruisiy po3s’si-
3yBaHHs PIBHSAHBL TIOKOJIBLCHKOTO Ta OKPECJEHO OCHOBHI TPYJIHOII, OB d3aHi 3 UM
migxomom. Y migposaiaax 2.2, 2.3, 2.4 npejcraBieHi TOYHI OJIHOHANPsIMJIEH] 130TPO-
IIHI po3B’g3KHU PiBHAHL Makcpesiia.

PiBHsiHHA pPO3IVIsIa€MO B reoMeTpu30BaHiil cuctemi oguuuip (¢ = G = 1) Ta
BBaXKa€eMo, 10 (PYHKIIT, 1110 BXOAATH y JAudepeHiiaabii piBHAHHSA, MalOTh HEOOX1HY

IJ1aJIKICTD.

2.1. Po3B’ss3yBaHHs I0JI0BHOTO piBHAHHSA TIOKOJIBCHKOTO

Merpuka Keppa [38] € Bakyymuum (R, = 0) akciaabHO-CHMETPUIHIM PO3B’sI3KOM
piBHsAHL AliHIITalina 3 JBOMa napaMmerpamMmu — Macoo Tijga M Ta NHTOMUM KyTOBUM

momentom a (a > 0, M > 0). Poss’sizok Keppa € mareMaruuHor MOJE/IIIO IDa-
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BiTAIIfIHOIO 110J1s1 Tijia 3 00epTaJbHUM MOMEHTOM Ta BUKOPUCTOBYETHCS JIJIsi OIIK-
cy rpasitaiiiHux 1oJjiB acTpodiznunux 00’€KTIB — HOPHUX Jip, HEHTPOHHUX 3ip,
OLIMX KapJIMKiB TOIO. JacTo HOro acouiiiorTh came 3 YOPHUMHU JlipaMu, 10 00ep-
TAIOThCA, TOMY, BiJINOBIJIHO, caM PO3B’SA30K YaCTO HA3MBAIOTH “00EPTOBOI YOPHOIO
Jipoto”. daJii Mu po3riisilaTUMEMO BUIAJI0K HE €KCTpeMaJIbHUX 00ePTOBUX YOPHUX
nip: M2 —a? > 0. Kajpar eseMenTy j10BKUHN dS% PO3IIIAIaTHMEMO Y KOOPJANHATAX
Boiiepa-Jlinaxsicra |39

2M 4Mrasin® 6 )y
ds? = <1 _ ;) dt? + %dtczgﬁ - Sdr? = do*-

2M 2 102
— <T2—|—CL2—|— e 6) sin® fdg?, (2.1)

)y

Y =r+a’cos?, A=1r>—2Mr+a’>=(r—r)(r—r_),r. =M+ M?—a>
(ropusont nogiit), r_ = M — v/M? — a2 (ropusont Komi).

s nopanbmoro 3acrocyBanug miaxony Hbiomena-Ilenpoysa meoOxingHO 3aa-
TH TETpajly y BUOpaHiil cucreMi KoopjimHaT. fK 130TpoIHYy TeTpajly MU BUOMPAEMO

rerpajty Kinnepesi [10,40]

_ _x L ain2 —a _ 1 ([ __ iasind 1 . 7
la = (17 ’0’ a s 8) M- = V2 ( r—iacosf’ 7 r—iacosf’ sin@(r—iacos@))
n., — A 1 0 _asm A m 1 iasin @ 1 i

a — \ 2% ’ V2 \ r+iacos’ = r+iacosf’ sinf(r+iacos)

_ 1 iasin o _isinﬁ(r2+a2) a [ r2+q? A

Ma = /5 (r—i—iacos@’ —(r—iacost), —— 7 )0 = (55— 0o
= 1 —iasin 6 . isin O(r’+a?) a [ r2+a? a
o = 2 (7430, 0, (r +iacos ), G ) e = (2 1,0,%).

(2.2)
Terpaya Kinnepcii € rerpajioro Heiomena-Ilenpoy3sa, Bona € opToHOPMOBaHOIO B
cenci (A.48) Ta mos’s3ama 3 MeTpukoio dbopmyson (A.44).

Cxagnsipu Hpiomena-Ilenpoysa MaioTh BUALJIsIT

k=0c=v=A=€e¢=0,

R - A L _A(TJriacosH)f(rfM)E ____iasin@
P= i 5acsa = 2(r—iacos )X’ T = 2y:2 T = \fz ) (23)
o= — (r+iacos ) cos 0—2ia . cos 6 = iasin®

T 2y2sinf(r—iacosf)2’ T 2¢/2sinf(r4iacos8)’ " /2(r—iacos)?’

B merpuni Keppa y rerpaji Kinnepcii komnonenTn crinopis kpusunn @5 Wy,

M
(r—iacosf)3"

A(i,j=0.2,k=0,1,3,4) pisui nysesi, mume ¥y = —
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[Toxijni 3a nanpsmkamu (A.80) izorponHol Terpaju Kinuepesi mMarorh BUrjisij

_ r’4a? 0
D =53 +8r+A8¢’

_ r?+a® 9 )
A= <A &—WJFZ%) 2.4)
— 1 9 i 9 '
0= V2(r+iacos ) (ZCL Slne s 89 + o a_¢> )
S 1 o) i 0
0= V2(r—iacos ) (_Za 811’19 —I_ 89 bln96_¢> )

Bijiokpemiieni piBHsHHS BIIHOCHO KOMITOHEHT criinopa Makcsesta g (1.8) Ta ¢q
(1.10) npu mipcranosui B Hux Bupasis (2.3), (2.4), ®;; =V, = A =0 (4,5 = 0..2,
k= 0,1,3,4), Uy = —

iacosg)Fs PA3OM 3 HO/IIOHUMHY PIBHSIHHSIMK Y IIAXOJM1 JIJIs

IpaBITAIIMHOTO Ta HEUTPUHHOTO MOJIIB, 3alUCYIOTHCA Y BUIJISAJI OJIHOTO PIBHAHHS

(r? + a?)? s . 9\ 0% AMar 5%y a’ 1 0%
( A @il ) o T TR hi0e sin20 ) 9¢?

Afsg <As+la_¢) . L_ (31n96¢) _ 9 (Cl(?“ — M) B iCOS@) (%D

or or sin 6 00 00 A sin’ 8¢
2 _ 2
—2s (w — 1 — ia cos (9) %—@f + (s%ctg®d — s)y =0, (2.5)

Je s — cuinoBa Bara, s = 0 jyisi IPOOGHOTO CKAJISIPHOIO 10Jisi, § = +1/2 juist upo-
OHOIO HEHTPUHHOTO 110Jis1, § = £ 1 JiJid IPOOHOIO €JIEKTPOMArHITHOTO 110JIsi, § = 2
Juist TpaBitaniitnux 30ypenb. PiBustaHs (2.5) Ha3uBaeThest 20406HUM pieHanuam Tio-
koavcvrozo (PPT) [10]. @yukiist ¢ Bu3HaUa€ eKCTpeMalbHi KOMIIOHEHTH TIOJIIB 3a
rabmumero 1y [10]. V sunaaxy enexrpomarmiToro noss 1) = (r — ia cos )2py npn
s=—1,1v=¢oupu s = 1.

Posp’s130k piBHstHHS (2.5) IMIyKAE€ThCsT METOJIOM BiJJOKDEMJICHHST 3MIHHUX 3a JIO-

IIOMOT'OIO I1JICTAHOBKU

Y = e ™IS (0)R(r), (2.6)
B pe3yJibTaTi OTPUMYIOTHCS JiBa 3BUYaliHi JindepeHIiajbil piBHIHHS, SKI Ha3uBa-
FOThCA paJiiaibauM piBHsgHHAM Trokonbebkoro (PPT) ta kyrosum piBasgnusgM Tro-
KosbehKoro (KPT):

.d [ ..dR K? - 2is(r — M)K B
A = (A dr) + ( A + 4diswr — A | R =0, (2.7)
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1 d (. dS 9 9 o m?
— g _ —9 _
T (Smed«9> + (aw cos” 0 y aws cos b

S1n

2 0
mecos? _Szctgze+s+A) S—0, (28)
S11

ne K = (r* +a®)w —ami A = A+ a*w? — 2amw.

Pigusinnst (2.8) pasom 3 ymoBow peryisipaocri ynkiii S(0) y Toukax 6 = 0,
0 = w ckaanaiorh 3agaqy Irypma-JIiyBis ajst KoHCTaHTH BiJoKpeMmyeHHst A =,
A" (aw), | = max(|m|,|s|). lIpu s = 0, BiacHi yHkuil € cdepoigagibHuMI XBU-
nvopumu dyukiismu S™ (—a’w?, cos ) [41]. pu aw = 0 saacui dbyukuii € crin-
sBakenumu cepuannmu rapMonikamu Y =.8™ (0)e™? i A = (I—s)(I+s+1) [42].
Bracui ynkiii S(0) B 3ararbHOMYy BUTIAIKY HA3HBAIOTHCS “CHiH-3BaXKEHUME che-
poiaJIbHUMK FrapMOHIKAMHI .

Ha pajiiajibie piBHSHHS HAKJIaIaI0ThCs KpaioBl yMOBU

A‘Se_i’”*, r—ry,
R~ (2.9)

ezwr*/r(Zerl)’ r— 00,

_ : dr. _ r*+ad® :
ne k = w —ma/(2Mr,), a r, BusHauaeThca piBHAHHAM 5* = 3. Ii ymosu

BU3HAYAIOTH BIJICYTHICTH BUXIJIHOTO BUIIPOMIHIOBAHHS Ha TOPU3OHTI Ta BUXIJIHUI
XapakKTep BHIIPOMIHIOBaAHHS Ha HECKIHIEHHOCTI.

Pipuaung (2.7), (2.8) Ta ymoBu (2.9) BU3HATAIOTH HENIHINHY 3a7aTy HA BIACHI
3HAYEHHS, OCKIIBKI W BXOJUTD y piBHsAHHsA sK napamerp — A = A™ (aw). Paxi-
aJibHe piBHsiHHsA (2.7) Mae JiBl peryssipai 0cobJIMBI TOUKM T4, T— Ta OJ[HY HEperyJisip-
Hy OCOOJIMBY TOUKY Ha HECKiHYeHOCTi. TakuM 4uHOM, 3araJibHIi PO3B’I30K HE MOXKe
OyTu 3HalICHUH B TepMiHAX rilepreoMeTpuIHuX, IHIIUX CTaHapTHUX (PYHKIIIH, a00
K 3a JIONMOMOI'OI0 BIJIOMUX 1HTErpaJibHUX MpejicTaBieHb. e € npuauHo Toro, 1o
poss’s30k ['PT mykaerpes aucespaumn merogamu [11,18].

S

Crin-3Baxkeni cdepoinanbui Gyuxnii S | 1m0 € po3s’sa3kamu piBusus (2.8) 3

YMOBaMU PETYJIIPHOCTI Ha MOJIIOCAX, YTBOPIOIOTH OPTOrOHAIBHY cuctemy (r = cos )

1
/ dx Sy Simiy = 01 Ommd(w — w'). (2.10)
-1
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S

Imw BU3HAYCH] TUIbKKW JJIA IIJIMX 3HAYCHb IIapaMETpPIB

Herpusiajibui po3s’sizku
Lm (1= s, |m| <1) [43].

SHaunHuit BKJIAJ y PO3B’sidyBaHHs PiBHsiHb TIOKOJBCHKOIO 3pobsieno Yanpace-
kapoMm [34]. TToOyi0Ba po3B’si3Ky BUKOHAHA JIjisi HOPMOBAHUX HA OJMHUIIO KyTOBUX
yHKIII#H ekcTpeMaJbHIUX KOMIIOHEHT. 3HAXOJP)KEHHsT KOMIIOHEHTHU (p1 3JI1HCHIOETHCSI
qepe3 pO3B’A3KU BIIOKpeMJIeHX (DYHKIIIN JIJIs eKCTpeMabHUX KOMIOHEHT Siq(6),
R.1(r). BiokpemyieHHst 3MiHHUX y PIBHSIHHI JIPyTOrO TOPSIIKY BIIHOCHO (1 (piBHSI-
nnsg Qekepena-Ajincepa) — nemoxkimnse [14].

AnamiTuune npeacTaBaeHHs PO3B A3KIB KyTOBOTO pIBHAHHS 1 § > ( Bmepime
suificuene Jlisepom [44] 3a jonomoroio merogy ®@pobeniyca. Pipnsinust (2.8) mae
JIBl peryJisipui oco0JinBl Touku x = =1 1 OJiHy HeperyJjsipHy Ha HECKIHYEHHOCTI.
KpaiioBi ymoBu BCTaHOBJIeHI Tak, 1100 3a0e3MeUUTH PEryaspHICTH Yy PEryasspHUX
ocobmBux Toukax r = 1. JIokajbHY TOBEIIHKY INX (PYHKINH MOXKHA OTPUMATH
y Bursisi Sy, (z) ~ 2% e k = +£1/2/m + s| B Touni = 11 k = +1/2|m — |
B Touli x = —1. TakuM YMHOM, KpailoBI YMOBH BIJIKHJAIOTh BiJI €MHI €KCIIOHEHTH.
Konu x npsaMye 10 HeCKIHUE€HHOCT1, PIBHAHHS MOXKHa 1HTEIpyBaTH 1 KpailoBa yMOBa
dbikeyeTbest anagiTHuHO Yepes JBi immi ocobmusi Touku. e mae Sp,(r) ~ €%,

Taxum amHOM, MeTo;1 DpobeHiyca gae IPUPOIHIO MiICTAHOBKY — J00YTOK PO3B I3KiB

B 0COOJIMBIN TOYIl Ha PO3KJiaJl y psj Teitjopa B okojl Touku © = —1
Sy = eiawx (1 + x)%|m+8| (1 _ x)%|m78| ch (1 + x)n ' (211)
n=0

[Tigcranoska (2.11) y KyroBe piBHstHHsST THOKOJBCHKOIO JIa€ TPUUJIEHHI PEKYpPEeHTH]

CIIBBIJIHOIIICHHS JIJII KOCDIIIEHTIB PsITy

apcr + Boco = 0;
(2.12)

QpCpt1 + Bren + YnCn-1 = 0, Vn € N.
Koedinientu o, B, v, He 3amexarsb B = (abo ), siBHI BUpa3w MOXKHA 3HANTH
y |44]. dxmo o3naunTyt 1, = €511/ ¢y, APYTE CHIBBITHOIIECHHS MATHME BUTIIST (v, T +

Bn + Yn/Tn-1 = 0 3 IKOro OTpUMYEMO
_ T _ —n
Bn + apry, ﬁn + « —Yn+1

n Bn-&-l +an+lrn+1

Pt (2.13)
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Orpumyemo HenepepBHuUil Jpi0, SIKUil BUparKae BIJIHOIIEHHSI 7', 4€pe3 BlJIHOIICHHSI
Tni1. Bin 30iraerbest r, — 0 nupu n — oo . Kosm a = 0, w 10BHICTIO 3HUKAE
3 KyTOBOI'O piBHsiHHs TIOKOJILCHKOT'O, TOMY 1€ PIBHSIHHS MOYXKe OyTu PO3B’si3aHe
YUCEJIHbHO 3 JIOBLIHHOIO TOYHICTIO, IO JIa€ JJIsi KOXKHOIO MOMEHTY d4acy (QyHKII
S (cos @) Ta koncranTn Bimokpemsenus Aj . B inmomy Bumajiky, dacrora w He
JI03BOJIsIE 00IPBATH PEKYPEHTHE CIIBBIJIHOIICHHS, PaJiiaJbHe 1 KyTOBE PIBHSIHHS II0D-
TIOHO pO3B’sA3yBaTH OHOUYACHO. KBaHTOBaHI PO3B’I3KMU IUX PIBHAHDL BU3HAYATUMYTh
BJIACTUBY YaCTOTY CHUCTEMH.

Po3B’s130K pajiiabHOrO PIBHSHHS OynyeThest cxokuM Merojom [44]. Ocobinsu-
MU TOYKAMU PaJaJibHOrO piBHsiHHst jiuist Ry, (1) € kopeni pisusinns A = 0, o €
paJiiaJibHOIO MO3UIIEI0 MOPU3OHTY MOAiil 71, ropuzonTy Kol r_ Ta HeCKiHYeHHO-
crti r = 0o0. Touka r, € pery/sipHOI0 OCODJIMBOIO TOYKOIO 1 MOBEJIIHKA, PO3B’sABKY
B 11 okoJii (hiKCyeThCst KpailoBOIO YyMOBOIO BXIJHOI XBHJi. 3 IHITOTO OOKY, y OCO-
OJIMBIN TOYII 7 = OO BCTAHOBJIIOETHCS KpaiioBa yMOBa UKMCTO BUXIJTHOI XBHJI, IO
€ O3HaUYeHHsIM KBasi-HopMaJjbHOI Momu. Taka KpaiioBa 3ajada 1osibHa 10 3ajadi
KBAHTOBOT'O OMHUCY aTOMa BOJIHIO. B OKOJMI TOUKM r = ry pajiajbHe piBHAHHA 1H-
TErpyeThCsA 3 OTPUMAHHAM JIBOX PO3B AZKIB Ry (1) ~ 1%+ Ta Ry, (r) ~ r—570+,
ne 0 = (wry —am)/v1 —4a?. YMoBa BUXIIHOTO BUTPOMIHIOBAHHS Ha TOPU3OHTI

BAJIMIIAE [TEPIINT PO3B’sI30K. AHAJIOIMYHO Ha HECKIHYEHHOCT] BIJIKMJIAE€THCS BXIJIHA,

—1—iw ,—twr —1—-2s+iw

xBusisi Ry, (r) = r e Ta 3aJUIIAETHCsT BuxijHa — Ry, (r) =7 wr,

e
[Ticsist BpaxyBaHHS TIOBEJIHKN B OKOJII TOYKHU 7" = T_, OTPUMYEMO T1ijicTaHOBKY Dpo-

beniyca

r—ry

le(T) — eiwr (T’ . T_)—l—s+iw+ia+ (7“ . T+)—s—io+ Z dn (2.14)

T —7T_
n=0

[lincranoBka Bupasy (2.14) y pajianbie piBasHHSA TIOKOJBCHKOTO JIa€ HACTYIIHI pe-

KYpPEHTH] BLJIHOIIEHHSI

agdy + Bidy = 0;
o (2.15)

a%dn—kl + B;Ldn + ’Y;ldn_l =0,Vn € Ny.

Kowmrtekcni koedinientu o, 81,y 3HOBY He 3aJjie:KaTh BiJL T, ajie 3ajexaTh BiJ a,
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S

b - A1 esHoro Habopy napamerpis a, m, [, s

W Ta KOHCTaHTHU BiﬂOerMﬂeHH?{

“4acToOTa W € KOPeHeM PiBHsIHHsI HerepepBHOro Jpoby (continued fraction equation)

: v
bo— o =0 (2.16)
P = Bh—...

Pipuannsg (2.13) ta (2.16) € gBoMa PIBHAHHIME JJIS TBOX HEBIIOMUX w Ta K}

Imw*

Bonu MOXyTh OyTH pO3B’sI3aHi 3a JIOMOMOT'OI0 HEJTIHITHUX aJITOPUTMIB TTOITYKY KOpe-
HiB. SHafijieHl PO3B’sI3KM 3B’SI3aHUX PEKYPEHTHUX CIIBBIHOIICHL € KBAHTOBAHUMMU
MoOJaMu Wi, e N € N obepronne uwmcio. HosegenHsi JjiHiHOI cTiiKOCTI 9Op-
uux Jip Keppa B Teopii BijHOCHOCTI ToJIsirae y (4mcesibHiii) mepesiplii HepiBHOCTI
Im(wpny) < 0 miist Beix Moy

BucokouacTOTHWUIT acHMIITOTHYHWI PO3KJIa)| BJIACHUX 3HAYEHb Ta BJIACHUX (DYyH-
KIIi — cHiH-3BaXkeHuX cepoifajbHUX I'apMOHIK IpoBejieHO y poborax Kacadica,
Oresiuta, Bopoyprona [45], [46].

Y pobori Myxomnamistii [47] mpoBeieHO po3B’sisyBanHs piBHsIHE MakcBesiia y mpo-
cropi Keppa y BKB nabau>keHHl Ta OTpUMaHO NPOCTOPOBO-IIOBHUI aHAJITHIHUI
posB’si30K (spatially complete analytical solution).

Pipusinust TiokosibCbKOTO MOXKe OyTH 11epeTBopene Ji0 (POPMU BUPOJKEHOI'O PiB-
HsinHs [oiira. 3araJjbHuil onuc BCiX nojinomianabanx poss’sizkis I'PT Oyso Brepiie
orpumano B pobori Diziesa [48]. Bonu nopiisiorses Ha J(Ba KJIacH, Jijisi KOXKHOIO
3 AKMX BCTAHOBJIIOIOTHCS MOJIHOMiaJbHI yMoBH. Jpyra mosiiHOMiajgbHA YMOBa JIJIs
KOYKHOI'O KJIaCy BHM3HAYaE JIpYr'y KOHCTAHTY BIJIOKPEMJICHH:, dKa MOXKe OyTU Helle-
pepsuoio E,, = E,,(w), 1u guckpernowo E,, = F,,(wy), — JJist 0epiioro i apyroro
KJacy BifnosijgHo. Touni mosiHOMiaJbHI (haKTOPU30BaHI PO3B’SI3KHU IEPIIOrO KJa-
Cy BUPOJKEHOTO piBHsIHHs [oitHa po3rsauyTi y poboti [49]. Bonu omucyors ojHo-
HanpsMieHi xBuii, abo 1. 3B. “NOBHICTIO TpaHc/sAniitni Mopu” (total transmission
modes).

VY BarajibHOMY TI1JIX0/1i METO/I, BiJIOKPEMJIEHHS 3MIHHUX HE JIA€ 3MOI'M TOYHO BU3HA-
YUTH KOHCTAHTH BIJIOKPEMJIEHHSI PaJiaJibHOTO Ta KYTOBOI'O PiBHsSHB TIOKOJIHCHKOTO
Ta OTpedy€e BUKOPUCTAHHS aIIPOKCUMAIIMHUX METOJIIB, YMCEJbHUX METO/IIB, alapa-

Ty dynkniii [oiina. 3HaX0/PKEHHSI TOYHUX PO3B A3KIB € HEOOXIJIHUM K JIJIsi [100Y-
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JOBHU HOBUX MOﬂeﬂeﬁ GHGKTPOMaFHiTHOFO BI/IHpOMiH}OBaHHH, Tax 1 JJIA 11O aJIBIITOIO

BJIOCKOHAJIEHHSI ICHYIOUUX METOJIIB PO3B I3y BaHHSI.

2.2. Mogaenbuuii BunasokK mnoJjis Makcsesia y ¢popMi OHOHAIIPAM-

JIEHOTO i30TPOMHOTO PO3B’A3KY

OckiIbKY cUCTEMa PIBHSHD J1JIsT OJITHOHAIIPSIMJIEHOTO 130TPOITHOI'O TI0JIsT Y TIPOCTOPI
tuity D 3a [lerpoBum posnajaerhbest Ha OKpeMi PIBHSAHHSI, 3HAIEMO PO3B’ 30K Yy
npocropi Keppa inrerpyBantsiMm KOKHOTO piBHsiHHsA. Posrisinemo cucremy (1.40) y
KoopawHaTax boiiepa-JlingkBicTa, e i30TPOMHOI TETPagoio € TeTpajta KinHepci.
st Buxinmoro (outgoing) moJist BOHA Ma€ BUIVIsI]l CHCTEMH JIHIHUX HEOJHOPIIHUX

JudepeHIiajlbHIX PIBHAHD 3 YACTUHHUMU IIOXITHUMHU IEPIIOrO MOPSIAKY BiJHOCHO
HeBi oMol DyHKIUT wo(t, 7,0, @)

r’+a?® &pz &pz a &pz _
A + + + r—ia 0059902 O

ia smﬁa‘p2 + 8*02 + Sifle%—f; + (ctgh + 48l o) = —V/2(r +iacos )
(2.17)

Posp’st30k cucremu (2.17) (—oo <t < oo, 7 <r<o0,0<8 <7 0<¢<2m)

3HAIEMO TIISIXOM TIOCTiIOBHOTO iHTerpyBanus (quB. lomaTok A)

P2 = — L (F (11, o) —\/§/j22sm9d9), (2.18)

sin 0(r — ia cos 0)

ne F(¢r1,19) — nosinbna dynknis knacy Cl inrerpanis 11, ¥y cucremu pisHsHb

(2.17)

r=t—r—MA- Mo () +iacosd, (2.19)
Vo= 6 — s In (1252) —iln (4559). (2.20)

[Teprmii goganok y (2.18) € po3B’si3KOM OJIHODPIJIHOT CHCTEME Ta ONUCYE BlabHE
noJie. JIpyruit j10/aHOK OIKCYE T10J1e, 110 reHepy€eThest 4-ctpyMoM. Bin € Jiificno3Ha-
YHOIO (DYHKIIIEI0, OCKIJIbKN 1 Jo € JIICHO3HAUHOIO (DYHKIIIEHO.

4-cTpyM TOBUHEH 3aJIOBOJBHATH DIBHSAHHS HEMEPepBHOCTI (Tpere pIBHSHHS Y

(1.48)), sixe B KOOpMHATHIN GHOpMI Mae BUTJIsA]
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r? + a? 0jos  0ja adjy 21
=2+ 2 =0,
A Ot or  Ad¢p X

Pozp’sizkemo itoro. [Iposegemo 3aminy dyHKIl ¢ = ¥ jo. OTprMane pIBHSIHHS Ma€

(2.21)

TaKWil caMuii BUTJIsiL, sIK 1 pajiiasibHe piBHsIHHs y cucremi (2.17) (mepiie piBHsiHHS)
. . ten . % o 7

micsst poBejieHHst 3aMian (ByHKINT ¥ = (r — ia cosf)ps. Voro siBHUMIT PO3B’s130K

OTPUMYETHCs AHAJOTIIHO JIO PO3B’S3KY TepIioro piHsHHsd cucremu (2.17) (nuB.

T0aTOK A), Ta Mae BUIJIsII

. R
J2 = E(I) (517 97 £3>7 (222)
d (&,0, &) — nosinbua dyukiis knacy CT,
M? r—r
glzt—fr—MlnA—\/mln<r_r+), (2.23)

§3=¢ —

a r—r,
1 2.24
2v/ M? — a? n<7"—7") ( )

— inrerpasu piBHsinHs (2.21).
Bpaxosyioun (2.22), po3s’si30Kk Jijist KOMmoHeHTH criifopa Makcsesuia gy —

2 = ! <F (11, 109 — ﬁ/é(fl,e,gg)smede). (2.25)

~ sinf(r —iacosf)

st pificnoro 4-crpymy, HeoOXi HO, 11100 KOMIIOHEHTA jo 4-CTPYMY 3a/10BOJIbHSJIA

PIBHAHHSA
dJ2 . B
Sind 8_¢E sin 6df = 0, (226)

SKe OTPUMYETHCS 3 TPETHOrO piBHsIHHSAM cucreMu (1.48), 3anmmucanoro y KoopanHaTax

asin 0 / %E sin 0d0 +

Boiiepa-Jlinaxsicra, micas nigcranoskn y maporo (2.18).

[TizcraBumo Bupas (2.22) B oOCTaHHE PIBHSIHHS Ta OTPUMAEMO DIBHSIHHST BiJTHOCHO

noBlbHOT byHKIT § (&1,0,&3)

asin® 0 / D¢, (&1,0,&3) sin 0d6 + / D, (£1,0,&3)sin0dh = 0. (2.27)

s fificHoro cTpyMy TaKoXK Ma€ BUKOHYBATHUCH

é) (517 (97 53) — EIV) (517 97 53)7 (228)

110 BUILJIMBAE 3 JIHCHOCTI KOMIOHEHTH jo (nmB. (2.22)).
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Tensop Makcsesuia y sunajiky suxijnoro OIIL Fyy = 29l my +2Paljmy) Ta ren-

30p enepril-imnysbcy Ty, = % 02|14, 06uncaeni 3a nonomoroio naxery GRTensorlI]

(nuB. Homarok B):

([0 F. Fy Fy
—Fy 0 F F,
Fo=ve| oot (2:29)
_Ftt9 _Fr9 0 F9¢
\~Fis —Fy —Fps O
F, %F(l/flﬂ/&)zz (1/)1#12)’ Fg= biHZHA (F(%ﬂ/)z) (¥1,92) \/_szE sin 0d9) Fy =
Sm@ <F(w1’¢2; (1h1,12) \/_f]22 sin Qde) _ ZQZ F(¢1ﬂ/}2)2l F(1h1,42) , Fyy =
¢17¢2) (Y1,12) | Fyy = CLSIDQ( ¢17¢2)+F $1,1a) \/_IJQE sin Qde)
i “Xleal? 0 —asin’ Ol
1 — 2,2 Dk 0 asin? 6%|ps|?
Tab = — A’Q02| A |(102‘ A|g02‘ ) (230)
2m 0 0 0 0

_asin29|gp2|2 asinQQ%\apg\Q 0 azsin49|g02|2/

02> = =55 (1F (1, 02) |2 = V2 (F (¢h1,42) + F (¢1,12)) [ joX sin 0d6+
+2([ 22 sin0d9)’) . (2.31)

Kowmnonenta aiiicnoro 4-cTpymy jo BXOJUTDH Jiule B KoMIoneHTH Fg, Fig, Fpg.
Banummemo cucremy piBustHb Jist BxijHOro OIIT (1.46) y koopauuarax Boiiepa-
Jlinjkpicra. BoHa TakoX € cuCTEMOIO JIHHIHMX HEOJMHOPIHUX JuepeHIiaJbHIX

piBHSIHb B YaCTUHHUX MOXIJIHUX MEPIIOrO MOPsJIKY BIJIHOCHO HEBiJIOMOI (DYHKIIIT

SOO(ta r, 07 ¢)
r’+a® 0 0 a 0 1 r—M
ME At e — 2 3) w0 =0,
ia sin@% — 8<po + 51;9(%) — (ctgl — %) o = —V2(r —iacos)jj
(2.32)
Posp’st30k cucremu (2.32) 3naiijgemo nosiono jio Bunagky suxijnoro OIIT (—oo <
t<oo,rp <1 <00,0<6<m0<¢<2m) (nus. jogarok A)
r —tacost o
0o = —————— [ G (¥3,74) + V2A /;0 sin 0d6 | (2.33)
sin A
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ne G(3, 1)) — nosiabna Gynknis knacy CL, 13, ¢y — inrerpasu piBHsgHb cucTeMu

(2.32)

Y3=t+r+ MInA+ W\%Q_az In (;::J_r) — tacos¥, (2.34)
= ¢+ 5 1n (7"_;}) +iln (L8) (2.35)

Pigusinnst HenepepBHocTi juist yHKIT jo (Tpere piBusitus y (1.49)) B KoopjanHa-

THi#I popMi Mae BUIJIAL

2 +a®djy  9jy  a I 2(7“ — M)

A ot or Ao A =0 (2:36)
Moro poss’st3ox
. 1
Jo=R? (11,0, p3). (2.37)
® (1,0, pi3) — nosimbua dynkis kacy C1
M? r—r
“1:t+r+M1nA+\/mln<r—rt)’ (2.38)

a r—ry
1 2.39
+2\/M2—a2 n<7’—7’> ( )

— inrerpasu piHsinHs (2.36).

Bpaxosyioun (2.37), orpuMyeMO pO3B’s130K Jijist KOMIIOHEHTH ciiinopa Makcsesia

¥o

0o = ﬂ G (13, 94) +\/§/<i>(u1,e,ug) sin 0d6 | . (2.40)
sin 0A

Y BunajKy jificaoro 4-cTpymy HeoOXiJIHO, 10O KOMIIOHEHTa jJo 4-cTpymy 3a]0-

BOJIbHAJIa piBHHHHH

1 Jjo
—— si = 2.41
56 | 9 sin 0df = 0, (2.41)

asin 0 / —— sin 0df +
sIKe OTPUMYEThCsI 3 TPETHOTO piBHsIHHAM cucremu (1.49); 3amucanoro y KoopuHaTax
Boiiepa-Jlinaxsicra, micas nigcranoskn y nporo (2.33).

[ligcraBumo Bupas (2.37) B ocTaHHE PIBHSHHS Ta OTPUMAEMO DIBHSAHHS TS JIO-

BLILHOI (DYHKITIT ) (73,0, &)

asinQG/ (1, 0, u3)sm(9d(9+/ us (11,0, ps) sin 0d = 0. (2.42)
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Y BUlIaJIKY JIHCHOI'O CTPYMY Ma€ BUKOHYBATUCh

(i) (:uhenu?)) = &) (M1797M3), (243)

1Mo BUTLIMBaE 3 Bupasy (2.37).
Y Bunajky Bxignoro OIIT Tenzop Makcsesia ta TeH30p eHEprii-iMIyJIbCy eJie-
KTPOMArHITHOrO T10JIs 00umMCoeMo 3a dhopmynamu Fyy = 2p0m 0y + 2@0m gy Ta

Toy = 5= (|eo|*nany):

[0 F, Fy Fy

2 _Fr O Fr Fr
Fop = V2 ! A (2.44)
2 | -Fy —F4 0 Foy
\~Fs —Frs —Fps 0
F, = 4GUsta) Glsy) . 2 ClsttClsvs) o /I [ jisinfdh, Fy =
ShlloG(i/)s,W);G(%?M)_i_ﬁAfjo sin 0d0), Fy = T‘ZZCL2 G(lﬁ:s71/&1)2—1.6**(%&3,1/J4)J Fy = G(¢37¢4)2—iG(¢371/)4)’
Fyy = asin QG(wS’w”‘);G(%’W) +2A fjo sin 0d0;
of? Seol? 0 —asin®fpol®
o LIA Kol Sle® 0 —asin®0F|pof (2.45)
T 42 0 0 0 0 ’ '

—asin29|g00|2 —asin29%|g00|2 0 a2sin4(9\900\2/

oo = =55 (IG (W3, 04) P + V2 (G (¥3,¥4) + G (¢3,¢4)) [ josin OdO+
+2 ([ josin 9d9)2> . (2.46)

Anagoriano ;10 Buna iky Buxijgnoro OIII, koMmmonenTa jiicHOro 4-cTpymy jo BXO-
JUThH Janie B komuonent Frg, Fyg, Fyg.

OcobsmsicTs Ha niBoci @ = 0 sk y poss’sizky Keppa, tak iy poss’sizkax (2.25),
(2.40) wa doni npocropy Keppa € Hac/aiIKOM BUKOPHCTAHHSI CHCTEMH KOOD/MHAT
Boitepa-JlinjkBicTa, siKa y3araJjbHioe Ha mnpocrip Keppa cdepuuny cucremy Koop-

JuHaT 3 11 ocobymBicTIO Ha miBOCi 6 = 0 — JileTepMiHAHT METPUYHOTO TEH30pa, 00ep-
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TAETHCS HA HIl B HYJIb. [HBapiaHTH €JIeKTPOMAIrHITHOI'O 110J1s1 Ta 1IpocTopy Keppa ne
MalOTh 0CODJIMBOCTE Ha OCi.

IIpo kooppuHaTHI XapakTep 0cODJMBOCTEN Ha OCl, 3a3HaYeHO, 30KpeMa, y podo-
rax Kaprepa [50], €3epcororo i Cmouku [51], Bpenana, ['pasi, Txeitkobcona [37] Ta
iH. Po3B’si3km posristgaoThest B obsiacTi, jge ocobnmocti BigcyTHi — 0 < 0 < 7. [Ipn
3aCTOCYBaHHI OOYMCIIOBAJBHIX METOJIIB, JIOCTATHA TOUYHICTH OOUUCIEHD Y OJU3bKUAX
JI0 OCi TOUKax oOIPyHTOBYeThCA oibnuMu Mipkysanuamu — (10706 —107%) < 0 <
™ — (1075 — 107°) [52].

OrpumaHi pe3yabTaTh BKJIIOYAIOTH BUMIAJIOK pocTopy LBapmmmuabaa npu a = 0
y poss’saskax (2.18), (2.33). Ouun 3 jojatkis inrerpasy cucremu piBHsHb 11 (2.19)
y npocropi [HIBapimmibia

Schw —t _p — M In(r — 2M) (2.47)

e aHajgorom jlorapudmitnaoi a3 KyJoHIBCbKOTO moTentiany (nms. (4.2.6) y [53]).
Orpumanuit HamMu Bupa3 a3y ysarajbHIOE Bupas s (asu y npocropi IIsap-
IIITMJIb/1a Ha BUIIAI0K 11pocTopy Keppa.

Posp’sizku piBHsiHb Makcpesia y BulaJKy ajrebpaldHoO-cleniajJbHOIO IOJIst Yy
IJIOCKOMY IPOCTOPi y cepudniii cucremi KoopjuHar po3risiHyTi y pobori Toppe-
ca [54]. Tpimuuanm [55] orpumano saraibHui Po3B’si30K Jyist nosist Makcsesia y
rpocTopi MiHKOBCHKOIO y i30TponHux KoopauHaTax. Po3p’s30k Toppeca € yacTuH-
HUM BUaIKOM po3B’sa3ky (2.18) mpu M — 01 a — 0, a po3s’s3ok Tpimuna € Takum
3 TOYHICTIO JIO IIEPETBOPEHHS KOOPUHAT.

3a JI0IOMOroi0 MiJIXO/Iy, B OCHOBI SIKOI'O JIEYKUTH BUKOPHCTAHHS KOH(MOPMHOTO
tensopa fAno-Kiminra ra fioro cumerpiii, €3epcbkum ta Cmosikoro y crarti [51] mpe-
crapiieni poss’sisku y rerpajii Kaprepa, siki € anajoriunumu 10 po3s’siskis (2.18),
(2.33) 6e3 4-crpymy.

Y pobori Bpenana, ['paJuii, Txeiikobcona [37| posriisinyTo pisHsiHHs “6e3CHII0BOT
exekrpopnnamiki’ (force-free electrodynamics), npejcraBieHo po3B’si3K1 y 1POCTO-
pi IIBapmmmuiabga. BigMinHicTIo 6€3CHI0BOI €JIeKTPOIMHAMIKK BiJl €JIeKTPOIMHAMI-

KI OJIHOHAIIPSAMJIEHUX 130TPOIHUX IOJIB € IPUCYTHICTH KOMIIOHEHTH (01, IPU 1IBOMY
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BUKOHY€eThCst “yMoBa 6escusiopocri” (force-free condition)

Fj® = 0. (2.48)

Y BUNAJIKY OJHOHAPSAMJIEHUX 130TPOITHUX TOJIIB yMOBa OE3CHIOBOCTI BUKOHYE-
Thest Takoxk. s Buxigaoro OIIl maemo Fapj® = (po(lamy — lymy) + @o(lamy —
lymg))jol® = 0. duist xignoro OITT anasorivo.

Bpenan, I'pass, xeitkobcon posrisinysnn Bunagok Bxijgaoro OIIT y mpocro-
pi Keppa, mo cnisnajae 3 pisusgunasmu (1.46), (2.32). ABropamu mnpejcraBieHo
crocid po3B’sizaHHs BIANOBIIIHUX PIBHAHL B TepMiHaX JOBLJIBHOI JICHOI QyHKIIT
(v, 0,v) a neaxuit wacTkosuit peryasapuuii poss’azok. Crioci6 po3s’aszanms Bij-
MIHHHI BiJl IpeJicTaBIeHoro HaMu. BiH mojdarae y BIIHAXOMKEHHIO CIIOYATKY KOM-
nonenTu nojsa Maxcsemna fE(t, 7,0, ¢), i nani BuznauenHs KommnonenTu mnojs Ma-
kegemna f1(t,r,0,¢) Ta xomnonentu 4-crpymy Jo. Hosinbna dbynxmia f2(v, 0, 1)),
qepes sIKy BUPAKAEThCST BECh PO3B’SI30K st 110J1s (1 JJ1st CTPyMYy ), HE MICTHTD iHTe-
rpaJiiB, siKi BU3HAYAIOTHCs 3 OJHOPIJIHOTO KYTOBOIO PIBHsiHHS (JIpyre PIBHSIHHS CH-
cremu (2.32), jo = 0), o610 aBTOpamMu He BpaxoBaHo BlibHe n0je — G (13, 14) = 0.
Oynxiis f(v,0,1) mae DOBLILHY 3aMKHICTL Bif 6, TOMY MOXKIUBHIT pery/spHuii
BIIHOCHO 6 PO3B’S130K, sIKMit OTPUMYEThCsT BUOOPOM BIAMOBIAHOT pyHKITT BT 6.

BucuoBkm 10 mijipo3aity

Barasbhi po3s’s3ku (2.18), (2.33), 1m0 OMUCYIOTH OJJHOHAIPSAMJICH] 130TPOITHI 110~
Jisl, OTPUMaHI B aHAJITUIHOMY BUIJISIJI ILISIXOM PO3B sI3yBaHHS PiBHsAHb B YaCTHH-
HUX TOXIIHUX MEPIIOro mopsjaky. KoxkeH 3 nux po3B’s3KiB 3aJJ0BOJILHSE BIJIIIO-
BIJIHI DIBHSIHHSI CUCTeME DPiBHsIHB jpyroro nopsiaky — ['PT (2.5) ta toroxkuocti
Trokosibebkoro-Crapobincskoro. Pisusinus ®@ekepesa-Aiinicepa Bijicyrre (p; = 0).
Posp’si3ku CcKJ1aJIaI0ThCst 3 PO3B’S3KY OJIHOPIJIHOIO PIBHSAHHS, SKUH € JIOBLILHOTO
(QyHKII€I0 Biji KOMIIJIEKCHUX 1HTerpaJiiB jiudepeHiiajbHiX PiBHSAHL B YaCTUHHUX
MOXIIHUX, Ta PO3B’sI3KY BU3HAUEHOTO 4-CTPYMOM 3 JIHCHUMW iHTErpaJamu. 3a Jio-
nomoroto mmakery GRTensorlll obuucieno Tenszopu Makcsesia Ta TeH30pu eHepril

IMITyJIbCy it BuxijHoro Ta Bxijaoro OIII.
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2.3. BinokpemJyieHHd 3MIHHUX Ta JOIATKOBI YMOBHM HAa PO3B’d30K
JAO0KDP pALeIL y |y

Posp’stzku (2.18), (2.33) BupaxaroThes depes J0BUIbHY Judepentiiiopany byH-
KIIi10. Y I[bOMY TiJIPO3/1iJ1l po3r/isiHeMO (paKTOPU30BaHI PO3B’SAIBKHU JIJIsI OJHOHAIPSIM-
Jlennx 13orponuux nojiB Makcsesta. Iligxin € momiOHmit 10 3arajbHOTIPUITHSITOrO,
IpoTe, y 3aCTOCYBaHHI JIO PIBHAHD MEPIIOTO MOPSAKY MPUCYTHI JiesdKl BIAMIHHOCTI.

Posrisiremo ofHopiny cucreMy piBHsiHb Makcsesuia (2.17) Ta mpoBeieMo 3aMiny
dyHKIIIT

Y = w9 (r —iacosf)sinb. (2.49)
OTpuMyeMO TaKy CUCTEMY PIBHSIHb:

r+a2a¢+ _i_aal/f O

A A0¢ (2.50)
1a sin 981/) + smegz 0.
[IIykaTuMeMo pO3B’sI30K €T CHCTEMU Y BUTJISII
Y(t,r,0,0) =T(t)R(r)S(0)P(o). (2.51)

[Tpu nigcranosni (2.51) B cucremy piBasiab (2.50) orpumyemMo cucremy 3BUYARHUX

JindpepeHItiagbHUX PIBHSAHD

’

(2.52)

(
J '(¢) — ( ) =0,
R(r) + ( 2>+%> R(r) =0,
S'(6) + (iaXsinf + v=2) S(0) = 0;

\
Jile A, V — KOMILJIEKCHI KOHCTaHTH BIJIOKPEMJICHHS.
YacTkoBuil PO3B’A30K 3 BiOKpeMJICHUME 3MiHHIMHI crcTemu (2.17) mae BT

)\771 +vne+ial cos —iv ln( 1—cos )

“sinf

— Oy, , 2.53
72 A sin O(r — ia cos ) (2:53)

ne C'y, — KOMILJIEKCHa CTaJa,
m=t—r—MA- M (), (2.54)

= ¢ — shp—a (:::*). (2.55)
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[TopiBHIOIOUHM 3araJibHUN PO3B’A30K Ta PO3B’HA30K 3 BIJIOKPEMJIEHUMU 3MIHHUMU, PO-
OMMO BUCHOBOK, 1110 [PK 3aCTOCYBaHHI BIJIOKPEMJIEHHSI 3MIHHUX JIOBLJIbHA (DYHKILIsI
F(11,19) crae ainiitnoo dyukiieo surssiny F(11,19) = Mby + vibs.

Jist piBHSIHB 3 9acoBO 3MiHHOW (piBHsIHHSA BijHOCHO QyHKIil T'(t)) Ta 3 a3u-
MyTaJILHO 3MiHHOW (piBHSHHSA BimHocHO QyHKINT P(@)) chopmymnoemo HacTyHI

yMoBHU Ha po3B’sa30K. Oyukiisa T'(1) mae 6yt oOMexkeHa Jjist BCiX ¢ —
T(t)| < H, Vt, (2.56)
ne H nesika crana, ta Gyukiis O(¢) mae 6yru 27-nepioquaHon —

O(p) = D¢+ 27). (2.57)

[Ii a8l yMOBM BM3HAYAIOTH KOHCTAHTU BIJIOKPEMJICHHSI A T U HACTYIHUM YUHOM:
A=iwTav=1im,w€R meZ.
Pasianbre piBHsinust (piBHsAHHS BiHOCHO R(7)) Ha NPOMIKKY 74 < 7 < 00 Mag

PO3B’s130K

R(r) = Cre” ™", (2.58)

je C] — KOMILJIEKCHa CTaJa,

ro=r+ MInA+ 2 n (1) 4 o () (2.59)

Hocrigumo noseainky byl R(r). [i KpuTuaanMu TOIKaMu € 7, 4 Ta repp o =

++/—am/w — a?. B nux Toukax 3MiHIOEThCs 3pocTaiounii/crauii xapakrep dbyH-
KIT 74, 0 O3HAYAE, IO 3MIHIOETHCs BUXITHUI/BXimHuil xapakrep xpuii. Ha me-
CKIHYEHHOCTI 1pu 7 — 00 (DYHKIIIsI 74 (') € 3pOCTalnto, Mo 03HAYAE, M0 XBUJIST €
BUXI1THOIO.

Kpurnuni T09KM T2 ICHYIOTH JIMIIE DY 1I€BHUX 3HAYCHHAX [1apAMETPIB eJle-
KTPOMArHITHOINO Ta TpaBITAIifHOrNO TMOJIB, a camMe — MpPU BUKOHAHHI YMOBHU
—m > aw. 3 TOro, 1Mo a — J0JaTHe, BUILIMBAE, IO M Ta W MaiOTh OyTH PI3HUX
3HaKiB. ZIKIIO yMOBa iCHYBaHHS KPUTHUYHOI TOUYKU 1.1 BUKOHYETHCS, TO MOXKJIMBI
HACTYIIHI BaplaHTH 11 pO3MIIIEHHS BIJIHOCHO I'OPU30HTIB: BOHA MOXKe JiexKaTH 1111 T'0-

pusontom Kot (0 < req < r_), Mixk ropusoHTaMu (r— < Tep < Ty) Ta 10032
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POPUBOHTOM N0 (T¢r1 > 7). B KOXKHOMY BUIIQJIKY TPOMIZKOK MOHOTOHHOCTI by H-
KIIT 74 (1) po30MBaeThCst Ha IHTEPBAJIM, HA SIKUX BXiJHUI/BUXIHUIT XapaKTep XBUJI
€ PI3HUM.

Hanpukiiaj, 1pu BUKOHAHHI YMOBHU T’ > T4 OTPUMYEMO XBUJIIO, KA, € BXIIHOIO
Ha MPOMIXKKY 74 < 7 < Tepn1, CTOSUYOIO Ha TOBEPXHI T = 7.1, Ta BUXIJIHOIO Ha
MPOMIXKKY T > 7’1, Y MOBA CyNEpPBUIIPOMIHIOBAHHSA mw, /w > 1, BcraHoseHa Tro-
kobechbKuM [10] Ta Crapobincekum i Yypinosum [19], € ekBiBaseHTHOIO 10 yMOBH
iICHyBaHHS KPUTUUIHOI TOUKH T¢prq 11038 TOPUIOHTOM: T¢r1 > To. Ha pucynky 2.1 30-
opaxkena dyukmis Re(R(r)), npu snauennsx napamerpis C' = 1, a = 0.8, M = 1,
m =6, w = —1, Upu SIKUX BUKOHYETbCS yMOBA T'erq > Ty Ipu r.(r) - 7 > 0 xBuJsi,

w(t—ry)

1110 OIUCYETHCSA MHOXKHUKOM € € BUXIJIHOMO, & 1pu 1. (1) - 7 < 0 — BXijHOI.

Puc. 2.1. I'padik giiicnoi vacturn dyukmii R(r) 3 C =1, a =08 M =1, m =6, w = —1
(reeq > ry). 1 — Re(R(1)); 2 — 7(r); 3 — KpUTHYHI TOYKH T¢r1, Ter2; 4 — TOPU3OHT MOAiH Ta
ropuzonT Kot 7y, 7_.

BarasbHuil pO3B’sI30K KyTOBOro piBHsiHHst (piBHstHHs BijgHOcHO S(0)) cucremu

(2.52) (0 < 0 < 7) mae BULISA

S(0) = Cy (1_—0089)m e aweost, (2.60)

sin 6
Cy € C. Orpumanns peryisipuoro y roukax = 0 ra § = m poss’sizky S(f) €
MoxkJiuBuM Jintie ipu ipu m = 0. Jusim = —1, =2, ... S(0) mae ocobsusicrs jiniie
yrouni @ =0, aguam = 1,2,...— gume y Touni § = 7. 3aMucyr0dun po3B 30K JJIsI

@9 3a gomomoroio (2.49), (2.51), orpumyemo, 110 BiH MicTHTHME 0COBIMBOCTI JIUIIe Y
rouri @ =0 gma m =0, —1,—2,..., rayume y Touri 0 =7 — gmam =0,1,2,....

[Topsij1ok 0coOIUBOCTI JIjIs1 PI3HUX M BlgoOparkeHo B Tabjnii 2.1.
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m - | =2 -=1]0]1]2 l
0=0]2+1]| 3 2 |1 —1|— —
0=m — — | = 11123 |i+1

Tabsuga 2.1. Tlopsaok ocobauBocTeit o v Toukax # = 011 6 = 7 s BiAIOBI AHUX 3HAYEHDb M,

1€ N.
TakuM YMHOM, PO3B’SI30K (Y9 3 BIJIOKPEMJICHUMHU 3MIHHUMU Ha IIPOMIXKKY

0 <60 <m, r>ry, gakuii 3a70BobHsIe yMoBH (2.56) Ta (2.57), Mae Burian |5, §]
elwm-timmnz —aw cos 0 1 —cosfH\"
sin 0(r — ia cos 6) < ) '

p2 = Cp(w) (2.61)

sin 6
Hosinbha koucranra C,(w) moxke Oyru BuOpaHa Jijisi KOXKHOT MOHOXPOMATHUHOT
XBUJII 3 4ACTOTOIO W Ta asuMmyTajibHuM ducjom m. ificay ta ysisuy uacruny C,(w)
MO3HAYUMO €1 Ta Co, JIJIst 3DYIHOCTI OMYCTUBIIH 1HJIEKC Ta 3aJexKHicTh Biji w: O, (w) =
c1 + ico.

Tensop Maxcsenna Fyy = 202l|4my) + 202l (o), 0 Bitnosiiae poss’asky (2.61),

obuncmoemo 3a gornomororo makery GRTensorlll [56] ta orpumyewmo:

1
0 =3P —54¢ P
4P 0 = Q -—Cp
Fab — \/§ A SIHQAQ A ’ (262)
SiIllaQ _—smzé)AQ 0 —asin Q)
—P TP gsingQ 0
e P = (e sin(wn + mne) + ¢ cos(wmy + mnp)) e~ @ cosd (Ltost)™
Q = (c1 cos(wmny +mny) — ey sin(wn + may)) e~ st (1;—5;9)7”‘

Yumosa OIIT (1.44) y koopaunatHiii dbopmi Mae BUTIAT
( (12 4+ a®)F, — aF,y = 0,
asin?0F,, — Fyy = 0,

N Fy + AF,y =0,

| B+ 4F,=0.

(2.63)

Lle nemoncTpye, 110 1T OTpUMAHHS y I1JIXO0JI] Yepe3 TeH30PHI BEJINIMHU € CKJIAIHIM,
a ILJIsIX — HEB1JIOMUM.
O6uncmmmo Tensop eneprii-immyney Ty, = 1/27|@s|?l4ly, 10 BinmOBiTae PO3B a3Ky

(2.61):
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( 1 —% 0 —asin*0
5 32 . 2%
5 —= = 0 asin“ 0%
T, =2 A Az A, (2.64)
0 0 0 0
\—a sin?6 asin® 0% 0 a%sin*6
_ 2m
o |Cp(w)Pe2awcost /1 — cosf
— ) 2.65
2] sin? 6% sin 0 ( )

PosB’s30K 3 BiJlOKpeMJieHUMU 3MIHHUME Y BUNaiKy Bxigaoro OIIl wap = wotatp

Ha TTpoMiKKY 0 < 6 < 7, r > r, Mae BUTIS]

1—cos 0)
sin 6

2(7a — ia cos 9)6/\773+1/T]4—ia)\ cos 0+iv 1n(

wo = Dy STOA : (2.66)

e
m=t+r+MnA+ 2L (::ﬁ) , (2.67)
M=o+ 5gm—mn (Z:Zﬁj) . (2.68)

[Tpn HAKIATAHHI YMOB OOMEXKEHOCTI (0 33 YACOBOIO 3MIHHOIO Ta 27T-TIePIOUIHOCTI

32 a3MMyTaJbHUM KyTOM PO3B’si30K (2.66) Oy/ie MaTu BULIs/

2€iwn3+imn4+aw cos 6 1 — cosf -m
— Dm . . )
70 (@) sin 0A(r — ia cos )1 < )

Dm(w) = dl + Zd2

(2.69)

sin 6

Tenzop Makcsesuia s sxijnoro OIIT o6uncimmo sa dpopmyiioio Fup = 200mgny+

Q@Om[anb]:
0 U ﬁv U
_a X r’4a?
— Ly Xy 0 asin 0V

sin 0 sin A
2,2 .
U —%U —asin 0V 0

aw cos 0 (Los@) -m
sin 0 )
1—cos 9) -m
sin 6 )

e U = (dy sin(wnz + mng) + do cos(wns + mm)) e
V = (dy cos(wnz 4+ mnu) — da sin(wnz + mny)) e ¢ (
Dm(w) - dl + ’ldQ
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Ymosa OIII (1.45) y koopauuarhiii popmi Mae BUrJIsij

(r* + a®)Fy, — aF,, = 0,
CLSin2 HFto — F9¢ = O,

(2.71)
YFyp— AF,y =0,
. Fy — %Egﬁ = 0.
Tensop eneprii-imnynney sxignoro OII Ty, = 1/27|@ol*neny aas poss’ssky
(2.69) mae BurJISI:
1 % 0 —asin®6 \
> 52 . 2%
2 A2 = = 0 —asin“ 6%
Ty=251 2 A Al (2.72)
0 0 0 0
—asin®é —asmz}% 0 a’sin*é /
4 Dm 22 2aw cos 0 1 — 0 —2m
pof? = ALm) e (2.73)

sin? A2 sin 0

BucuoBku 10 miapos3aiity

BukopucroByouu 3aminy (yHKIIIT Ta MeTOJ BIIOKPEMJICHHSI 3MIHHUX, 3HAMJIEHO
PO3B’sI3KM PIBHAND Y BUIIsAAl BuxiHoro ta Bxigmnoro OIII (2.53), (2.66). Po3s’a3ku
MalOTh JIBI KOMIIJIEKCHI KOHCTAHTH BIJIOKpEMJIEHHS A, /. PO3IJIAHYTO YMOBHU Ha, pO3-
B'SI3KM PIBHSIHb — OOMEXKEHOCT] PO3B’I3KY JIJIsI BCIX ¢ Ta 2m-IIePioInTHOCTI 38 a3UMY-
TaJILHOIO 3MIHHOIO ¢. KOHCTAHTH BiJIOKPEMJICHHS MIPU IIHOMY CTAOTh YUCTO YSBHOIO
(A =iw) Ta minowo (v = im). Koncranra w € mificroro, i mocrae mutamns mpo Hhizu-
YHU 3MICT PO3B’43KIB JIjist BijI'€MHUX 3Ha4YeHb w. [aJii, npu BUBUYEHH] BjacTUBOCTEM
IUX PO3B’s13KiB, OyJjie BCTAHOBJIEHO, 1110 JIOJATHUI abo BijI'€MHUI 3HAK W BiJIIIOBIIA€
XBUJISIM TTPaBoi ab0 JIiBOT UPKYJISIPHOT 1oJisipu3aliii, BijinosijgHo. Pajiaibua qacTu-
Ha PO3B’$I3KY BKA3y€ Ha ICHYBaHHs MOBEPXHI 3MiHU BXIJIHOTO/BUXIJIHOIO XapakTepy
xBuJti. PiBHSHHS 1i€l MOBEepXHI O6e3110cepeiHbO OB I3aHe 3 YMOBOIO CYIIEPBUIIPOMI-

HioBaHHA CTapobiHCHKOIo Ta TH0KOJIbCHKOIO.
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2.4. JlojaTKOBI YMOBH JJi PaJiaJbHOl Ta KYTOBOI (DyHKITIA

BaxxiuBuMm erariom y po3s’sisyBaHHI piBHsHb Makcpesuia y mpocropi Keppa e
MOIITYK PO3B’$I3KY 3 BiJIOKpEMJIEHUMHU 3MIHHUMHU. BilloKpeMmJyieHHsT 3MIHHUX MOXKHA
3JICHUTH JIJ1s1 (DYHKIIT (g, aJie He MOXKJIUBO JiJist (PyHKIIIT (09. [IpoTe BijloKpeMIeHH st
JUTST (9 MOYKHA 3JIIHCHUTH, SKITO 3aITMCATH PIBHAHHS JIJIs 1HITO! (DYHKITIT, — TPOBECTH
saminy dbynkmii (gus. [17]).

Y mijxoni TtoKoJbCHKOTO BUKOPUCTOBYEThCS HACTYIHA 3aMiHa (DYHKIIIT

,wT(ta r, 97 d))

t,r, 0 = 2.74
902( » T 7¢) (r—iacosQ)Q’ ( )

1 gaJii Juist PyHKIIT Y 3aCTOCOBYETHCS TT1CTAHOBKA,
Yr(t,r,0,p) = e '™ Ry (1) Sp(6). (2.75)

s dyHKIil ¢y Bipasy 3acTocoBaHa MojiOHa mijcTaHoBKa. IHmekc T’ o3Havae “y
1111x0/11 TI0KOIBCHLKOro”.

3acTOCOBYIOUM METOJ BIJIOKPEMJICHHST 3MIHHUX JIO0 CUCTEeMHU PiBHsHBL Makcsesuia
HEPIIOro MOPSi/IKY JJIsi BUXIJHOI'O OJIHOHAIIPSIMJIEHOIO 130TPOIHOIO TI0JIsI, MA BUKO-
pucToByeMo iHty 3aminy dyHKiii — 1e dopmyda (2.49). Tomy napu bynkuiit R(r),
Ry(r) ra S(0), Sr(6) siapisusaiorses. Ilincranoska (2.49) y Burusai 100yTKy ¢yH-
K 3ificHeHa Tak, Mo “dacoBa’ Ta “a3uMyTaJjbHa’ (QYHKIII 1€ € HeBIJIOMUMHI —
T(t), ®(¢p). B pesymbrari pos3s’ssanns BiAMOBIMHUX JudepeHIiaIbHIX PIBHSIHb Ta
hOpMyTIOBAHHS IEBHUX YMOB, SIKUM MOBUHHI 33710BOJIbHATH 111 dyHKIIT — (2.56) Ta
(2.57), Mu oTpuUMaJIK PO3B’SI30K TIUX JBOX PIBHSHD y BUTJIA (2.53), 1€ KOHCTAHTH A
Ta V CTaloTh TakKuMu: A = 1w, w € R, v =1m,m € Z. Y uinxoai Ti0KoJbCbLKOIO He
BKa3aHO SKUMU € KOHCTaHTH Wy Ta M. TaKuM YMHOM, B 3arajibHOMY BOHHM MOXKYTh
PO3TJISIAATUCH SIK KOMILIEKCHI. SIKIIO »K PO3TJISAAEThCs 1ijIe M, TO 1€ OB sI3aHO
3 HaKJaJaHHAM yMOBHU 27-riepiojuunocti. [Ipu posrisial oOMexkeHoro Juist BCix €
PO3B’3KY “4acoBOro’ piBHSHHS, wr € AificHoro. [le o3Hadae, 1110 MU HE PO3IJISIAEMO

KBa31HOPMaJIbH1 MOJIH.
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Ha pagiaibuy dyukuio Rp(r) y poborax Trokosbebkoro [10], Crapobincbko-
ro [19] HaksaJaeThcsi ACMMITOTUYHA YMOBA — XBUJISl Ha HECKIHYEHOCTI Mae OyTu
BUXIJIHOIO, & HA MOPU30HTI 7y — BXinHOI. OCKIIbKHY 1151 (DYHKIIISA € PO3B’SI3KOM PiB-
HSIHHSI JIDYTOT'O TOPSIJIKY, & BIH Ma€ JiBa HE3aJIeXKHI PO3B’SA3KHU, TO OJINH 3 HUX PO3-
TJISIIOM Takol yMOBH Bifkugaerhest. Ha dynkiito Sp(0) vakiagaerbes yMoBa pery-
nsipHocti y Toukax @ = 01 6§ = mw. Taxuit po3B’sI30K HA3UBAETHCs CIIIH-3BAXKEHOTO
chepoiaabHOI0 TapMOHIKO0.

Y mijipos3 il 2.3 mpejcTaBieHo pO3B A30K, sIKMii 3a/I0BOJILHSIE YMOBU OOMEXKEHO-
CTi 3a 9aCOM Ta 2T-MEePIOUIHOCTI 32 a3UMYyTaJbHOIO 3MIHHOI. Y ITHOMY MiJIpO3IiJIi
JIOJIATKOBO POBIVISTHEMO YMOBU Ha, PO3B’$3KM Pa/liajibHOIO 1 KyTOBOI'O PiBHSHbL CH-
cremu (2.52) — R(r) ta S(0) [9].

Y Bunajky 3P nepiuioro nopsijky juis dyskiuii R(r) My Maemo Jmiie ojuH
PO3B 130K 1 MU HE MOYXKEMO BIJIKHHYTH #OT0 Tak, 1K 1e poonthest st 3P npyroro
nopsiyiky. Ha Heckingenocti R(r) 3ajiae HeOOXiIHY MOBEJIIHKY PO3B’sI3Ky — BiH € BU-

XITHUM. ACHUMIITOTHYIHY YMOBY BX1JIHOTO XapaKTepy XBUJI Ha TOPU30HTI MU MOXKEMO

OTPUMATH, BUMATAIOUH iCHYBAHHsT KDUTHYHOT TOUKH T 1 = 1/ —am/w — a2 dyukiii
R(r) mo3a ropu3oHTOM:

Terl > ry, (276)

KoncranTu w, m MOBUHHI MaTy Pi3HI 3HAKK, JIJIsi TOIO 11100 3HAUYEHHSI 111/[KOPEHEBOI'0
Bupasy —am,/w — a® Gysio jogaruiv. Kpim Toro, ymosa (2.76) posbusaerhcst na Jisi
qacTrar — J1st W > 0 ta w < 0. Sanumemo i1 1epes mapaverpu a, M, Ta KOHCTaHTH

BIJIOKpEMJIEHHS W, M

am

<= — > 0 <0 2.77

w 2M7“_|_7 w Y m Y ( )
am

— — 0 0. 2.78

Orke, 1ipy BUKOHAHHI OjiHi€T 3 ymoB (2.77) abo (2.78), kpuruuna TouKa OyJe
11033 TOPU3OHTOM T¢.q > Ty, 1 BUITIOBLJIHUI PO3B’S30K ONKUCYyBATUME XBUJIIO, STKa, €
BX1JTHOIO Ha 1HTEpBaJl 1y < 1 < T'¢.1, CTOSUOIO HA MOBEPXHL ' = T'¢ 1, T4 BUXIJIHOIO
Ha IHTEPBAJ I > T'¢.1. 3a3HAUKMMO, IO TaKy YMOBY MOXKHA HaKJIacTd mnpu a # 0 Ta

m # 0, iHaKIIe TAKUX YacTOT W He iCHyBaTUMe.
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BarajbHUM PO3B’3KOM KyTOBOIO piBHsiHHst (2.52) Ha inteppasi 0 < 6 < 7 ¢
byukuis (2.60). Poss’sizok S(0) npu m = 0, skuii € peryisipaum B roukax 6 = 0
10 = m, MU He pO3TJISIJaTUMEMO, OCKLJIbKK yMoBa m = (0 He cyMmicHa 3 yMOBaMu
(2.77), (2.78).

Ockinpky mpuHaiiMAl B ofHiit 3 Touok 0 = 0 um 6 = 7 po3B’sI30K Oyme Mi-
CTUTH KOOPJMHATHI 0cOOMBOCTI (JiuB. TabJ1. 2.1), MPOMOHYETHCA POSIJISHYTH TaKuii
PO3B’s130K, 110 Oyjie MaTu 0COOJUBICTDL HE BHUIIE IEBHOIO Mopsaky. Lle 3abe3neunTs
CTIAKICTb NPOBEJICHHS UMCJIOBUX OOUMC/IEHb B OKOJI OCi 0OepTaHHs.

SKIO MpUIHATH PO3B’A3KH NI SKWX BUKOHYEThCs (2.77), (2.78) B gKOCTI MO-
JleJieil eJIeKTPOMAIrHITHONO BUITPOMIHIOBAHHS, 1110 MEHEPYEThCs MPOolecaMu B OKOJI
qopuol jiipu Keppa, T0 9acTtora TaKOro BUIPOMIHIOBAHHST HE TIEPEBUIIYE BEJIMINHHA,
sIKa, 3aJIEKUTH B mapameTpiB a, M Ta azumyTasbHOro uncia. [lapamerpu a, M €
BU3HAYCHUMU JIJIsi JIAHOT MOJIesl, 1 TOMy OOMEXKEHICTh 3BEpPXYy YacTOTH ITPOIOPILiii-
He a3UMYyTaJbHOMY YUCITY M, dKe O MaJio TexK OyTu OOMe:KeHUM, /Ui 3a0e3MedeH s
0OMEXKEHOCT1 3BepXy YacTOTH w. TaKuM IMHOM, TIOPSIOK ITUX 0COOJIMBOCTEN TTOBIHEH
OyTH CKIHUCHHUM.

s obrpynTyBanis BUOOPY HOPAJKY 0cOOIUBOCTI PYHKIIT o, po3riIaneMo T pg
KOMITIOHEHTY TeH30pa eHeprii-immynbey (2.64) Buxigroro OIII

2m

1 — cosd
“B7)  sin2e, (2.79)

21 pY sin 6

CL2 ‘ C|2 €f2aw cos

Ty =

Ta BUMaraTuMmemo, 1ob BoHa Oysa peryisphoio npu § =0 r1a 6 =7

T¢¢ =0 < Q. (280)
0=n
I[lpu m = —1 y Bunajgky w > 0 ta npu m = 1 y Bunajgky w < 0 11 ymona

BUKOHYBaTUMeThCs. Di3udHUM 3MiCTOM Ii€] BUMOT'M € 3abe31evdeHHs] PeryasspHOCTi
KOMITOHEHT HaIPyKeHb TeH30pa eHeprii-iMiysihcy mosist MakceBesia y HanpsMKy ¢.
Orke, po3B’sa30K oHOpiIHOT cucremu (2.17), AKuil 33/10BOJIbHSIE YMOBY 00MexKe-

rocti (2.56), 2mw-nepioguanocti (2.57), acummroTutdnaol moseainku (2.76) ta obmexe-
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nocri komnonentu Tyy (2.80) € raknm [9] (3anncano jBa BULAJKN):

—aw cos B
— O(w)_ewt=r)=i9 ¢ 0<w< —— 2.81
72 (@)-re (r —iacos@)(1 —cosf)’ “ 2Mr,’ (2.81)
—aw cos B
— O(w) eltT)io ‘ % cu<o. 2.82
72 (@he (r —iacosf)(1+cosf)”  2Mr, “ (2.82)

Posp’stzku (2.81), (2.82) micTsiTh 0COOJMBOCTI HEPIIOrO HOPSJIKY JIUIIE Ha OJHif
3 miBoceii (jquB. mabs. 2.1 mpu m = 1, m = —1). Beaunuuna, mo obmexye 3Bep-
Xy 4acToTy, € obepHeHO-TIporopIiiitHoo Maci M 4dopHol jiipu, ockijibku a ~ M Ta
r. ~ M. HasiBHiCTH KyTOBOI'O MOMEHTY TMapMOHIKHM 3 a3WUMYTaJbHUM YUCJIOM M, €
CYTTEBOIO IIPU PO3IJIs]Il XBUJIb, 1110 MalOTh BXIJIHUIT XapaKTep Ha MOPU30HTI.

BucuoBkm; 10 mijpo3aity

Y IpOMY MAPO3MIii 3a paxyHOK HPHUIYIIEHHS PO PEryasSpHICTb OHIEI 3 KOM-
MOHEHT TeH30pa €Heprii-IMIYIbCY eJIeKTPOMArHITHOTO MOJISI BUILIEHO PO3B’SI30K 10~
PsAJIOK ocobsiuBocTi 110 6 sikoro e obmexenum. Poss’sisku o (2.81), (2.82) matorb
0CODJIMBICTH TIEPIIOro MOpsaKy Juiie Ha miBoci 0 = 0 abo 6 = w. OcobimBocTi KOM-
MOHEHT TI0JISI MOXKYTh OyTH JIOIYCTUMUMU, OCKLJIbKM BUMIPIOBAHUMU BEJIMUUHAMU €
KOMIOHEHTH TEeH30Pa eHePTii-IMITYJIbCY.

Posp’s3ku (2.81), (2.82) 3 BiAmoBiAHIM 3HAMEHHAM a3UMYTAILHOTO THUCJIA MAIOTD
oOMerKeHHsI Ha 4acToTy, obepHeHo mpornopuiiiae Maci M dopnuol pipu. OCKiJIbKU MU
PO3TJIAIAIN OJIHOPITHY CHCTEMY PiBHAHD, Te O3HAYa€, IO BOHU ONUCYIOTH BlLIbHE
noJie. L1l po3B’sI3Ku MOXKYTh OIUCYBATHU BILIUB 0O€pTaHHsI YOPHOI JIipK Ha BJIaCHE BU-
IIPOMIHIOBaHHSA XOKiHI'a. XBUJI MEBHOI MOJSIPU3aIlil, 3 JeIKIM 3HAUECHHAM KYTOBOTO
MOMEHTY, 1110 BU3HAYAETHCH a3UMYyTaJIbHUM YUCJOM 1, BUIIPOMIHIOIOTHCS TAKOXK 3
OKOJIy YOpHOI Jiipu. BoHM TOMIMPIOIOTHCS SIK HA HECKIHYEHICTh, TakK 1 Ha, NOPU30OHT.
[Tporec noryimHaHnHs Majalovol XBUJIl, B paMKax Takol MOJieJii He BPaXOBYEThCs, 1,
BIJITIOBIJITHO, 3MEHIIIEHHsI KYTOBOI'O MOMEHTY YOPHOI Jiipu He criocTepiraerbes. Lle
OB SI3aHO 3 TUM, 1110 PO3IJISIAETHCS IIPOOHE eJIeKTPOMArHITHE I10J1e, 1 BiJIIOBIIHUI

BILJINB €JIEKTPOMATHITHOI'O TIOJIs Ha T'paBiTalliiiie BlJICYTHIA.
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2.5. OHOHaNpsiMJIEH] iI30TPOMNHI T0JIsk JIOBLJIBHOTO CHIHY Ta iX pPo3-

B 43K

Pozmeriennsi cucreM piBHSIHB, 1110 OMUCYIOTh HEWTPUHHI, €JEKTPOMArHITHI Ta
rpagiTariitni 30ypents Ha (oHI rpaBiTaliiitHOro moJis y mijxoai ToKoIbCHKOro, Bijl-
OyBa€ThCsT 38 PAXyHOK T. 3B. EKCTPEMAJLHUX KOMITOHEHT T0JIsi, 1[0 MAIOTh CIIIHOBY
Bary s mo’s3any 3i cminom nosst | = |s|. | = 1/2,1,3/2,2, ... mjig HERTPUHHOTO,
eJIEKTPOMAaTrHITHOTO 1oJIiB, oy Papitu-IlIBinrepa, rpasiTaniiiHoro moJis, BiIIOBiI-
Ho. Taxi (bi3uvHI 0T MOXKHA PO3TJIAIATH sIK MOJIEJb I10JIsl HYJIbOBOI MACH CIIOKOIO
(zero rest mass fields), mo omuCyOThCA MOBHICTIO CHMETPUIHUMHU 2[-BAJTCHTHUMHE
CHIHOPAMU YARBC. KL, 1O MaioTh N = 2] + 1 KOMILJIEKCHMX KOMIIOHEHT Yy CIIIHOBIi
Jiail.

[TommupenHsi Takux 110JIB OMUCYEThCsI piBHsIHHsAM [13]
VA oupe.xr = 0. (2.83)

OCKIIbKY TIOJIST HYJIBOBOT MACH CITOKOIO BU3HAYAIOTHCS JIMIIE CUMETPUIHUM CITi-
HOPOM Y ABC.. KL, TO BUMAJIOK OJHOHATIPSAMJIEHOTO 130TPOITHOTO €JIEKTPOMATHITHOTO
110JI51 MOXKHA y3araJibHUTU Ha BUIIAJKKA BIIIIOBLJHUX OJHOHAIIPSAMJIEHUX 130TPOITHUX
rpaBiTaniiinux, HeiiTpuHHUX 1oJiB Ta noJsist Papitu-IlIsinrepa. IIposejiemo Take y3a-
raJibHeHHs PiBH#AHBL y rpocropi tuity D 3a IlerpoBum Ta 1100y lyeMO pO3B’siBKU y
npocropi Keppa [8].

ExcrpemaJibHi KOMIIOHEHTH IIOBHICTIO CUMETPUYIHOIO 2[-BaJICHTHOI'O CIIIHOPA

P(ABC.. K1) O3HAYEH] TaK

A B C K L A B C L
Yo = PYAaBCc.. KLt UL ... UL, Qo= PABC..KLO O O ...0".

Haunexxnicrs ¢poHOBOIO rpaBiTaliitHoro moJist Jo npocropy Tuily [) o3Hadae, 110
I'OJIOBHI 130TPOIHI HaNpPsiMKU criiHopa Beiyisi € nonapHo kparaumu Wapop =
YAYBOCODY, 1€ YA = Y104 — Yola, 04 = 0104 — dgtA — TOJIOBHI CHIHODH CIIiHO-
pa Beiina. Ilpu posrisaai piBaganb y KoopaunaTax boiiepa-JlingksicTa 3a i30Tponny

Terpajy Bubepemo Terpajy Kimnepcni. [Ipu Takomy BUOOpI IOJIOBHI CIIHOpPHU CIIi-
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Hopa Beiyisi MaTuMyTh BUIJISIJL Y4 = 7104, 04 = —OglA, 1 KOMIIOHEHTH CIIHOPA
Beitnst oynyts Wy = ¥ = W3 = U, = (0. Buaciijok reopemu f0ﬂﬂ6epra—CaKca
k=c=v=A=0.

Braskatumemo, 10 BCl TOJIOBHI criHOpWM 4, Bp, ..., AL CHIHOPA WABC. KL =
Q(ABB ... AL) € KpATHUMHU JIO KPATHOTO MOJIOBHOTO CIIiHOPa Y4 chinopa Beitst: iy ~
Y4, BB ~ YBs ..., AL ~ 1. B pesynbrari po3kiaj cmiHOpa IOoJsd Y CIIHOBIH 6a3i
MaTHMe BUTJIS]

= ...0[, 2.84
WPABC..KL = P21 OAOB2l oy, ( )

[Tose wape.. k1 € i3oTpomauM pu Takomy BuOopi |13]. HasuBarumemo take moiie
BUXITHUM OJIHOHAIPSMJICHUM 130TPOIMHUM TOJeM. Y BHIAJKY I'PaBITAIiifHOTO MTOJIA
yMoBa (2.84) BHOKpEMITIOE TMOJIe XBUILOBOTO TUITY 3a JIiXHepoButeMm.

Pigusinnst (2.83) jist Buxigroro OIIT (2.84) y komuonenTHiit popmi y BakyyMHO-

My 1poctopi Tuity D mMaloTh BUIIs]

Doy + (2le — p)poy = 0,

(2.85)
dpar + (213 — T)py = 0;

ITpu BuOOpPI BCIX TOJOBHUX CIHIHOPIB 4, BB, ..., A CHIHOPA QYABC..KI =
Q(ABB - .. ALy KDATHUMH JI0 KPATHOTO IOJIOBHOTO CIiHOpa 04 crinopa Beitna — aiq ~
04, B ~ 0B, ..., A, ~ 0, orpumyemo sxigae OIII, coinop sskoro y cminosiit 6a3i
Ma€ BUIJIS]

PABC..KL — PolAlB ... lK. (2-86)

Pigusinnst (2.83) y xkommnonentHiit dopwmi juist sxignoro OIII y BakyymMHOMY TpoO-

cropi Tuy D MaioTh BUTIISIT

Ay + (10— 2ly)po = 0,

_ (2.87)
dpo + (m — 2la)pg = 0.

Oronanpsiviieni i3orpornni nossi (2.84) ta (2.86) e asrebpaidHo-crieniajbHIMK
turty N, ToOTO BCi MOJIOBHI CIIIHOPYW TaKWX TOJIIB € KPATHUMMU.
Posrusmemo cucremu pisnsnb s uxignoro OIII (2.85) ta sxigroro OIII (2.87)

y MeTpuri Keppa B koopjunarax boiiepa-Jlingksicra. [Ipu BinosigHOMYy IpOBEIeH-
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Hi 3aMiHu (DYHKIIIH, OTPUMYEMO TaKy y3araJibHEHY CUCTEMY PIBHSHb

(

r’+a? 0y _ 1.0v | a0¢ __

¢ & For 3o =0, (2.88)
i QO oY i O _ Q.

\ iasin 5 — k3, Sin98—¢—0,

Je k= SgH(S),
( o1(r — ta cos @ Sinle, k=—1,;
w =) ” ( Algin! 9 ) (289)
L S002(7" iacos §)2=17 k=1

BaranpHuil po3s’a30K cucreMu (2.88) 3HAXOANMO IMIIAXOM MOCTITOBHOTO 1HTETPY-

BaHHSI PIBHSIHb B YACTUHHUX HOXLIHUX HEPIIOro nopsijiky. OTpuMyemo

= F(C1, ), (2.90)

ne F — josinbuaa dyuknis kiaacy C1 komiiexcnux inrerpasis cucremu (2.88)
G=t+k (7“ + MInA + \/J\%:ﬁ In (;_:J_r) — i@ cos 9) , (2.91)
=0+ k (Gt (522) +iln (5230)). (2.92)

Y Bunajiky esekrpoMartiraoro nosst (s = £1) 3 3araabroro poss’sisky (2.89),
(2.90) orpumytorbest poss’ssku (2.18) npu jo = 0 Ta (2.33) nupu jo = 0.
Posruisinemo o6y 108y po3s’si3Ky 3 BiJIOKPEMJIEHUMHU 3MIHHUMH y3arajbHEHO! CHi-

cremu pisasiab st OIIL. [ykarumemo po3s’si3ok cucremu piBHstHb (2.88) y BUrIs/Ii

U(t,r,0,0) =T(t)R(r)S(0)2(¢). (2.93)
st HeBioMux (byHKL[iﬁ OTPUMAEMO crucreMy JoTupbox 3IP:

[ T(t) = AT(#) = 0,

(
V(5) - v(6) =0, 200
(
(

R T’) (A( 2A+a2) + %) R(T) — 07
S’ 0) — k (iaAsinf + v

sm@
ae A € C, v € C — nocriitHi BilOKpeMJIeHHSI.
Posp’stzapiii 3pnuaiini qudepennianbhi piBHsaust (2.94), orpuMyeMo po3B’si30K

cucremu (2.88) (—oo <t < oo, ry <r<oo,0<f<m 0<¢<2m)

1—0059)

w _ C«)\Ve)\&ﬂ/ﬁz—iak)\cos0+i1/k1n( o ), (295)
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J1e
G=t+k(r+MinA+ 2 m(1=)), (2.96)
& = 0 +h sy (22 (2.07)

('), — KOMILIEKCHa 110CTIiHA.

OTxke, 3araJabHRil PO3B A30K y BUNAJIKY OJHOHAIPIMICHUX 130TPOINHUX HOJIB HY-
JIbOBOT MaCH CIOKOI0 Bu3HadaeThest (2.89), (2.90), po3B’s30K 3 BIIOKPEMJICHUMHU 3MiH-
numa — (2.95), (2.89). Poss’a30k (2.95) orpuMyeTnhes i3 3arasibnoro poss’asky (2.90)
nipu BHOOpi JoBlibHOT DyHKIHT F'((1, (o) Takum aunom: F((1, (o) = A1 + v(o.

Inrerpasm (2.91), (2.92) cucremn piBusnb (2.88) He 3aiexkaTh B CHiHY TOJIS, &
qure B toro, uu € nose puxigaum (k = —1), an Bxigaum (kK = 1) OIIl. Bruus
CIHY TI0JIsT | MPOSIBJISIETHCST Y CHiBBiIHOMIEeHH] (2.89).

Y pobori Bopicosa, ®iziesa [49] npejicrasiieHo 3arajibii po3B’si3Ku CUCTEMU PiB-
HsIHb JIJIsl OJIHOHANPSMJICHUX HefirpuHHuX 1o (s = £1/2).

3azHaquMo BIIMIHHICTH y BU3HaYeH] (DYHKINT 1), BIIHOCHO SIKOT TTPOBEJIEHO y3a-
raJibHeHHsI PIBHSIHb y TM11X0/11 TI0OKOJhCHKOIO Ta y 3alPOTIOHOBAHOMY HAaMU TT1JIXO/I.

Y nijpxoji TtoKoIbCbKOro 11 (PyHKIIIT BH3HAUEH] TaK

) =(r —iacos )y, s = —1/2,—1,-3/2,-2, ..., (2.98)
¥ =, s=1/2,1,3/2,2,.... (2.99)

CrinoBa Bara § BXOJUTb y TOJIOBHE DIBHsSIHHS TTOKONBCHKOTO (2.5) K mapamerp.
B namowmy Bumajiky (byHKIsI 1) BU3HAYAETHCA CriBBigHOMeHHIM (2.89). YV cucremi
piBasHDb (2.88), cminoBa Bara (CriH) He BXOJUTD B KOCDIMIEHTH PIBHIHHS,

BucuoBkmu 10 migpo3aity

[Tijixijt, 110 1oJisirae y po3rJisijii OJHOHAIIPSAMJIEHOI'O 130TPOITHOTO eJIeKTPpOMarHi-
THOT'O T0JI1, 3aCTOCOBYETHCS TAKOXK JIJIsl CUCTEM PIBHSAHD, MO OMUCYIOTH I'paBITalllii-
He, HeliTpunue nosie, nosie Papitu-IlIBinrepa. PiBusinust y komnonenTHit gpopmi y
dopmagizmi Heomena-Ilenpoysa y npocropi Tuity D 3aucyoThCs y BUTJISII CUCTE-
MU JIBOX BIJIOKPEMJIEHUX PIBHAHD MEPIIOTO MOPSJKY, B SIKYy CIIH MOJS BXOJUTDH K

napaMerp. 3HaiiJleHo 3araJibHUN PO3B’SI30K Ta PO3B’SI30K 3 BiJOKPEMJICHUMU 3MiH-
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HUMU y3arajbHEHOI cucTeMu PiBHSHbL B Koop/iuHarax boiiepa-Jlinjksicra.

BucuoBku 10 po3aiay

[Ilysixom iHTErpyBaHHs JIiHIHHUX JudepeHiiajbHuX PIBHAHL B YaCTUHHUX TOXi-
JIHUX TIEPIIOTO TOPsiJIKY, 3HAICHO 3arajbHIil PO3B 30K cucTeMu piBHsAHL MaKcBes-
ja y ipoctopi Keppa. [ToibHi TouHI PO3B’si3KK B aHAJITUIHOMY BUTJIsIJII TTPE/ICTAB-
JleHo y poborax €3epcbkoro, Cmosku ta Bpenana, ['pasii, [Ixeilikobcona. Harmi
PO3B’I3KN OTpUMaHI He3aJIeXKHO BiJI PO3B’SI3KIB IIPEJICTaBICHUX Yy PoOOTaX IUX aB-
TopiB. BiIMIHHICTIO HAIIOrO PO3B’SI3KY BiJl po3B 3Ky €3epcbKoro, CMOJIKK € Pi3Hi
MiJIXON V KUX BOHU OTPUMAaHI Ta BUOIP BIAMIHHUX 130TPOMHUX TeTpaj. y pPobOTi
Bpenana, ['pasuii, /IxxeiikoOcona po3B’sisyBaHHsI BiJIOYBAETHCS ILJIsSIXOM BU3HAYEHHS
10JIs1 Ta, BIJIIOBIIHONO HOMY 4-CTPpyMY, PO3B 530K JIjist BIJILHOI'O 110JIsi BiJICYTHIf.

3acToCOBYIOUM 3aMiHy TTyKaHO! (DYHKIIT Ta METO/I BIJJOKPEMJIEHHST 3MIHHIX, 3HA~
fiJIeHO PO3B’SI3KM 3 KOMIIJIEKCHUMW KOHCTAHTaMM BIJOKpEMJIeHHsI. 3Haiigero (paKkTo-
PU30BaHI OIHOHAIIPSAMJICH] 130TPOIIHI PO3B’I3KH, 1110 33,/ I0BOJIbHAIOTH YMOBH 0OMEXKe-
HOCTI 3a 4acoM Ta, 27T-11epIoUIHOCTI 38 a3UMyTaJIbHOI0 KOOpinHaTo0. Taki po3B’s3Ku
OIKMCYIOTh BLJIbHI BUXIJ/IHI, 00 BXiTHI XBUJIi. 3HaiieH0 (DaKTOPU30BaHI OJHOHAIIPSIM-
JIeH1 130TPOIHI PO3B SI3KK 3 YMOBAMHU OOMEXKEHOCTI 38, JacoM, 27m-TepioJInTHOCTI 34
A3UMYTaJbHOIO KOOPAUHATO, BXIJJHOTO XapaKTepy XBUJ Ha TOPU30HTI Ta oOMeKe-
HOCTI Ha TOJII0CaX KOMIIOHEHTH TEH30pa €HEPIii-IMITYJIbCY €JIeKTPOMATHITHOTO MOJI.
Bonu onucyrorh BUXijiHI XBUJI TPU OOMEXKEHHX Ha 4aCTOTY Ta a3uMYyTaJibHE YUCIIO.

ITiixin 10 po3B’si3aHHsT PIBHSIHD JIJIST €JIEKTPOMATHITHOTO 110J1s1 Jj1s Bunaaky OII1
Makcsejiia y3arajbHEHO Ha OJIHOHAINPsIMJICH] 130TPOITHI TOJIST IHINNUX IJIUX Ta TiB
IJTMX 3HAYCHD CIiHY T0Jis (MOJTB HYJIbOBOI Macu Cokoo). Cucrema piBHSAHB Y PO-
cropi Keppa, 10 sikol Oysia 3BejieHa BUX1JIHA CUCTEMa, PIBHSIHb, HE MICTUTH 3aJI€2KHO-
CT1 BT CIIIHY TIOJIs, 1 € OJIHAKOBOIO 3 TOUYHICTIO JI0 3HAKY MPH MOX1HIN B pajiajibHol
KoopauHaTu st Bunaakip Buxignux OIIT abo Bxigaux OIIl. 3nadenns cminy moJst

BXOJIUTH y (DOPMyJly BU3HAYEHHsI BUXIJIHUX KOMIOHEHT 110Jist (2.89).
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PO3/IILIT 3

®i3uvHiI BJIACTUBOCTI OJHOHAIIPSAMJIEHOTO 130TPOMHOr0 moJjsg MakcBesia

PiBusinnsi nipodnoro nosisi Makcesejuia y rpasitaiififHomMy 110J1i CKIHYEHHOI Macu
MOXKYTh OyTH 3anucani sik piBusgHHs MakcBeiuia B pyXoMOMYy aHI30TPOITHOMY cepe-

JioBuiii. XapakTep aHi30TpOIT BUBHAYAETHC BJIACTUBOCTSAMYU METPUUIHOIO TE€H30pa,

akuit BuzHadac cuMpou Jlepi-Uisitn e = | /—gg%¢", Taxum UMHOM BU3HAUAIOUN

MaTepiajibHi criBBigHOmIEHHS |57, 58|

1 gii D, ,
E;, = — )y g€ B ) 3.1
5 (-2 ; 3.1)
1 gij Bj
o\ =, Y
g —g p

iHJieKcu NpodbiraloTh 3HaUeHHs 1, 3, €x;; — TpuBuMipHuUil cumsos Jlesi-Hisitu, £;, D;

Hi = OkEkiij 5 (32)

— HalIPY>KEHICTb Ta 1HJIyKIlis eJleKTpudHoro nosist, H;, B; — natnpy>xkeHicrb Ta iH/1y-
KIIIsT MArHITHOTO TIOJIS, €, (4 — €JeKTPUYIHA Ta MaruiTHa CTaJl, ¢ — MIBUJIKICTD CBITJIA
y BaKyyMI.

['papiTariiitne 1moJie, CTBOpPEHE TiJIOM, 110 00EPTAETHCs, BILJIMBAE HA IOITUPEH-
Hsl (TIOCKOI) ejeKTpoMaruiTHol xBuii. [lpu npomy BiOyBaeTbCs MOBOPOT ILIOMIH-
HU TIOJISIPHU3AIiil, MPOMOPIiiHuii MOMEHTY iMITyJibey obeproBoro Tima [59]. Kpim To-
ro, pyx ¢oToHa, TpH SKOMY BPAXOBYIOTHCs HOr0 XapaKTepUCTUKU (CIIiH, CripaJib-
HICTD), He BIOyBAEeThCS B3OBXK i30Tpomuux reoxesiiinux [60]. [Ipu 3acrocysanui
XBUJILOBOTO TIJIXOY 70 PO3TJISILYy €JIeKTPOMArHITHOTO TTOJII MPOSIBJISETHCA ~TUCTIEP-
cist” 1IpOCTOPY-4acy 110/10 HOLUIMPEHHsI XBUJIb 3 PI3HOIO HoJisipusaliero [61]. Bunuka-
10Th epeKTr 3yMOBJIEHI IpaBiTalli€lo, 1110 € aHajoramMu edeKTiB, 3yMOBJIEHUX Cepe-
JIOBUIIIEM B €JICKTPOJAMHAMII CYHIJIbHUX CePEIOBHIII.

KowmnonenTn Tenzopa MakcBesia y KOOpJAnHATHUX Da3ax, y TOMY YHUCJ KOOP/IH-
natax boitepa-JlingksicTa, € KOMIOHEHTaMHU IOJIs Y KPUBOJIHINHIE cucTeMl KOOP-

JIMHAT, Ta He € (PI3MIHUMK KOMIIOHeHTaMu. [l orpuManHs (i3HIHUX KOMIIOHEHT
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BUKOPUCTAEMO METOJ OPpTOHOpMOBaHOT Oaszu [30,62].
Y 1bOMY PO3JiiJii 3aCTOCYEMO PO3B’SI30K 3 BIJIOKPEMJICHUMHU 3MIHHUMU Y BUIJISIJI]
OJIHOHAIIPsIMJICHOTO i130TpoItHOro noJjist Makcepesia y nipocropi Keppa juist BuBUeHHst
MOJITPU3AIINHUX BJIACTUBOCTEH Ta oTpuMaHHs (izmunux Hacaijaki. [ligposmin 3.1

€ ONJISIJIOBUM, Y TIPo3Jiliax 3.2-3.4 npejcraBjeH] pe3yJibTaTH.

3.1. Cris-crnipaJjbHa B3a€EMO/IiA Y XBUJIBOBOMY MIJIXO0/]

Bke Olsiblnie sik 1B CTOJITTS MUTAHHS CIIH-CIIPAJIbHOI B3aEMO/IIl aKTUBHO JIO-
CJIJIKYETHCsI Y PI3HUX IIJIX0/aX JIO PO3IJISILY €JIEKTPOMArHITHOIO IO0JISI Y (POHOBOMY
rpasiTaniitnomy mosi. Y pobori Ckporbkoro [59] orpumano dbopmysty moBopory mmio-
ITHE TOJIAPU3AIiil y IPOCTOPI-Uaci, M0 € HaOJMKEeHIM PO3B’sI3KOM PIBHSIHL AiH-
mTaiiga JJjs Tijaa, mo obepraerbes. [t noss Makcsesia BUKOpUCTaHe HAOJIUKEHHsT
PutoBa, sike € HAOJMXKEHHSIM I'€OMETPUUHOI ONTHKH, 3aCTOCOBAHUM JIO KOMIIOHEHT
BEKTOPIB €JIeKTPOMAIHITHOIO 110Jist. ek 11oBOPOTY ILJIOMMHY HOJIsipU3alil y rpa-
BiTamifiHoMy 1011 BijoMuil TakoxK sik rpasitaniiinnii epext Papajies.

XBUJILOBHUIL 38 CBOEIO CYyTTIO (PEKT ITOBOPOTY ILJIOIIMHHU TTOJIAPU3AIil B 110J11 00ep-
rosol macu [nejin, Tumuikosa [64] ta Tmixapa Ta in. [65] onucyors B Mexkax
PeOMETPUTHOI ONTHUKY, BUKOPUCTABIM oTpuMani Yokepom Ta Ilempoyzom (Walker,
Penrose) koMmIiekcHi iHTerpasun pyxy B3JI0BXK 130TPOIHUX Teoje3iiiHuX.

[Tigxis reoMeTpuvHOl ONTUKK Iepedadac 3HAXOJXKEHHS aMILIITYIU Yepe3 po3-
KJIJ ¥ DsJl 33 CTEMEeHsIMU JIOBXKUHU XBUJI (UM 9ACTOTH) Ta BiTKUJAHHI JIOJAHKIB
BUITIONO TOPAJIKY MaJjocTi. BpaxyBanHs JomgaHKa MEPIIOTO CTEeHs 3a JIOBXKUHOIO
XBUJI HIPUBOJUTH JIO BpaxyBaHHs JicIepcil edeKTy 10BOPOTY IJIOMKMHU HOJIsIpU3a-
mil. st 3ajaui mommpeHHs IJI0CKOI XBUJI B3/0BXK HECKIHYEHHOI'O IMJIIHJpA, 110
obepraeThesi, po3risinyTo y pobori Dy [61].

['yajanpnini [66], Bap6epi Ta I yanambuini [67] y wabmmkenni reomerpuanoi
OIITUKK OOUYUC/INJIN IIapaAMETP acuMeTPil CllipaJbHOCTI pO3CigHuX (POTOHIB, ITOB’A3aHOT

3 IOJIAPHU3AIIIEI0 CBITJIA IIPK IpaBiTAllliHOMY BIJIXMJICHHI IIPOMEHIB TiJIOM, 1110 00ep-
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TAETHCS.

SaJeKHICTh TPAEKTOPIN (DOTOHIB Biji X CHIPAJbHOCTI 3 BUKOPUCTAHHSIM MOJIA(pI-
KOBAQHOI'O T1J[X0/y I'€OMETPUYIHOI ONTUuKHU OyJia jiociijizkena @pososom ta [lymom y
merpuni Keppa [68,69], 1 jaui possunyTa Jijisi JIOBIIBHUX, HECTAIIOHAPHUX, ACHM-
MTOTHYIHO TIOCKUX mpocTopiB [70]. Llei mijgxin aBropn Ha3sMBAIOThH “HAOJIMKEHHSIM
crinoBoi ontuku” (Spin optic approximation) i mosisirae BiH y TOMY, 10 B DiBHSIHHS
efiKOHaAJIy BBOJISATHCS MaJli MONPABKHU MEPIIOro MOPSAKY, IO 3aJ1exKaTh BiJ YaCTOTH
Ta cripagbHOCTI. Y pobori |71] po3risHyTo piBHSHHS MOMMPEHHST TPOMEHIB 3 Bpa-
XYBaHHSM CIIPATBHOCTI 1 9acTOTH (PIBHSIHHS CIIHOBOI ONTHKHY, Spin optic equation),
siKl He € PIBHSHHsAMM 130TPOIHUX reojie3iiinnx. TakoxK 1e piBHsIHHS BKa3ye€ Ha 3a-
TPUMKY 4Yacy y HOIIMPEHH] IUPKYJIAPHO TOJISIPU30BAHUX (POTOHIB.

Y pobori aBropis Oancia ta in. [72], npejcraBieHo piBHsHHS JJist TPOMEHIB (ray
equations), 1o BusiBisitoTh crinopuii edexkr Xosia (spin Hall effect). Asropamu
PO3IJIsiHyTa 3aja4a B3aeMo/iil poToOHA 3 BpaxXyBaHHSAM HOro CIipaJbHOCTI 3 I'paBi-
rarmiiaum nojeMm llBapmmuibia, ke He Mae€ KyTOBOTO MOMeHTY. /IBa mpomeni 3
PIZHOIO CHIPAJbHICTIO, IO IPOXOAATHL MOB3 YopHY Aipy IIBapmmmiabma, BiaxXuisd-
I0ThCs 1TO-pizHOMY. [Ipuponoio 115010 edekTy € HasgBHICTH OpOITAJLHONO MOMEHTY,
OB’ SI3aHOTO 3 TPAEKTOPIEIO IIPOMEHsI, IO IPOXOIUTH MMOB3 YOPHY HipY, Ta BHYTPI-
IITHBOI'O CIIIHOBOI'O KYTOBOI'O MOMEHTY CaMOI'o (pOTOHA.

[Tepeibadenns Merixynom B3aemosil criny ¢gporona 3 rpasitaniiiaum nosem |73
nigreepykeno Acenxo 1 Xoiimarom [60], siki BUKOpUCTOBYBaJM TOUHUI PO3B 30K
JUTsT BUTIAJIKY €JIeKTPOMArHITHIX XBUIb B MeTpHI L eens Ta HabImKeHni — y BH-
najky mnpocropy Keppa.

Y poboti Josana |74] mpoBeieHO PO3BUHEHHST M1 /IXO/Ty T€OMETPUIHOT OITHKH JIJTs]
Ten3opa MakcBesia JIo T. 3B. “HACTYIHOI'O 3a I'OJIOBHUM IOPSJJKOM HaOJIMXKEeHH
(sub-leading order of geometric optics), sikuit mosisirae y po3TJIsijii HACTYITHOTO tJIe-
Ha Y PO3KJIAJIl CAMO/JlyaJibHOI'O HOJIAPU3ALIAHOIO DIBEKTOPaA Ta IIPUBOJIKUTH JO TOI'O,
1110 1IOTIK €Hepril 110Jisi He CHIBIIaJIa€ 3 IPaJieHToM (pasu, a TeH30P eHePril-IMITyJIbCy

MOXKe MaTu norepevni vanpyxenus. Y podori Jlaiire, Tosana, Kpicuino [75] pos-
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IVISIHYTO 3aJiady [OINIMHAHHS XBHJII, 110 HPOXOAUTH B3JI0B2K 0cl 4opHOI jiipu Keppa,
Ta BCTAHOBJIEHO, 1110 (POTOHU 3 PI3HOIO CHIPAJILHICTIO MOIVIMHAIOTHCS I110-PI3HOMY.
EdexT 3aexuTh Bij CHipaJbHOCTI Ta CIIHY YOPHOI Jipu. 3a3HaueHO, 10 edeKT He
MPOSBJISIETHCS Y T1JIX0JIl T€OMETPUTHOI ONITUKYM Ha MOJIOBHOMY TOPSIJIKY HaOJIMYKEH-
s (leading order) i Moxke GyTu BUSIBJICHWIT y HACTYITHOMY 3a TOJIOBHUM TTOPSITKOM
HaOJIMKEHHS.

Bajiaua, y sSKiil po3IVISHYTO JIIH3yBaHHs BUIIPOMIHIOBaHHsI YOpPHOIO Jiipoto Keppa
IpU HapaJieIbHOMY IepeHeceHH] MOJIAPU3aIliiHOr0 BEeKTOpPa, PO3IJIAHYTa y POoDOTI
[muxapu, Takaxami, Tomimany [65]. KyroBuit MoMenT BrMBae Ha JOJATKOBE BiJl-
XUJIEHHS 130TPOITHOT T€0/Ie31HHOI Ta, Ha TOBOPOT IJIOMIUHYU OIS PU3ALLiL.

HermotaBuiMmu poboraMu, 10 CTOCYIOTHCS JIOC/IJPKEHHS [TUTaHHS KYTOBOI'O MO-
MEHTY eJIEKTPOMAarHiTHUX Ta I'pPaBiTalliiiHux XBUJIb B TepMinax becesnesux, Jlerepa-
[aycoBUX, €KCIIOHEHIHAIBLHIX TyUKiB, MyJIBTHIIOILHIX MOJIB Ta if., € poboTH Bsiu-
rirpKoro-Bipyiti, Bamuninbkoi-Bipyai 76, 77].

Buxoygan 3 1p0oro orjisijly 6auuMo, 1o Jio BUsBJIEeHHs e(eKTiB BILIMBY I'paBiTa-
IITHOTO TTOJIS Ha, eJIEKTPOMATrHITHE 3aCTOCOBYIOTHCS PI3HI X0/, OCKIILKYA TOBHUM
XBUJIbOBHIl Oomuc piBHsAHL MakcBesia € CKJIaJIHIM, BUKOPUCTOBYIOTHCS allpOKCHMa-
IiIiHI MEeTO/IN, METOU TeOPil PO3CIIHHS, YNCeIbHI MeToiu Ta iH, OTPpUMABIIT TOTHU

i3o0TporHuilt po3B’sa30K piBHsiHb MakcBejuia, 3acToCyeMo HOro J10 BusiBjieHHst e(peKTiB

y noJii Keppa.
3.2. ®a3a Ta XBUJIBOBUII BEKTOP OJHOHAIIPAMJIEHOTO 130TPOMHOTO
noJisd

Y 1bOMYy P03/l 3aCTOCYEMO PO3B SI30K JIJIsi BUXIJIHOIO OJIHOHAIIPSIMJIEHOI'O
nosisi Makcsesia y npocropi Keppa juist gocsijpkennst (pa3u, XBUJIbOBOI'O BEKTO-
pa, rpynoBol Ta ¢azoBoi mBuAKocTeil. [lepeBaromo oJHOHAIPSIMIIEHOTO 130TPOITHOTO
PO3B’sA3KY € HOTO aHAJITHIHUI BUTJISA]] Ta BIICYTHICTH OOMEXKeHb Ha apaMeTpu (da-

CTOTY, KYT iHKJIIHAIT). Y [JIOCKOMY IPOCTOPI Tie BUIAI0K ChHepUIHOT CHMETPIl ToJIst
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MakcgeJuia.

Bukopucraemo poss’sizok (2.61) jist 3amucy dasu xsui

M? —
<I>:w<t—r—MlnA——ln(&))+
M? — q? rT—Tr_

w05 (F2)). @9

OTrpuMmyeMo KOoBapiaHTHI KOMIIOHEHTH XBUJIHOBOI'O BEKTOPA

2 2
ky = 0,0 = [w, _wlrttal) +am O,m} (3.4)
A
Ta KOHTpaBaplaHl KOMIIOHEHTH
IMr (r? + q? + e w (r? + a?) + am
R B O (e A W (s R
YA P
m 2Mr (awsin® 0 +m
A sin” 0 YA sin® 60

Y poboti Acenxo, Xoitman [60] XBUIb0BHIiT BEKTOP OTPUMAHO HA OCHOBI PO3B’SI3KY

CHUCTEeMM PIBHSHBL BIJIHOCHO BEKTOP-TIOTEHINaly y mpoctopi-uaci Keppa. st mooy-
) : : : .

JIOBU PO3B’$I3KY 3aJI€2KHICTH BEKTOP-TI0TEHIaLy Biji ¢ Bukitouaerbes: A(t, r, 0, ¢) =

A(t,r,0). Hessaxkatoun Ha 1ie NPUILYIIEHHS, PE3YJIbTAT 3aJUIIAETHCI IPOMI3IKUM.

Teepmxkennsa 3.2.1. Xeuavosuii eéexmop He € i3omponnum, 1020 K6adpam € ma-
KUM
.9 2
(aw sin® 0 + m)
Y sin? 6

Kk, = — (3.6)

XBUIBLOBUIT BEKTOP CTA€ 130TPOIHUM Ha IIPOCTOPOBI HECKIHIEHOCTI, ab0 Mpu BU-
KoHaHHi yMoBu awsin?@ +m = 0, abo y Bunanxy npocropy HIBapiimmibia s
dbyngamentanbiol Moy (m = 0). Bin me mae ocobimBocreil Ha TOPUBOHTI MO, i
Ha BlIMIHY Bijl BUCHOBKIB orpumanux y [60], He Moxe OyTH POCTOPOBONOIIOHNUM.

Bupas y gyxkax y dopmyri (3.6) st GpikcoBaHONO a3uMyTaJbHONO YUCIA M
HaOyBa€ PIZHUX 3HAUYEHDb JIJIs PI3HUX 3HAKIB w, 110 03HAYAE, 1110 3HAUCHH:A KBaJpa-

Ty XBHUJIbOBOI'O BEKTOpa 3aJeXKWUTh BiJl IpaBol uu JiiBol nossgpusariii mpu m # 0.
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3aJIeXKHICTh BUPa3y BlJI HOJAPU3ALIl, 9aCTOTH Ta KyTOBOI'O MOMEHTY @ € IPOsiBOM
CHIH-CIIPaJibHOT B3a€MO/IIT Yy XBUJIBOBOMY I1i1x0j1i. MakcumyM edekTy JlocsaraeTbesi
B eKBaTOPiaJbHil miomuni § = 7/2. A3uMyTajibHe 9ucyio m OMUCYE BIaCHUHA KyTO-
Buit MomenT xBuii. Kpajpar xBuiaboBoro sekropa (3.6) npu BiiMiHHOMY Bij Hysist
M TAKOXK 3AJUIIAETHCS BIJIMIHHUM BiJI HYJIA. 3a3HAYMMO, 110 BUKJIIOUEHHS 3aJje-
KHOCTI Bijl ¢ y pobori Acenxo, Xoiiman |60], TakoxK BUKIIIOUAE 1 3a/I€XKHICTDH Bij

ASUMYTaJIbHOI'O 9UCJIa T71.

Tsepmxennsa 3.2.2. Inmeeparvia xonepyenyia eexmopnozo noas k, ne e 2eode-

311M010:
k'V ko =K'V k1 = 0, (3.7)
(aw sin’ @ + m)2
k'Y ko = , 3.8
pli2 =1 »2sin% 6 (38)
P _cosf ((m2 — a’w? sin* 9) (7’2 + a2) — 2a%msin’ 6 (aw sin? 6 + m))
s Y2 sin% 6 '
(3.9)
Y Bunajiky npocropy HIsapummibia a — 0,
k' ko = K'Yk = 0, (3.10)
2
m
KV ey = 3.11
M2 3 6in2 (3:11)
m2 cos 6
k'Y ks = ————, 3.12
T 2 gind g (3.12)

— KOHI'DYEHIlist He € reo/Ie3lifHOI0 3a PaxyHOK KyTOBOIO MOMEHTY rapMOHiKu (m #
0). V Bunajxy dyngamMentaibHol Moy m = 0 BoHa € reojiesiitHolo.
[TopiBHSsIEMO pe3yJibTATH, IO CTOCYIOTHCS XBUJIBOBOI'O BEKTOPA OJHOHAIIPSIMJICHO-
: : :
10 i30TporHOro po3p’s3Ky (2.61) 3 pesyasraramu Crapobinchkoro Ta TIOKOJIBCHKOTO.
st ycyHeHHs 0co0IMBOCTI O1J1s1 TOPUBOHTIB IIepeiiieMo JI0 HOBOI paJiiaJibHOl 3MIHHOI

— gepemnanajiol’” KoopauHaT r:
dr*  r*+a?

3.13
dr A (3:13)
KowmmonenTa XBUIBOBOIO BEKTOpa Ky« CTa€

- :d_(IDZ d ma r—ry .y ma (3.14)

i ] _ e
dr* v dr* \ o/ M2 — g2 nr—n r2 4+ a?’
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1 MU OTPUMYEMO pajiiajibHi KOMIIOHEHTH I'PYHOBOI Ta (Pa30BOl HIBUJIKOCTI y TAKOMY

Burs!
Vgr = — % = —1, (3.15)
vph:—gz —1+% = —1—|—%Q(r). (3.16)
Bennauna
Q(r,) = @%@2) (3.17)

€ KyTOBOIO ILIBHJIKICTIO 4opHOI Jipu Keppa, sika o3HadeHa sIK KyTOBa IIBUJKICTb
TOPU3OHTY TOJI1H.
Dopmysa (3.16) TOUHO BU3HAUAE KPUTHUYHY TOUKY (IIOBEPXHIO) /it XBHJIb, IO

BUXOJATH BiJ yopnoi aipu Keppa. Snaxoganmo i1 3 piBHAHHA Uy, = O:

(3.18)

B niit rouni dazosa mBuaKicTh vy, 3MiHIOE CBIi 3HAK (1B, TakoxK [5], [9]). Y poborax
Crapobincbkoro [78] i Trokosbebkoro ((5.11) B [10]) Take criBBigHOIIEHHST OTPUMAHO

JIUIIE B OKOJIl TOPUBOHTY (17— 74 )

(3.19)

3BiJICK BUILIMBAE, 10 YMOBaA 3MIHW XapaKTepy XBUJI 13 BXIJHOTO Ha, BUXITHUN Y
JIOBLTBHIH TOYIl Ma€ TaKWil caMuil BUTJISIT, sIK 1 Ha TOPU3OHTI.

['pynoBa MBHIKICTH BUXiHOI OJHOHAIPAMJIIECHOI XBUJI € 3aBK/ 1M IMIBUIKICTIO CBIi-
mia (y Bakyywmi). PazoBa MBUAKICT € MEHINOK 3a MBUJKICTH CBITJIA Y BaKyyMi.
st 9acToT, 11 IKUX BUKOHYETHCS YMOBA

am

¢azoBa MBUJKICTH Ma€ MPOTUJICKHUI JIO TPYIIOBOI MIBUJKOCTI HAIPSIMOK, JIJIsT da-

CTOT

am

13 mporo micng i Ko KiHNg maposmizy Mm 3MIHEMO 3HAK Hepef w Ha MPOTHIeKHHH, 00 HOPIBHATH 3 Pe3y.Ihb-

ratamu CtapobincbKoro ta TIoKoIbCHKOro.
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dazoBa MBUJIKICTH MAE OJIHAKOBUI 3 I'PYIIOBOIO HIBU/IKICTIO HAIIPSIMOK.

daz0Ba 1MBUJIKICTH CTAE OPIEHTOBAHOIO B TOMY 2K HAIIPSIMKY, 1110 i I'PYIIOBa HIBU,/I-
KICTh Ta MPSIMY€E JIO MIBUJIKOCTI CBITJIa 1IpU w — 00, abo 7 — 00. AK BUJIHO 3 (op-
Mysn (3.16), mpaBuiIbHOT y BChOMY Jiiaia3oHi 4actot, ¢ha3oBa MBUIKICTH 3aJ€KUThH
B/l 3HAKYy w, SIKWil BU3HA4YAE MOJSPU3AIII0 XBUJI, 110 € MPOSIBOM CIIH-CIIpaJIbHOI
B3aemoyiii. Y poborax Trokosbcbkoro, CtapobiHCHKOINO 3HAK W BBaXKAETHCA JI0/a-
THIM.

BucuoBok 10 mmiapo3mity

BuKOpuCTOBYIOUN TOUHMN BUXITHUN OTHOHAIIPAMJICHUN PO3B 130K, OTPUMAHO BU-
pasu Jiisd pas3u Ta KOMIIOHEHT XBUJIBOBOI'O BEKTOpa. BCTaHOBJIEHO, 110 XBUJILOBUI
BEKTOD HE € I30TPOIHUM, 1110 3 OJJHOIO OOKY 110B’si3aHE 3 KYTOBUM MOMEHTOM I'apMO-
HIKH, a 3 THIOro — 3 e(PeKTOM CIIIH-CIipaJJbHOI B3aeMoyiil. [HTerpajbua KOHIpYeHIist
BEKTOPHOTO 110J1s1 K, HE € IeoJIe3iiiHoIo 3 IUX caMUX IPUYKH.

Harr BuCHOBOK IIpO HEI30TPOIHICTh XBUJIBOBOI'O BEKTOPA CIIBIIA/Ia€ 3 BUCHOBKOM
poboru Acenxo, Xoiiman [60] misa merpuku Keppa, Ta He crmiBmajae jjis MeTpH-
ku [IBaprmunbia. BucHoBoK mpo i30TpONHICTE XBHJIBOBOIO BeKTOpa y podoTi |60
OTpUMaHUil B NMPHUIYIIEHH] MTPO He3aJIeXKHICTh BEKTOP-MOTEHIIAJy BlJl KOOPJAUHATH
¢, TOMY 3aJICKHICTH BiJl a3UMYyTAJHHOTO YHCJIa 3HUKAE, 1 XBUJIBOBUN BEKTOP € 130-
TPOITHUM y TIBAPIIIUIbIIBCHKIN MexKi.

Orpumano Bupasu Jijist Ga30BOl Ta IPyNoBOl MIBUIKOCTI. ['pynoBa MBUIAKICTH €
CTAJIOI0 Ta JIOPIBHIOE MIBUIAKOCTI cBiTyia y Bakyymi. DazoBa 1mBujKicTh MOXKe OyTH
BIIMIHHOIO BIJT TMMIBUJIKOCTI CBITJIa Y BaKyyMi, a TaKOYXK PIBHOIO HYJIEBl HA KPUTUIHIN
noBepxui. [Ipn BiANOBIIHUX 3HAUEHHAX MMapaMeTpiB MOJIEN, T IMOBEPXHsS JIEXKUTD

11032 FTOPU3OHTOM MOJIN 7 > 7.
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3.3. Di3uvHi KOMIIOHEHTHU OJITHOHAMPSIMJIEHOTO i30TPONHOTO 1oJisg Ma-

KCBeJIJIa Ta MOBEPXHIi cTaJiol pa3m

Posruistnemo Buxijae ojgHoHanpsimiere isorpornte nose Makesesia (2.62). st
OTPUMaHHs BEJIMUNH, Kl 3ICTABJISATUMYThCS 31 CIIOCTEPEXKYBAHUMU JIAHUMU, HEOD-
X1JTHO 3HAWTH KOMTIOHEHTH TeH3opa Fj; y JIoKaJabHii crucTemi BIUIIKY criocTepiradja.
OrpuMaHi KOMIIOHEHTH TE€H30pa B JIOKaJIbHIN cucTeMi BiJIJIIKY cIIocTepirada Ha3uBa-
FOTBCS PI3UNHUMUY KOMNOHENMamu TToJs [62].

st orpuManHst (PI3UIHUX KOMIIOHEHT 110J1s1 MakcBesia nepeitjieMo 10 OpTOHOP-

moBanol terpaju Kinueperi (A.55)

elo) = :(r2+a2) (%—f—%) ,1—%,0,a(%+%>: : (3.22)
el = :(r2+a2) (%—%) ,1+%,O,a<%—%>: : (3.23)
ety = :aQ sing (:089707 %7 ;Zﬁg] (3.24)
) = :_ar szin<9707 aczojsﬁ’ _Zsoi“nel | (5.25)

Dizyuni komnonenT L ta Fs BUXIJIHOTO OJHOHAIPAMJICHOIO 130TPOIHOIO II0JIA
Maxcsesuia (1.44) B opronopmoBaniii Terpaji Kinnepesi mos’s3ani 3 KOMIOHEHTOO

Y9 y 130TponHiit TeTpai Kinnepcesri HaCTyMHUM CIIBBITHONIEHHSAM
Y2 = _Ei - iEQ, (326)

sKe OTPpUMaHE 3aCTOCYBaHHIM YMOBU @1 = (g = (0 JI0 CHIBBIJIHOIIEHb MIXK KOM-
noHeHTaMu Ten3opa Makcpesuia B opronopMoBaniit Terpasi (3.22)-(3.25) Ta Komio-

nenramu crinopa Makcesesuia y crinosiit miagi (([13], (5.1.59); [30], c. 91)

Ly — 1By = o — 2,
Es —iBs = i(o + ¢2), (3.27)
Eg — iBg = —2g01.

Orpumyemo Ej — iBj = —9, By — iBs = i@y, 3BiJKH J1erKo 3nax0auMo (3.26).
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Bukopucraemo cuispijnonennst (3.26) jist orpuManHst BupasiB st GisuaHux

kommonent OIIT Makesesuia. ITijgcrasumo poss’szok (2.61) y (3.26) ta orpumyemo

—aw cos m
e 1 —cos@
B =1/ + ( , ) sin @, 3.28
! L2 /Ysing | sind (3.28)
e—awcos& 1 — COS@ m
Ey =4/ + ¢ ( , ) cos P, 3.29
2 ! 2\/§sin9 sin 6 ( )

JIe aMILTITY KOMIIOHEHT IOJIsI Ta (ha3a MalTh BUTJISI/I:

—aw cos 1 — cosf m
Fo—Fs—=i]2 12t 3.30
0i 02 c] + G /> sin 0( 0 ) : (3.30)

M? _
cb:w(t—r—MlnA— ln(r ”>>+
M? — g2 rT—T_

a r—ry c1 a cos 6
— 1 — arctg— t . (3.31
—|—m(gb Wil n<7“—7“_>> arc gCQ—I—arcg . (3.31)

Awmiutityu komnonent (3.28), (3.29) opnakosi, pisuuig dha3 jopiBHoe 7/2,; To-

MY XBUJIsI € [IUPKYJISIPHO-TIOJIIPU30BAHOI0. 3HAK (W BU3HAUYAE MOJISIPUBAIIIO XBUJI —
npn w > 0 XBUJIA Mae MpaBy KPYTroBy Tojspu3aliiio, npu w < 0 — JIBY KPyroBy
MOJIAPUBAITIO.

Cnocrepirad, 1110 BuMipioe dbisuuni Komnonentu £y, Fs ejleKTpUYHOro 10Jis, 3Ha-
XOJIUTHCST Y CIOKOI BITHOCHO JIOKAJTBHOI opToHOpMOBaHOi cuctemu Bitiky (OTK).

Noro mBukicrs y 1iii cucTeMi BIJIIKY €
V() = [1, 0, 0, O] . (3.32)

KosapianThi KoMroHeHTH 4-1mBUJIKOCTI y cucremi koopjauHat bBoiiepa-Jlinjgksicra
O00YHUCITIOITHCS 38 POPMYIIO0
Vg = v(a)eaa), (3.33)
(a)

Jle €, — KOBaplaHTHI KOMIIOHEHTH BEKTOPIB JIOKAJbHHOI OPTOHOPMOBAHOI TeTpajn

Kimnepcri, Ta JOPiBHIOIOTH

! 1+A L_Z, in® 0 1+A (3.34)
Vg = —= — |, = — —,0,—asin — . .
V2 2" )72 A 2y

Lleit Bupa3 nokasye sKy 4-MBHUJAKICTH Y KOOpJUHATHIN Oa3l Oymae MaTu JIOKAJbHUM

crocTepirad, IMmo 3HAXOUTHCs Yy TOUI 3 Koopaunatamu Boitepa-Jlinaksicra (1,6, ¢).
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300pa3uMo KpuBl Ta MOBEPXHI cTajol ¢pas3u y noJisipHiil Ta chepudniii cucremax
KOOPJIMHAT, Jie PajiiaJibHy KOOPJMHATY Bi3bMEMO B OJIMHUIIAX ropu3oHTy Keppa 7 =
r/r4. Bekrop enekrpuunoro nost E = Eji + Esj na raxiit kpusiit, abo nosepxii,
Mag€ OJIHAKOBY OPIEHTAIIIO JJIS BIATMOBIIHUX CIIOCTEPITaviB.

I[Ipn dikcopaniii koopauHaTi t B ekBarTopianbHii mionwni (0 = 7/2) 3 piBHIHHS
O (7, ) = const orpumyemo KpuBy crajol ¢asu. Llg kpusa 300pakena Ha puc. 3.1
Ta puc. 3.2 JJs JIBOX BHIIQJIKIB ITapaMeTpiB XBUJI — 0e3 CyIepBUIPOMIHIOBAHHS
Ta 3 CYHEepPBUMPOMIHIOBAHHAM BiIMOBIAHO. /1 pi3HWX YacTOT y BUMAJKY YMOBH
CYTIepBUIIPOMIHIOBaHHsI KPUBI cTajol ¢da3u 300paxkeHi Ha puc. 3.9.

[TosepxHi crasiol dhasu npu PikcoBaHiil KOOpUHATI ¢ BUBHAYAIOTHCS 3 PIBHSIHHS
O(7, 0, ¢) = const ta 300paxkeni na pucynkax 3.3 ra 3.4. Hazuparumemo 1 nosepxi
chepoidanvrumu 2esikoidamu. Ilpu m = 0 piBHsIHHS MOBEPXHI cTaJIOl (pasu € esinco-
inom, nojarkoro ipu a = 0 — cdeporo. HasiBHicTh KyTOBOIO MOMEHTY TapMOHIKN
eJIEKTPOMATrHITHOTO 110Jist M 7 () BHOCUTH Y PIBHAHHS CTaJ01 (pa3u 3a/eKHICTh BiJl ¢
Ta “‘nepeTBoproe”’ eJiIcoi)] y IMOBEepPXHIO, MOAIOHY JI0 rejikoiga. Yepe3 HasABHICTD J10-
JlaHKa 3 apKTaHreHcoMm y (3.31), moBepxHsi HECUMETPUYIHA BiJIHOCHO €KBATOPIabHOL
monman (0 = 7/2).

BucuoBkmu 10 migpo3aity

Orpumano Bupasu jiist pisnaHux KOMIIOHEHT 1oJist MakcBesiia y JIoKaJbHii OpTo-
HOopMoOBaHi#t Terpajii Kinnepcesii, koBapianTHi KOMIIOHEHTH 4-1ITBUJIKOCTI ClIOCTEpira-
da BU3HAYAITHCs hopmysioio (3.34). Buxinnuii ogHoHANpsSIMIIEHUT PO3B’S30K ONUCY€E
BUXIJIHI XBUJII 3 KPYTOBOIO MOJISIPU3AIi€ro. AMILIITYHa KOMITOHEHT BEKTOPa, €JIeKTPH-
anol Hanpyxkenocri (3.28), (3.29) ognakosa, a pisuuig das crajaa Ta JOpiBHIOE T /2.
daza xBUJIi, IKy BUMIPIOE CIIOCTEpirad, o3HaueHa, siK (pa3a OJiHi€] 3 KOMIIOHEHT IOJIsI
(Ey au Es). PiBnanns nosepxui crasol dhasu y cdeputniii cucremMi KOOpuHAT Mae
BUTJISLT, C(hepoiTaabHOTO TeIIKOIIA.

4-miBujikicrs y koopaunarax Boitepa-Jlinjksicra (3.34) mae cumerpitoo BiJHOCHO
0 = 7/2, B 10l uac sk dasa cuocrepirada 11 e mae. Lle cBijguurh 1po 3anizHeHHs

(0 < 0 < 7/2) 1a Bunepejkenns (m/2 < 6 < 7) nosepxui crajol dasu, Mo
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Puc. 3.1. Kpusa crauoi dazu ¢ = const upu
0 = m/2 300pakena B MOJSIPHUX KOODIMHATAX
(7, ¢) (uepBona), ropusont Keppa 7 = 1 (4op-
Ha). 7 — pajiyc B OJMHUISX Topu3oHTY Keppa
r=r/ry, M=1,a=09,w=1m=1¢ =1,
Cy = 1.

Puc. 3.2. Kpusa crayoi dpazu ¢ = const npu
0 = 7/2 B nossapHux KoopauHarax (7,¢) y
BUTIA/JIKY YMOBH CYIEPBUIIPOMIHIOBaHHS (9epBO-
Ha), MTOBEPXHS CYNEePBUIPOMIHIOBAHHSA T = T
(cipa) ta ropusont Keppa 7 = 1 (4opna). 7 —
paziyc B onuauIgx ropusonry Keppa 7 = r/ry,
M=1,a=09, w =02 m= -1, ¢ = 1,

o =1, T =710 /Ty = 1.34r,.

BUKJIMKaHE BILIMBOM oDepTaHHsiM YOpHOI Jipu Keppa.

3.4.

Jag MakcseJuia

Ilonsgpu3amniiiHi BJ1acTUBOCTI BUXiHOIO OJHOHAIIPAMJIEHOIO I10-

OrpumaBim Bupas3un st (PIBUIHAX KOMITIOHEHT BUXIJHOI OJIHOHANIPSIMJIEHOT eJie-

krpomaruiTaoi xsuii (3.28), (3.29), obuuncaumo i1 napamerpu Crokca

—2aw cos 6 2m
5o = EOi i EOQ =2 (Cl * 02) Y sin? 6 ( sin 0 ) ’ (3.35)
2 2
Sy = E% — E% =0, (3.36)
Sy = 2E1Epcosd =0, (3.37)
. e—2awcos€ 1 — cosf 2m
Sy = 2Ey By sind = £2 (¢ + c3) S ( — ) ; (3.38)
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Puc. 3.4. Ilosepxus cranoi daszu ¢ = const B
cdepuannx Koopaunarax (7,0, ¢) y BUIaIKy cy-

Puc. 3.3. lloepxusa crasoi dazu & = const
B cdepuuanux KoopuHarax (7,60, ¢) (depsona).
7 — paJjiyC B OQUMHHUIAX FOPU3OHTY Keppa 7 =
riry, M=1,a=09, w=1m=1,¢ =1,

ePBUITPOMIHIOBAHHS (YepBOHA), MOBEPXHS Cy-

EePBUIIPOMIHIOBAHHS T = F,. (CHHs) Ta ropu-
souT Keppa 7 = 1 (4opna). 7 — pajiyc B oju-
Hurgx ropusonty Keppa 7 = r/ry, M = 1,

a=09 w=02 m=—-1,¢c =1, o =1,
Ter = Tep /T = 1347,

02:1.

Ta 3HAIEMO KyTH eJINTHIHOCTI Ta opieHTarmnil [63]

1 S

Y= §arctg5—j =0, (3.39)
1 S

X = §arcsi gz = :I:g, (3.40)

ne ¢ opienraniiinmit kyt (0 < ¢ < ), x — KyT emnruanocti (—7/4 < x < w/4),
d = 09 — 01 — piznmig daz komnonent Fy ta Ej, 3uak «+» y (3.40) 6eperncs s
IIPaBO MOJSIPU30BAHOI XBUJII, «—» — JIJIs1 JIIBO MOJIIPHU30BAHOI.

3 dopmyst Jis nosiipusaniifHuX KyTiB BUILIMBAE, 1110 KyTH Opi€HTAIll Ta eJi-
HTUYHOCT] He 3aJiexkaTh Biji koopjuHat. [le o3nadae, 1110 JiokaJibHUI criocTepirad y
BCIX TOUKAaX CIIOCTEPEXKEHHsI CIIOCTEPITae MPaBo, Un JIBO MUPKYIAPHO TOJsIPU30BaHY
xButio. e jBa okpemi BUTaJIKK, 1110 3aJ1€XKaTh BiJl 3HAKY W.

s BusiBjieHHs: rpasiTaniiinoro edgpekry Papajiess HaM IOTPIOHO MaTH JIIHIKHO

noJispu3oBany xuio. Ockijbku cucrema piBHsgHb Makcsesta (2.17) e siniitaoro,
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Puc. 3.5. Kpusa cranoi daszu & = const npu § = 7/2 B HOISAPHAX KOOPAUHATAX (T, () y BULAJKY

YMOBH CyTIepBUIPOMiHIOBaHHsI (depBoHa — w = 0.25, 3enena — w = 0.2, cunsg — w = 0.15),
IOBEPXHsI CYIEPBUNPOMIHIOBAHHS T = T, (cipa) Ta ropusont Keppa 7 = 1 (4opHna). 7 — paJiyc
B ofuHuIsX ropusonty Keppa 7 =7/r ., M =1, a =09, m=—1,¢; =1, ¢ca = 1, 7o,y = 1.1614,

Terg = 1-34T+, Terg = 1.59T+.

MU MOXKEMO CKOPHUCTATUCh IMPUHIMIIOM CYIEPIO3UIil JiJisi 1O0Y/I0BU JIHIHHO 110JIs-
PU30BaHOI XBUJII.
PosriisineMo cyreprio3uiiifo BUXIJIHUX OJIHOHATIPSMJIEHUX TOJIIB MPaBol Ta JIiBOT
OJIsApU3all
w3 =95 + 03 (3.41)
Bukopucraemo po3s’si30k (2.61) 3 pisHuME 3HAYEHHSIME KOHCTAHT BiJIOKPEMJICHHST

w Ta m. JacToTy BUOEpEMO OHAKOBOIO 3a BEJIMUNHOIO WR = W, = W, & a3UMyTaJIbHI

qUCTa — MPOTUJIEKHUMA Mp = —Mp = M
Cn(w) o 1 —cosf\"

R _ m iwny+imng ,—aw cos 3.42

72 = Sin O(r —iacosf) ¢ ‘ < sin 6 > ’ (3.42)
Dip(w) T 1—cosf\ ™

L _ m —iwn—immny aw cos 6 . 3.43

> sinf(r — iacos 9)6 ¢ ( sin 6 ) (3.43)

Bukopucrosytouu (3.26) ta (3.41), orpumyemo o + b = —E{ — iEQT, 1 gagi

Eflr = Eg} cos (wny + mny — arctgy, ), (3.44)

EQT = EOTQ cos (wny + mny — arctgys) , (3.45)
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PILS Dm(w) - dl + id??

= (AR(G + )T + A7 (d} + d3) S+ 2AR AL ((erdy — cady) (r® — a® cos® §)—
—2(c1dy + cody)ra cos 9)) (3.46)
El, = (AR(c] + 3)S + AL(dT + d3)S— 2AR AL (( )
( )

ci1dy — cody (7“ — a2 cos? 0)—

—2(c1dy + codq)ra cos 9)) (3 47)

(dl—c A > _acos0+d2_c2% (dQ—C A ) _ac?sﬂ —d1+cl%
Y1 = , Yo = , (348)
(d2+CQA>f—|—d1—|—61A <d1—|—01A>f—|—d2+02A
e—weost /1 _ cogh eweost /1 cosh\
Ap = Ap = : 3.49
B Ssing < sin 6 ) b Zsin@( sin 6 > (3.49)
[Tapamerpn Crokca, KyTr Opi€HTAI] Ta eJITHIHOCTI € TAKUMI
So =2% ((¢; + 3) A% + (df + d3) A7) | (3.50)
S, =4ARAJ ((cldl — cods) (7’ — a? cos H) — 2 (c1dy + cody) Ta cos 0) (3.51)
Sy =4ARAT ((Cldg + cady ) (r* — a® cos® 0) + 2(c1dy — cads)ra cos 9) (3.52)
Sy =25 ((c] + &) A% — (df + d3) A7) ; (3.53)
1 d d 0
YT = —arctg ady + ah + arctgacos : (3.54)
c1dy — cady
A+c} (1—cos 0\ _4awcosd
1 222 \snf € —1
N— §arcsin +dp (557) (3.55)

2.2 im
ci+¢; (1—cosé —4aw cos @
E1d3 ( ) e +1

sin 0

Koopaunaraa ocobinBicTh Ha MOJSpHIA oci, sk BujaHO i3 (3.55), € ycyBHOIO,
ocKibKY rpannid X1 npu 0 — 0,  — T € cKiHuenHolo.

[Ipn posinbaux Cp,(w) Ta D)y, (w), kommonenTn (3.44), (3.45) omwcyoTh esinTu-
YHO MOJISIPU30BaHy XBUIIO. JIIHIAHO HOIAPU30BAHy XBUJIIO OTPUMAEMO 3 YMOBHU PiB-
HOCT1 (pa3 MUX KOMIIOHEHT Y = 7a:

4m
d% + d% _ (1—_(308&) €—4aw0089' (356)

3+ 3 sin 0

Kouncrantu ci, ¢9, dy, do BusHaUeHl JUisd NEBHUX W, M. 3aJaHHS IUX KOHCTAHT

BU3HAYAE KYT 6, IPH IKOMY BUKOHYEThCsT yMOBa, (3.56). BunpomiHoBaHHs mpu 1[50MY
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3HAYEHHI KyTa Oyjie JIHIHHO MOJSITPU30BAHUM, JIJIsI BCIX IHININX 3HaYeHb KyTa, 6 —
EJIITUIHO TOJISIPU30BAHUM.

DopwmyJia, IO BU3HAYAE KYT [HOBOPOTY IIJIOIIMHU MOJISIPUBAIIIT JIIHIFHO TTOJIspU30-

BaHO! XBUJII MA€ BUTJISL

1 ci1dy + cod acos b
T 1d2 + Ccady
= —arctg | ———— | + arctg———. 3.57
X 2T0g<cll1 0252> rctg . ( )

KyT eqinTuaHOCT] 3a/I€KUTh JIUITTE Bl TIOJSIPHOTO KyTa f, 10 € HAC/IIIKOM aKCi-
aJIbHOT CUMETPIT, 1 Ma€ yCyBHUI PO3PUB Ha MOJIAPHIiit ocl. [lyist TOPIBHAHHS 3 pe3yJib-
Tatamu | Baganini, Bap6’epi |66, 67| posrisinemo moBeminky GyHKIUT X mpu HAOITH-
JKEHHI 70 TOUKHA PO3PUBY.

3aJ1s HAOTHOCTI MPOJIEMOHCTPYEMO TOBEIHKY KyTa esintudnocti (3.55) mpwu
0 — 0, 0 — 7. OOMeKUMOCH PO3TJISAIOM JIUIIE WIEHIB PO3KJIALY, 10 € HACTYITHUMHE
HICJIST TOJIOBHOT'O. 3aJIeXKHICTh KyTa eJIITHIHOCTI BiJi § BU3HAYAETHCS sIK CTEleHe-
BOIO (DYHKIIIEIO 3 TOKA3HUKOM 11, TaK 1 IOKa3HUKOBOIO, NIOKA3HUK sIKOT 3aJI€XKUTH BiJ|
w. Bunajiku 3 pisHUMU 3HAKAMU M BU3HAYATUMYTh Pi3HI aCUMIITOTUKHY.

Bunagok m > 0

T ﬂ- 1 C% + C% —2aw n2m < 2(m+1)>
=—+--—- 0 O (6 3.58
X ‘9—>0 4+4d%—|—d§e * ’ (3.58)
T 1di+d5
a - aw 0 — 2m O < H — 2(m+1)> . 3.59
X ‘9%% 4 4cl+026 (6 =)™ + (6 =) ( )
Bunagok m < 0
T 7T 1 d2 + d2 2aw 2m < (m— 1))
= — 0~ O (672 3.60

T n 1 C% 02 2aw —2m ( —2(m—1)>
S 0 —m +0((60—m . 3.61

Bunagok m =0

43 c24c3 -2
T 1 e o —1 Py awe ) A
‘ = —arcsin | —— + = 0° + O («9 ) , (3.62)
6—0 2 mefélaw +1 cites €—4aw +1
di+d3 d3+d3
ci+c3 e4aw —1 C1“‘02 awe2
T 1 : di+d3 \V &+d3 0 2 0((8 4
X —§arcsm E— ~Ea @—m)"+0(0—m)).
O—m d%+d22€ aw | 1 d%+d226 aw 4 1
1 2 1 2

(3.63)
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Bupasu (3.58)-(3.63) Ha0UHO JIEMOHCTDPYIOTH XapaKTep IOBEJIHKY KyTa €JilTh-
YHOCTI OlJist 1IBOCEH.

Pesymnrar Bap6'epi, I saganini ( [67], dopmyiia (1)) € uacTkoBuM BUIAKOM Ha-
ol dbopmysn (3.62) npu 3acrocyBanni Habamkerts w — 0, 6 — 0.

Y punajky |Cp(w)| = |Dp(w)|, orpumyemo miniitHo mojsipu3oBany XBHIIIO B
exBaropianbhiil muomuni (0 = 7/2, x7(7/2) = 0). B inmux Toukax npoctopy KyT

eIITUIHOCT] OMUCYETHCST (POPMYIIO0

4m
1 1—.(:059 6—4aw cos 1
x! = arcsin ( sin 0 )4m (3.64)
2 (1;(;10959> e—dawcost 4 |
Yuosa |Ch(w)| = |Dp(w)| Moke OyTr Hak/IajeHa SK MPUIYIIEHHS TTPO CITiBBiTHO-

IMIEHHST MIXK TIPaBO Ta JIIBO MOJISIPU30BAHUMHU CKJIAJIOBUMU €JIEKTPOMATHITHOTO TOJIs,
10 TeHePYIOThCA (PIBMIHUMHU IIPOIecaMy B OKOJIi YopHoOI jiipu Keppa.

[Ipoanasnizyemo noBesinky kyTa emnruanocti (3.64) ansa sunagky |Cp,(w)| =
| Dy (w)]. Posrosinemo sumagok m > 0 (nus. Puc. 3.6). B “niBuiuniii niskyni” (0 <
0 < m/2) KyT eqNTHIHOCTI Ma€ BT EMHUI 3HAK, 110 O3HAYAE, IO BUIPOMIHIOBAH-
Hsl € JIIBO €JIIITUYHO HOJISIPU30BAHUM. Y BUCOKOYACTOTHIN MeXK1 W — OO BOHO CTa€
JiBO MUPKYJIAPHO NOSAPU30BaHUM — X! = — /4. Ba paxynok crenenesol dbyHKIIil
((1—cos®)/sin )™ sxa na nosocax npsimye J10 Heckinuennocti, npu 6 — 0 xujs
€ JIIBO IMPKYJISIPDHO MOJIsip30BaHo0. B “niBjenHiit miBKy/1i’ 3HAUYEHHS KyTa eJIiNTH-
YHOCTI Ma€ JI0JIaTHIM 3HaK, BUIIPOMIHIOBAHHS € IIPaBO €JIITUYHO IHOJSIPU30BAHUM,
B BHCOKOYACTOTHIM MeKi BOHO CTa€ MPaBO IUPKYJISAPHO MOJAPU30BaHUM. B Mmexi
f — T OTPUMYEMO TIPaBY IMUPKYJIAPHY TOJISIPU3AIIIIO.

Y sunagry m < 0 (mus. Puc. 3.7) B dopMysi KyTa eJinTHIHOCTI €KCIIOHEHTA,
exp(—4aw cos @) € 3pocraiouoio GYHKINE, a cTeneneBa (byHKIs — craaHow. [pu
nepeBakatti creneneBol GyHKIT (IpKU MAJIUX aw), KyT eJINTHIHOCTI € JIOJATHIM Ta
OIKUCYEThCs Ccl1a)iHoI0 (pyHKIe. [Ipu neBHoMy 3HauUeHH] aw MOYMHAE HIEepeBaXKaTu
eKCITOHEHTa, 3'BJISAEThCsT 00J1aCTh 3HaYeHb Teta (61, 7/2), B AKiil KyT eJinTHIHOCT €
Bl'eMHUM (JIiBa eJINTHIHA MOJsIpU3aliis ), Ta 006aacthb (m/2, 0s), e Ky eainTuarocTi
€ JojaTHiM (mpaBa ejinTudHa nossipusaiiis). B roukax 6 = 6y, 0 = 0y, 0 = 7/2

XBUWJIS € JIIHIAHO MOJIIPU30BaHA.
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Puc. 3.6. Kyt enintuunocti x7 (0) (3.64), m = Puc. 3.7. Kyt enintuunocti x7 (0) (3.64), m =

1, aw = 0.1 (cyniabua, uepBona), aw = 1 (mrpu- —1, aw = 0.1 (cyniabua, depBona), aw = 1

XOBa, CHHsI), aw = 2 (pO3IMKHYyTa, 3eJ1eHa). (mrpuxoBa, cuHs), aw = 2 (po3IMKHYTa, 3eJie-
Ha).

IIpy aw — oo touka # = 6y 3minryeTbes BJIBO Jio 3HadeHHs # = 0, Touka

6 = 65 3MminyeThes BIpaBo 10 3Hadenus § = . Touku 61, O 1 3apanux m ta aw

3HaXOOIAThCA 3 piBHﬂHHH

4m

1 —cosf
i —cosv edawcosd 1 _ (365)

sin
Omxe, MoOJIPU3AIIO XBUJII BU3HATAE STK BJIACHWI KyTOBWII MOMEHT XBUJI, Tak i

crin-cripasibHa B3aeMOJlist, SIKy BU3HAYAE MHOKHUK e Y

, TIO BXOJINTH y aMILIITY-
JI KOMIIOHEHT XBWJIb IIPaBO] Ta JIiBol mojisipu3aliil. [Ipn B3aeMosiil KyToBOro MOMEHTY
YOPHOI JIpHU 3 MOJISIPU3ali€io XBUJI 1eil MHOXKHMK BU3HAYAE II1JICUJICHHS a00 IIpHU-
JIYIIEHHsT OJHIET 3 CKJIAJIOBUX EJIITUIHO IOJipr30BaHOl xBuii. Benuunna edekry
MPOMOPITIHA JI0 YACTOTH W, MUTOMOTO KyTOBOTO MOMEHTY 4YopHOI Jipu Keppa a Ta
3aJIeXKUTH BIJI MOJIIPHOTO KyTa.

[Ipu BukoHanHi ymoBHM JiHi#iHOT nossipusanii (3.56), KyT ejinTudanoCcTi I =0
(S3 =0), i dpopmysna Kyra opieHTanil onucye MOBOPOT MJIOMIMHK TTOJSPU3ALIT, SAKUIT
MPOTOPIIHHUI /IO KEPPIBCHKOT'O MapaMeTpa a Ta 00epHEHO-TIPOIOPIHMI JI0 BijcTa-
i Bl movaTky KoopauHat. [lepruit jonanok y (3.54) BusHavae Mov9aTKOBY Opi€HTa-
IiI0 IJIONIUMHY IoJisipu3aliii. B Hamomy mijixosi popmysia KyTa IIOBOPOTY ILJIONTUHI

MOJIApU3aIll CIIIBIA/Ia€ 3 Pe3YJIbTATOM, OTPUMAHUM [ neninum ta HumuikoBoto [64],
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aJle BpaxoBye 1104aTKoBy opieHTaliifo. Gopmysia orpuMaHa y XBUJIbOBOMY I11J1X0/I1,
JACTOTHA JIUCIEPCis KyTa MOBOPOTY MJIOMMHU TOJSIpU3allll BJICYyTHS.

BucuoBku 10 miapos3aiiry

Ob6uucaeno napamerpn Crokca, KyTH opieHTaIlll Ta eJINTUIHOCTI eJIeKTPOMAarti-
THOI XBUJI, 110 OTMMCYETHCST OJHOHATIPSIMIICHUM 130TPOTHUM PO3B’si3koM (2.61), Ky
cIIocTepirae JIOKaJbHHUI crocTepirad. KyTw eminTwIHOCTI Ta Opi€HTaIlil € OCHOBOIO
TSI MOJICJTIOBAHHS TOITUPEHHS 3arajJbHOr0 eJIEeKTPOMATrHITHOTO TMOJIA B TOJ 06ep-
TOBOI YOPHOI JIIPH, B PE3YJIbTaTl IKOT'O BUSBJIEHO, 110 XBUJIS € UPKYISIPHO MOJIAPU-
30BAHOIO y KOXKHII TouIl crocTtepexkenHs. [lpn w > 0 XBuidg € mpaBo NUPKYJIIPHO
MOJIIPU30BAHOIO, 1TPU W < 0 — JIBO HUPKYJISAPHO TOJSIPUB0BAHOIO.

st MogiesibHOrO po3B’si3ky (2.61) BUSIBJIEHO eJiNTUYHY HOJISIPU3AIIIO eJIeKTPO-
MarHiTHOIO BUITPOMiHIOBaHH:, obunciaeno napamerpu CTokca Ta KyTH MOJISIPA3a-
niitnoro estinca. IlpoanaJsiizoBaHo 3aJie’KHICTH KyTa €JINTHYHOCTI BiJI 9aCTOTH Ta,
IOJIIPHOTO KyTa, IO0YI0BAHO ACUMIITOTHYHI BHPa3u KyTa eqinrTudnocTi mpu 0 — 0,
6 — . JliniitHa moJsipu3aliis MOXKJIKBA JJisd (PIKCOBAHOIO 3HAaUEHH: € Ta BU3HaUAa-
€ThCS BIJIIIOBITHOIO YMOBOIO, TIPM BUKOHAHHI SIKOI OTpUMaHO (hOPMYJY KyTa TTOBO-
POTY ILJIOMIMHK IIOJISIpUA3AIlil, siKa CIiBIaIae 3 (POPMYJIOI OTPUMAHOTO [ neninum ta
Humuikosoro [64]. @opmysia KyTa MOBOPOTY TLIOMIKHU MOJSPU3AIIT OTPUMAHA 034
HaOJIM>KEHHSIM I'€OMETPUYHOI ONTUKU Ta 1OKA3Y€ BIJICYTHICTH 4aCTOTHOI JIUCIEPCIl
KyTa TOBOPOTY TJIOIIUHU MOJISIPU3AIIiI.

Creniab eMnTUIHOT NOIAPU3aIiil XBUJI BUSHATAETHCS STK BEJIMINHOIO 11 KYTOBOTO
MOMEHTY, TaK 1 BIJIMBOM OOEpTaHHs Ha aMILIITY/Ly 1MPaBO YW JIBO MOJISPU30BaAHOT
CKJIaJIOBOI XBHJII, 110 € IPOsiBOM edeKTy CIiH-ClipaJjbHol B3aemojil. Ha mosrocax
npu m # 0 eqinTuIHA TOJSIPHU3allisd IepexoiuTh § KPYTOBY.

OrpuMaHi BUCHOBKM CTOCOBHO KYTa EJIMTUIHOCTI 1 TOJSPU3AIIRHOTO KyTa MO-
KYTh MaTH 3aCTOCYBAHHS y KBAHTOBUX KOMYyHiKarisx mobsusy 3emuti (near-Earth
quantum communications), jie iCrOTHE 3HAYEHHSI MAE BPaxXyBaHHs HOBOPOTY ILJIO-
MIMHK [TOJITpU3aliil y rpasitamiinomy moJi 3emuii. Taki edexTu 3uaitjeni jmie y

0CT-HBIOTOHIBCHKOMY HabJsinxkenni [79)].
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BucuoBku 10 po3aiay

Joc1ijizKeHo 1noJisipusaliiiii BJacTUBOCTI TOYHOIO OJHOHAIIPSIMJIEHOI'O 130T POITHO-
1o po3B’s3Ky piBHsinb Makcesuia nojii Keppa. Beranosjieno, 110 XBUJIbOBU BEKTOP
He € 130TPOITHUM, 1HTerpajbHa KOHT'PYEHIIIS XBUJIHOBOIO BEKTOPa HE € reoe31iHOIO.
Ile cBLIYUTH MPO BIUIMB KYTOBOI'O MOMEHTY MacH, IO 00epTaeThCs Ha IMOITUPEH-
Hsl XBWJII, IKUI 3aJIeXKUTH BiJl 9acTOTH, MapaMeTpa Keppa 1 B3aemHol opieHTalril
KYTOBOI'O MOMEHTY MACH, IO 00EPTAETHCA Ta MOJAPU3AIlil eJJeKTPOMArHiTHOT XBUJIL
(edexT cmin-cripanbHOT B3aeMOoil).

['pymoBa MBHUJKICTH € MIBUJKICTIO CBITJIAa y BaKyyMi, (pa3oBa HMIBUJIKICTH 3aJjie-
JKUTH BiJ| HapaMerpis 1oJjiss Makcesesia ta qophoi Jiipu Keppa i pajiiajibHol BijicraHi,
1 MOXKe MaTHu PI3HY BEJUUYUHY 1 HATIPSIMOK.

O6unciieno Bupasu (PIBUIHUX KOMIOHEHT €JIEKTPOMATHITHOTO TIOJIsST Y JIOKAJh-
Hiii oproropmoBaniit Terpasai Kinnepeni. Snadenns ¢asn, siky BUMIPIOE JIOKAJILHMI
criocTepirad, € HeCUMETPUIHUM BIJITHOCHO €KBAaTOPIlaJbHOI IIJIONIAHH.

Ha ocnoBi 3ampoBa/izKeHHST OJTHOHANPSIMJICHOT'O 130TPOMHOTO PO3B 3Ky MOOYI0-
BAHO MOJEb eJINTUIHO MOJSIPU30BAHOTO BUXITHOTO BUIPOMIHIOBAHHS, JJIS AKOTO
obunceno napamerpu Crokca, KyTH eJINTUIHOCTI Ta opieHTamil. Besnmduna moJis-
pu3aIlil BU3HAYAETHCS KYTOBUM MOMEHTOM Moyt MakcBesaa Ta KyTOBUM MOMEHTOM
Tia, 1o obepraerbes (criH-crnipajdbHa B3aeMojis). Bupas s kyra ejinTudanocti
OTPUMAHO y BCHOMY JI1Alla30H1 3MIHU MOJISPHOTO KyTa Ta YaCcTOTH, IO € MePEeBAroio
3aCTOCYBaHHs TOYHOIO PO3B’si3Ky. KoopjuHaTHa 0coOJIMBICTH Ha, OCI y BUpa3i Jijist
KyTa eJINTUIHOCT] € YCYBHOIO.

JIiHifiHa HoJIgpu3allis MOXKJIMBA IIPU IIeBHOMY (biKCOBAHOMY 3HAUEHHI IOJISPHOIO
KyTa. [Ipy BUKOHAHHI yMOBM JIHIAHOI MOJAPU3AIil OTpUMAHO (POPMYJTY JJId KyTa
MOBOPOTY TIJIONMNUHN TOJAPU3Allil, fKa CIHIBIAJIA€ 3 Pe3yJabTaTOM, OTPUMAHUM B Ha-
6UIMeKeH il reoMeTprdol onTuku I HeainuM ta JJEMHIKOBO0. 3 HAIIOTO Pe3yJIbTaTY
BUILJIMBAE BLJACYTHICTHh 4aCTOTHOI JIMCIIEPCI] KyTa OBOPOTY ILJIOMIMHU TOJIsIpU3aILil,

OCKLJIIbKI HAOJIMKEHHS FGOMeTpI/IqHOI OIITUKHN HE 3aCTOCOBYETLC:.
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Bucuosku

Y poboTi BUPIIIEHO aKTyaJibHE HayKOBE 3aBJaHHsS — IIPOBEJIEHO MOJICIIOBAHHS
BIJINBY T'PABITAIIMHOTO TOJISA Ha, eJeKTpOMarHiTHe BUPOMIHIOBAHHS IIISIXOM PO3-
poOKHM 3arajibHOI METOJMKHU POBIIEIJIEHHs] CUCTeMU PiBHsAHBL MakcBesuia y 1HoJisix
TSKIHHS, 110 OMUCYIOTHCS 3araJibHOIO0 T€OPIEI0 BIIHOCHOCTI, Ta BU/IJIEHHS Ha, OCHOBI
reoMeTpUIHO-aHAJITUIHUX METOJIB OJIHOHAIIPAMJIEHOTO 130TPOITHOIO TIOJIS.

OTrpumaHO JOCTATHI YMOBW PO3IIEIJIEHHsT CUCTEeMU PiBHsAHL Makcpesa BiIHO-
CHO 4-TIOTEHIIaJIy Y BULVIAAl YMOB Ha ckajsapu Hrromena-Ilenpoysa, siKi BUAIIAIOTH
piMaHiB IPOCTIP, IO 3aJa€ThCs T. 3B. piBHAHHAMEI 10Js Hbhiomena-Ilenpoy3a.

Y BHIIaJIKy 130TPOIHOIO ajredpaiiHO-CIIeniajJbHoro 1ojs Makcsesia oTpuMa-
HO JIOCTATHI YMOBH PO3IIEIJICHHsSI CUCTEeMU pPIiBHAHL MakcBessa BIIHOCHO BEKTOP-
MOTEHITAIY, 10 BUJILISIOTH PIMAHIB MIPOCTIP OLILIIOT 3arajbHOCTI, HIXK Yy BUIAIKY
JloBlibHOTO 1oJist Makcesesuia. Takum 11pocTopoM Moxke OyTu OJiuH 3 TUIIB HPOCTO-
PiB 3 JIOKaJIbHO-00€PTaIbHOIO CUMETPIEIO, 110 HaJIeXKHUTh J10 Kiacudikaiil Cerpe mpu
gy # 0.

[Tpu posriisijii ojiHOHATIPSMJIEHOTO 130TporHOoro nojst Makcsesuia mpodiiema po3-
MEIJIEHHs CUCTeMU PIBHAHDb BIJIHOCHO KOMIIOHEHT ciiHopa Makcpessia 3HUKae. Y
BHUII&IKy CHUCTEMHU PIBHAHDL 3 4-CTPYMOM BIH € TaKOXK 130TPOIHUM. XBUJI, IO TeHe-
PYIOTHCs 130TPOMHUM 4-CTPYMOM MAIOTh aMILITY/Ly mponopiiitny g0 1/r (manbhe
moJe).

[ToOymoBano 3arajbHUl PO3B’SI30K HEOIHOPIIHOI Ta PO3B’SI30K 3 BIIOKpPEMJIEHU-
MU 3MIHHUMM OJIHOPIJIHOI cucTeMu piBHsHL Makcpejuia Jijisi BUIIQJIKIB BUXiJHOI'O
Ta BXIJHOTO OJHOHAIPSIMJIEHUX 130TPONHMX moJiB y npocropi Keppa. 3aranbumuii
PO3B’430K 10OY/I0BAHO IMIJISXOM IHTEIpyBaHHs PIBHSHB B YACTUHHUX MOXIJIHUX I€P-
MOTO TIOPSIIKY; BIH CKJITAETHCS 3 JBOX YaCTUH — BLILHOTO Ta BUMYIIEHOTO TOJIIB.

Po3B’s130K 3 BiJIOKpEeMJICHEMHU 3MIHHEMU B 3araJIbHOMY BHIIQJIKYy MICTUTH J[BI KOM-
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miekcHi koucrautTu. [lpu npuejinanui j10aTKOBUX YMOB Ha, PO3B 30K — 0OMEKEHO-
cTi Jiist BCIX t Ta 27-11epioJIMuHOCTI 38 3MIHHOIO (), OTPUMAHO PO3B’SI30K Yy BUIJIs-
JII MOHOXPOMATHYIHOI XBUJI1 3 JIIHCHOI0 9AaCTOTOIO Ta, UM a3uMyTaJIbHUM UHNCJIOM.
[Ipu npuejiHaHHl YMOBU BXIJIHOTO XapaKTepy XBWUJI Ha NOPU3OHTI Ta yMOBU OOMe-
>KEHOCTI KOMIIOHEHTH TEH30Pa eHeprii-IMITyJIbCy JacTOTa CTAE OOMEXKEHOIO 3BEPXY, a
PO3B’30K Mag€ IEepIInil MOPsAJI0K 0cobJuBOCTI Ha oci. [IpuegHaHHsS yMOBH BX1JIHOT'O
XapakKTepy XBUJ Ha TOPU30HTI Bejle JI0 BUHMKHEHHs MMOBEPXHI CYyNepBUITPOMIHIOBA-
HHS.

[ToBepxHsI CynIepBUIIPOMIHIOBAHHS € KPUTHIHOIO TOUKOIO PaJiiaJbHOl YaCTUHHU (a-
31 PO3B’s3KY 9. B 1iit Toull 3MiHIOETHCH (Pas3oBa mIBUJKICTL xBUJi. [Ipu 3arasib-
HOMY PO3IJIsijii Iporiecy najiinus i BigbuBanus ejgekrpoMartiTaoi xsuii (Trokosb-
cokuit, Crapobinchkuit, HaHgpacekap), 3 OBEPXHEIO CYEPBUIIPOMIHIOBAHHST OB si-
3aHe MJICUJIeHHs KYTOBUM MOMEHTOM YOPHOI JIIPHU JIJIsT BIAMOBITHUX YAaCTOT Ta a0~
JOT'O BUIIPOMIHIOBaHHSA. B HaImoMy BUIIaIKy yMOBa CYyIEPBUIIPOMIHIOBAHHS BU3HATYAE
HOTPIOHY MOBEIIHKY (PYHKINI Ha T'OPU30HTI Ta Ha HecKiHdeHocTi. Pajiiyc moBepxHi
CYyIEpPBUIPOMIHIOBAHHS BU3HAUYAETHCSI NMUTOMUM KYTOBHM MOMEHTOM YOPHOI JIipH,
a3UMyTaJbHUM YHCJIOM TapMOHIKH, 11 yacToToo. [ToBepxHa cynepBrIpoOMiHIOBaHHA
Biyicytas y nosi [sapimumisaa (a = 0) Ta misa dbysnamentansaol mogu (m = 0).

[ToJist HYJIBOBOI MACK CIIOKOIO JIOBLJILHOI'O II1JIOIO T4, MiBIIJIOIO 3HAYEHDb CIIIHY PO3-
IISTHYT1 K OJIHOHAIPSIMJIEH] 130TPOIHI 10Jist y 1pocTopi Tuiy [ Ta y npocropi
Keppa. ¥ nux mnpocropax oTpuMaHO y3araJibHeHI CUCTEMU PIBHSHB, TO0Y/I0BAHO 3a-
raJibHU PO3B’SI30K Ta PO3B’SI30K 3 BIIOKPEMJIEHUMU 3MIHHUMU.

Hocnijizkeno izuyHi BJIACTHUBOCTI OJIHOHAIIPAMJICHOIO 130TPOIIHOIO PO3B’ S3KY.
SHailJIeHO KOMIIOHEHTH XBHUJILOBOI'O BEKTOpa y IpocTopi Keppa Ta BCTaHOBJIEHO,
o BiH He € i3oTponHuM. HeizoTpomHicTh XBHJIBOBOIO BEKTOpPA € IMPOSIBOM CITiH-
CIIPaJbHOI B3a€EMOJIl, BUKJMKAHOI B3aEMOJIEI0 KYTOBOIO MOMEHTY YOPHOI JIpH 3
HOJISIPUBALIEIO eJleKTpoMarHiTHOT xBuJil. Besmunna edexry mnponopiiitna jio aw. In-
TerpaJibHa KOHI'PYEHIis XBUJIbOBOI'O BEKTOpa, y 1pocTopi Keppa He € 1eoie3iitHoro.

HeizorporHicTh XBUJILOBOI'O BEKTOPa Y HIBAPILIIAJIBLIIBCHKIA MEXK1 MOSICHIOETHCS
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HasIBHICTIO KyTOBOI'O MOMEHTY KOXKHOI OKpemol rapMmoHiku. [TopiHiorouu 3 poboToio
Acenxo 1 Xoiiman [60], 3a3Ha4uMo, 1110 aBTOPAMU HE BPAXOBAHO HAsIBHICTH Y 110JIsI
KyTOBOT'O MOMEHTY — 3JIIMCHEHO NPUITYIIEHH PO HE3AJIEKHICTH BEKTOP-TIOTEHTIAJTY
BiJI KOOpAUHATH ¢. TOMY HUMM OTPUMaAHWI BUCHOBOK PO i30TPOIHICTH XBUJIHOBOTO
BEKTOpa y MBaAPIITNILIIBCHKIN MeXKI.

OrpumaHno Bupasu jJjisd (a30Boi i IpynoBol MIBUAKOCTI. ['pynoBa MBUJIKICTL JI0-
PIBHIOE IIBUJIKOCTI CBiTJIa, (a30Ba MIBUIKICTL € MEHIIIOI 3, IIBUAKICTL CBITJIA JJIs
BU3HAYEHOTO JIIala30Hy JacTOT. Y MOPIBHAHHI 3 pe3yabTaTaMu TI0KOIBCHKOTO TO-
BEPXHI CyTepBUIPOMIHIOBAHHS 3aIIOBHIOIOTH JIEAKY 00JIACTH 038 TOPU3OHTOM.

Xoua Teopema Mapiora-Pobincona rapaHrye, 110 SIKIIO €JIeKTPOMArHITHE I10J1e
€ 130TPOITHUM, TO KPaTHI I'OJIOBHI 130TPOIHI HAIIPAMKU I'€HEPYIOTh I'eojie3iitHy Oe3-
CYBHY 130TPOITHY KOHI'DYEHIIIIO, POTe, 3 IHIIOr0 OOKY, BIJIOMO, IO PYX YaCTHHOK
31 CIiHOM B TpaBiTalliifHOMY MoJi onucyeThest piBHsHHsiMu Maticona-ITanarmerpy,
PO3B’S3KHU AKUX HE € reo/Ie31iiHuMu. BijibIlie TOro, y BUIJIKY YIbTPapeIaTUBICTCHKO-
r0 PyXy YaCTHHOK BIIXUJICHH:S TPAE€KTODIit Bl reosesiiinux crae snaanum [80], [81].
Tomy reojiesiitni, icHyBaHHsI AKHX IepejdoadeHo Teopemoio Mapiora-Pobincona, ne
MOXKYTh OyTH acoliiffoBaHi 3 XBUJIHLOBUMHU (DPOHTAMHU €JIEKTPOMAIHITHUX XBUJIb, 1
OIC PYXY €JEKTPOMATHITHOI XBUJII B TepPMiHaX XBUJILOBOTO BEKTOPA, € OLIBII CyMi-
cHUM 3 pi3udHUM 1epejidadeHHsIM, HaBITh #AKIIO (dasa He € OLIHITHOI (DYHKIIEIO
KOMIIOHEHT XBUJILOBOI'O BEKTOPA Ta KOOPJUHAT, SIK € B BUIIAJIKY HAIIOIO PO3B’sA3KY.

PosrjisinyTo KOMIIOHEHTH BUXIJIHOI'O OJHOHAIIPSIMJIEHOI'O 130TPOITHOIO PO3B’A3KY
y JIOKaJIbHI# opToHOpMOBaHiit Terpaji Kinnepcsii Ta orpuMaHo BUpasu (Pi3UUHUX
KOMIIOHEHT moJisg MakcBesuta. JIokabHMIE criocTepirad crocrepirae mpapo abo JiiBoO
MUPKYJISIPHO TOJIPU30BaH] BUXIJIHI XBUJII.

BuKOpHCTOBYIOUN PO3B’SA30K 3 BIJIOKPEMJICHUMHU 3MIHHUMK B aHAJITHUUHINA (hop-
Mi, TIOOYJIOBAHO MOJIETh TMOIUPEHHs ETINTUYIHO MOJIAPU30BAHOT MOHOXPOMATUIHOI
XBHJI1, 1[0 BUXOJUTH 3 OKOJIy 4OpHOI Jiipu Keppa. Mojesib onucye ejekTpoMariiThi
XBUWJI y BCbOMY Jlianazoni dactor ta Kyris. Qopmysin Kyra opieHTallil Ta esinTu-

YHOCTI MICTSThH BIJIHOIIEHHSI CAMUX KOMIIOHEHT, TOMY OCOOJIMBICTH Ha OCl BIJICYTHS.
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Orpumano dpopmysty Jijist KyTa MOBOPOTY ILIONIMHKU MOJISIPU3allil, siKa CIIBIA/a€e 3
pesysbraroM [ Heina Ta JuMHIKOBOT Ta OTpUMaHa 11038 MEXKAMU HAOIMKEHHST [e0-
METPUYHOI ONTUKU. BusiBjiieHo, 1110 y opToHOpMOBaHiit 0a3i Kinnepcsi XBuJst, 1npu
JikcoBaHUX 3HAUEHHSIX I'YCTUHU 0OEPTAJILHOIO MOMEHTY 1 9aCcTOTH, MOXKe OyTH JIi-
HIITHO TIOJISIPU30BAHOIO JIWTITE JIJIsT TEBHUX 3HAYEHD KyTa, 6.

Paza BUXIHOI MOHOXPOMATHIHOI XBWJI, AKY BHUMIPIOE CIIOCTepirad y OpPTOHOP-
MOBaHiil cuctemi KiHHepcesi, € acuMeTpUIHOIO BiJHOCHO €KBATOPIiaJbHOI ILJIOIIIHH.
[le BKazye Ha Te, IO B3a€MOJIlisi KYTOBOTO MOMEHTY JopHOI mipu Keppa 3 egekTpo-
MAarHITHUM TOJIEM BUKJINKAE 3alli3HEHHS / BUTIEPEKEHHsT XBIJI B PI3HUX “TIBKYJIsIX
HE3BaXKalO4uM Ha Te, 110 4-MBUJIKICTh CliocTepirada He Mae Iiel acuMeTpil.

Benuunna eninTuaHol noJisipu3aliil XBuJl He 3aJeXKUTh Bijl pajiiajbHOI 3MiHHOI

—aw cos 0

r Ta j7s (ikcoBaHoro Hanpsmky 6 = 6y € crason. MHOXKHUK € y dopmy.i
JUIST KyTa, eJINTHIHOCTI BU3HAYAE IMJACUJICHHST ab0 MPUIYIIeHHS HUPKYJISIPHO IO-
JIIPU30BAHUX CKJIAJIOBUX XBUJIl, B 3aJIE2KHOCTI BiJI CIIBIAJIHHSA a0O HECIIBIIA IHHSI

XapakTepy IHOoJIgpu3allil 3 HallpsiMKOM OOepTaHHs IOPHOI JIipH.
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JIOJIATOK A

Crinopauii miaxia Ta ¢dpopmasizm HeiomeHna-Ilenpoy3a

SarajbHuil MaTEeMAaTUIHUI T1/X1J1 JIO CIIHOPIB BIIEpIE 3a1poBa/uB (hpaHILy3b-
kuit maremaruk Eii Kapran (1869-1951). Chorojiti criiHOpu aKTHBHO BUKOPUCTOBY-
I0ThCS B 3araJjibHiii Teopil BIJIHOCHOCTI, KBaHTOBIN MexaHill, (pizulll ejeMeHTapHuX
JaCTWHOK, Teopii cymeperpyn Ta M-teopii. 3asasiku poboram Pomxepa I[lenpoysa
criHOpHE# (popMaJii3M CLOTOJHI AKTUBHO BUKOPUCTOBYETLCSA y TEOpil BIJHOCHOCTI.
Barato 3 nmo3navyenb Ta JOMOBJIEHOCTEH, 0 BUKOPUCTOBYIOTHCA ¥ POOOTI, Da3yeThes
ra pobori [lerpoysa ta Pingepa [12,13]. Ocranni mogudikaiil B mo3HAUYEHHSIX B3sI-
10 3 poboru Crioapra [30] Ta O’ Honwena [82]|. Buknas nporo 101aTKy B OCHOBHOMY
B3sTO 3 pari O’ Tornena [82].

BukJiaji criinoproro mijixojy Ta dopmasizmy Hbiomena-ITenpoysa podbumo 3 me-
TOIO BBEJIEHHS BCIX TO3HAYEHD, PO3KPUTTS OCHOB IUX I1JIXOJIIB, Ta KO0 BUKOPUCTA-

HHS JIJIST OTPUMAHHS PEe3YJIbTaTiB.

A.l. CmiHopu, criiHOpHa aJjiredbpa

B npomy miipos il po3risiialoThCsi CIIIHOPHU Y 3aCTOCYBAHHI 10 T€Opil BiJIHOCHO-
CT1 y TEOMETPUIHOMY T1JIXOJI1, HaBeJeHO O3HAYEHHS KOBaplaHTHOI MTOX1IHOT, CIIIHOPIB
KPUBUHMA.

IIpocTip MiHKOBCHKOTO

[Ipocrip MinkoBcbkoro M € 4-BuMipHEM BEKTOPHUM ITPOCTOPOM HaJI TOJIEM JTiii-

cuux unces R 3 II0CKOI0 JIOPEHIIEBOI0 METPHUKOIO 1).7, IO 3a1a€ThCs
77&(3 :dlag(17_1’_17_1) (A]‘)

[Hyeken 3 JlalllkKoM 3aBXK/IM [IO3HAYAIOTH YMCJIOBI 3HAYEHHs: MaJIeHbKl JATHUHCBHKI
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injiexcn npobiralors 3uadens 0, 1, 2, 3, a sesuki — 0, 1. B koxkuiit Touni npocropy R*
icHye deTBipKa 0a3uCHUX BEKTOPIB €, €1, €2, €3 € M, sKi Ha3UBAIOTHCS TETPAJIOIO,

1 SIK1 OJIHOBHAYHO BU3HAYaIOTh KoykeH BeKTop U € M 3a Takoio ¢popmyJion
U = Uy + U'e; + U?ey + U'es, (A.2)

ne U, U, U? U3 € R xomnonentu sekropa U y rerpajii e;. Bupas (A.2) moxna
3aIlUCATA Y BUTJISJIL

U = U'e,, (A.3)

JIe HaJtagl MpuitMaeMo MpaBuIo cyMyBaHHs AffHIITalina JJist iHJIEKCIB, 110 TOBTOPIO-
FOTbCsA Bropi i BHU3Y, Tak K y dopmyii (A.3).
BuyTpimuiii 106yTok (ckansgpruit 100yTok) Ha M e Bigobpakennsm M x M —

R. Jlns 6ynp-sikux BekTopis U, V, W € M i gucen a,b € R BUKOHYIOTbCSA TaKi

BJIACTUBOCTI
U-v=V.U, (A.4)
U (aV+bW)=aUV 40UV, (A.5)
U.V=0VVeM«&U=N0. (A.6)

YMOBI OPTOHOPMOBAHOCTI Ha TETPaJy €; MalOTh BUTJIA

;

1, skmo a=b=0,
e € =14 —1, skmo a=>b, a=1,2,3, (A7)
\ 0, gKImo a # b:
Ta 3allUCYIOTbhCsA
€a " €, = Ny (A.8)

se 1,5 = N BusnauaerTbest opumysoro (A.1).
Terpasa €, 10 3aj0BodbHsie (A.8) HasuBaeThest mempadoto Minkoscvrozo, a
koopinatn U? € R, 110 Busnauaors oyib-axuii sekrop U € M — koopdunamamu

Minxoscovkozo.
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CriHoBuit npocTip
Cninosum npocmopom S HA3UBATHMEMO JBOBUMIDHUN BEKTOPHUI TIPOCTIP HAa/l

noJjieM KoMmtiekcHux ancen C, skuit HaleHrii KOCOCUMETPUIHUM BHYTPIITHIM J10-

6yTKOM
(€, n] = —[n. ¢, (A.9)
110 € GininiiiHoo Gopmoo
AlS.m] = [An. (], (A.10)
[C+mn,¢]=[C, 0]+ [n, &), (A.11)
Ta € HeBUPOIKEHIM
[¢,m] # 0. (A.12)

Enementn ¢, n € S nasuBatorsest cnin-eexmopamu, A € C, [¢,n] € C.
Hexaii (0, t) crinosuii 6a3uc y mpoctopi S, jie 0 Ta ¢ JBa JIOBIIbHI CIIIH-BEKTODH,
JUI IKAX BUKOHYETHCS

[0,t] =1=—[¢,0]. (A.13)

Toj1l KOMIIOHEHTH JIesIKOro ciiH-BekTopa ¢ € S y #oro poskiia/il 3a 6a3010
¢ =Co+ ¢, (A.14)

O3HaveHl Tak
CO - [C? l’]? Cl - _[C7 O]' (A15)
Kococumerpuanuit j1o6yTox (A.9) ABOX CIIH-BEKTOpIB B KOMIOHEHTHiil hbopwmi
Ma€ BUTJISA
[¢,n] ="t = ¢y (A.16)
ne (n°,n') xommonenry cuin-Bekropa 7.
O3HavyeHHsI COIHOPIB Ta MeTOo/] A0CTPAKTHUX iHIEKCIB
Meroy abcTpakTHIX 1HJIEKCIB 3anponionoBanuil y [83,84]. Moro BunekneHHs moB’si-
3aHe 3 BJIACTHUBOIO JBO3HATHICTIO, 110 TPUTAMAHHA 3acTOCyBaHHIO iHaekciB. I1in mo-
3HAUYEHHAM V,; MU MOXKEMO PO3yMITH K BEKTOp V, TakK 1 JedKuil BEKTOP, 10 Ma€

KOMIIOHEHTY V.
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Crin-BekTOp ( OTOTOXKHIOETHCS 3 00’ EKTOM CA, 1 OJIHOYACHO 3 IIUM BIH TIpeCTaB-
JIsi€ BIIOpsiJIKOBaHUi Habip KoMrioHeHT (, Jie iHjieKe npuiitmae 1 3naderts. PakTu-
ano (4 e mpocro inmmii crnoci6 3amucary ¢, aje Temep BiH HO3HAYEHUH AOCTPAKTHIM
' A 0 A 06 '
injiekcom A. [list obuncienHss KOMIOHEHTH (' B IIeBHOMY 0a3uCl BUKOPUCTOBYETbCS
nosnadents (4, ne A mpobirae smatens 0, 1.

Crin-sexrop (P Binpisuserscs sig ¢4, Boun ne e nponopriiinnmu (4 # (B, s
JIeSIKOTO JIOBLILHOTO CIIiH-BeKTOpa ( Oy/IyeThCsl HECKIHUEHHa, aje pi3Ha, MHOXKWIHA,
isomopdHux Komiii, siki nosnagdaorscs (4, (8, .. .. Ockinbknu ¢ € eseMenToM HpocTo-
py S, TO OyAyeThCst HeCKIHUeHHUT HabIp pi3HUX 130MOpd HMUX KoTii S, K1 mo3Hava-
ornest S4, S8,

A B a . B . . .

(*, (" HazuBalOTHCA 00HOBAAECHMHUMY CNIHOPAMU. BajeHTHICTH 1UX CIHOPIB
nosuadaeTbest (1,050, 0), 1o moKasye HasiBHICTb OJIHOIO KOHTPaBapiaHTHOTO 1HJIEKCY.

[Tozrauumo S* nyasbuuii 1o S mpoctip. st Mporo mpocTopy TakoxK mobypyeMo
HECKIHYEHHY, Pi3HY, MHOXKHMHY i30MOopdHUX Komiii S*, gki mozHauumo Sg,Sp,.. ..
EnemenTn jgyanbHoro npocropy (4 € Sa,(p € Sp, ... € I30MOP(MHUMHU OJIUH OTHOMY.

st koxkuOrO eyiementa ( € S oznaummo eqement [(, -] € S*, rak, mo [(, ] €
ainifinum Biobpaxenusiv [, -] : S — C. Hanpukiau, juisi (4 € Sa, (4 € yiniitnum

11106 . SA C : A . A _ A C
BijloOpakeHHusiM (4 — C, sike siie na Bekrop 1 rak: (4n” = [(a,m"] € C.
Can? HasMBaeTbHCH GHYMpPiWHiM DoOYMKOM, Mmpanceeryicto, abo 3zopmkor. Bie-
MeHTH 3 mpocropy S4 Ta IyaabHOrO MpocTopy S4 MO3HAYAOTHCS OIHIEO 1 TOMO
’K rpenbkoto Jjireporo (. OjHoBajeHTHHH cIiHOp (4 3 KOBaplaHTHUM 1HJIEKCOM I10-
snadaerhes (0,0;1,0).

CriHOpH BUINOT BATIEHTHOCTI OY/1yI0THCsT AHAJIOTTIHO J10 OJIHOBasieHTHUX. (p, 0,57, 0)
cninopom X% 3 P KOHTpaBapiaHTHUME Ta 7 KOBADIAHTHUME iHJIEKCAMH HA3UBA-
€Tbey Ollinliine BlJIOOparKeHHs X7, 7 - DX ... Ia , e

6 6 A0S .. xS8YxSpx...xSp = C
A..C SA'“C O : - :
X F € esleMeHTOM 11pocTopy S7y 7. OTKe, CHIHOPU BUINOI BAJEHTHOCTI € eJleMeHTa-
MU [IPOCTOPY, 110 € BOBHINIHHIM JIOOYTKOM BIJIIIOBIJIHUX ITPOCTOPIB OJIHOBAJIEHTHUX

CTIIHOPIB.
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KomiuiekcHe cpsi>k€HHS CIIIHOPHUX KOMIIOHEHT
( 0: 0) : A..C SA'“C
p,0;7,0) cuinop x5 %, M0 HAJIEXKUTH 1IPOCTOPY S 7 HE MOXKE PO3IVIsAJIATUCh
sIK HaWOLIbII 3araJbHUNM BUTJIsA)[ CIIIHOPA, OCKLJILKHU IIle HE O3Ha4YeHa orepaliis iHo-
I'0 KOMILJIEKCHOT'O CIpsi>KeHHst. KoMIlieKcHe ClipsiyKeHHs CIiH-BEeKTOpa, MoTpiobHe Jijist
10Oy I0BM JIIICHOBHAYHNX BEKTOPIB.
HajexxnicTb ejieMenTa, JI0 Clpsi>KEHOT'0 BEKTOPHOI'O IIPOCTOPY II03HAYAETHC ( €
S, Toji crpsiKeHHs JyasbHoro ejementy — [(, -] € S*. B merom abcrpakTHUX iH-
: A SA " A
JIEKCIB JIJIsI 3aJIaHOTO ejieMeHTy (& € , CIIPsIKEHUI eJleMeHT 70 (* 3alliCyEThCs

TaK
(A= es?”. (A.17)

. !/
IItpux npuepHanuii 10 abcTpakTHOro ingekcy A osnauae, mo S4 € KOMIUIEKCHO
/ .
cripskernM 10 S4. Te, mo S4 we € i3omopduum 10 S4, Moxna mobaunTH mMOGYILY-

BaBim crpsokenns 10 ol + Bnd s a, B € C ra ¢4, nt € 4
aCt+ pnt = a¢t + pirt, (A.18)

sike ne gopisuioe ol + B4, Takum aunnom, S e anru izomopduuii g0 S4. Ilo-
JIBlfiHEe KOMILIEKCHE CIIPSIPKEHHsI MPOBejeHe JI0 CIIHOPa 3aJulllae Horo He3MIHHUM,
TOOTO ? = ¢4

Bunsitkom nosuadennst (A.17) € mo3HAUEHHS CIIPSIYKEHHsT JIBOBAJIEHTHOTO CIIIHOPA
Jlepi-UiBita €2 € Sap. g nporo cmizopa KOMILIEKCHE CIPSXKEHHSI €Ap 3aIUCYE-
ThCs TaK €45 € Sap. BIICYTHICTD PUCKH CHIPszKEHHS HaJl OYKBOIO, 110 TO3HAYAE

CITIHOP, HE IPUBOJAUTDL JIO HEACHOCTI B TMO3HAYECHHIX.

A..CS..U

(p,q; 7, 8) cninop 3 IHIEKCAME Y D pwr y € OLTIHIHHUM BiI0OparKeHHAM

/ !/ / !
AUt S XS ST X x ST X Sp X X Spx Sy XL X Sy —

(C, e XA...CS WU

D.Fw.y € SA“'CS/“'U/D.”FW,“_Y, Ma€ P KOHTpaBapIaHTHUX HEIITPU-
XOBAaHUX 1HJIEKCIB, ¢ KOHTPaBaplaHTHUX IITPUXOBAHUX 1HJIEKCIB, 7" KOBaplaHTHUX HE-
IITPUXOBAHNX 1HJIEKCIB Ta § KoBapiaHTHUX mrpuxoannii injgekcis. Ockinbkn S Ta S
HE € 130MOP(HUMHU 1 BU3HAYAIOTH PI3HI BEKTOPHI MPOCTOPH, TPYITH MITPUXOBAHUX Ta,
HEIITPUXOBAHKX 1HIEKCIB MOXKHA MiHsTH Miciigmu. s npuknany, (1, 1;1, 1) croirop

- AB’ AB _ . BA _ B A
3 IHJIGKCAMU K7y, MOXKEMO BalluCaTh K=" ~p, = K= e = K7 . lIpoctopu S
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Ta S* € i30MOpdHUME 1 BU3HAYAIOTH €KBIBaJICHTHI BEKTOPHI 1ipocTopu. [lepecraniisin-
Hsl MICISIMM B I'PYII HITPUXOBAHUX YU B I'PYII HEIITPUXOBAHUX 1HJIEKCIB 3a00pOHEHE.
AB BA

Hanpuknan, 7%, # 7% p.

BekTopna 6a3a Ta abcTpakTHI iHAEKCH

Posrnstnemo 6a3nc 3 n enementis 0f, 05, ..., 0 y BekTopHOMY Trpoctopi S°. Tomi
Oy/ib-sikuit BekTop X* € S% MOKeMO pO3KJIACTH SIK JIHIHY KOMOIHAIII0 KOMIIOHEHT

XY X2 ..., X"y npomy 6asuci
X=X+ X205 + ...+ X% = X8 (A.19)

[HeKkcH 3 JallkoM € YMCJOBUMU 1 IpodiraloTh 3HaUeHb 1,2,...,7M y N-BUMIPHOMY
npoctopi, X € C e ckajngpamu. [lie npaBmjio 3aMiHM HIMHUX 1HJIEKCIB IPH IiJICY-
MOBYBaHHI Ha iHITY OyKBy, Hampukmag, X = Xb5§. OrKe, BBeJICHHS 1HJIEKCIB 3
JIAIIKOM Tak siK 1e 3pobsiero y (A.19) jo3BoJisic BBOJUTH 6a3UC Ta 3pYUHO 3alucy-
BaTHU I1JCyMOBYBaHHs 3a MPaBUJIOM HIMUX 1HJIEKCIB.
- a & a . [ .
Hyanbanit 6asuc jo 6asucy 07 nosnadaerbcs 0 € Sy, Je 0, — JjinifiHe BioOpa-

wenns 00 1 §¢ — C. Komnonentn sexTopa X BU3HAUa0THCA (GOPMYJION0
X = X5, (A.20)
3roprka JBOX BEKTOPIB 3allUCYETHCS
XY, = X%52Y, = XY, (A.21)

Y, = Y07, 1 tomy nodyrok X*Y,, mo micrurh aOCTpaKTHHUIl 1HJIeKC Bropli 1 BHU3Y,
O3HavaE IiJICyMOBYBaHHs JOOYTKY KOMIIOHEHT Y BiJITIOBIIHOMY Oa3uci.
Cuinop Jlesi-Husitu

Enement €45 3 npoctopy Sap, SKUil BUBHAYAETHCS 31 CIIIBBIIHOIICHHS

¢, n] = eABQAnB. (A.22)

HA3UBAETHC cninopom Jlesi- Queimu, abo enciiomn-cninopom. EICIIOH-CIIHOD € KO-

COCUMETPUYHUM: €A = —€RA.
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E1icijioH-CIIIHOp BUKOPUCTOBYETHCS sIK CHIHOPHUN aHAJIOI METPUYHOI'O TEH30Pa
Jab, 3a MO0 JIOIIOMOI'OI0 MOYXKEMO IijiHiMaTH, abo ornyckaru ciiiHopHi iHjekcu. ITpa-

BUJIO OITYCKAHHS 1HJIEKCIB MAa€ BUTJISI;
A
CB = EABC . (A23)

3 dbopmyn (A.22) MoxkeMo mobauuTu, mo €4p(? € gayanpaum o .
3i criBigHomiens (A.22), (A.23), OTpUMY€EThCsT TPABIIIO BHYTPINTHBOTO JO0YTKY

B KOMITIOHEHTHI (popmi

C,nl = ¢an” = Gon’ + G- (A.24)

[Topisuiotoun Bupasu (A.16) ta (A.24), criBBigHOIIEHHS Mi>K KOMITOHEHTaMK CIii-
nopa (4 i jyamsnoro g0 Hroro (4 € Takuvu (0 = (i, (1 = —(o.

[IpaBuio mijgHiMaHHS 1HIEKCIB Ma€ BULVIAT,

¢4 = B¢, (A.25)

€8 nanexxurs 10 npoctopy S4B,

Yepes Te, 110 €ICIJIOH-CIITHOP € aHTUCUMETPUYHUM, [IPABUJIO OIyCKAaHHS 1 1111
HIMaHHSI 1HJEKCIB Ma€ jesiki ocobsmBocti. Mae 3HadeHHsT BiJIHOCHE pO3TalllyBaHHs
1HJIEKCIB, IO 3rOPTAIOTHCs, B €MCLIOH-CIIHOPL Ta CHIHOPI, B IKOMY OITYCKAIOTh Y1
HiJIHIMAIOTh 1HJIeKCH. TOMy ICHYIOTH JIBa OKpeMi TpaBuJia Jijisi OIyCKaHHs Ta, T1iJHi-
ManHst iHekciB — (A.23), (A.25).

st MpaKTUIHOrO 3aCTOCYBaHHs BHUKOPHUCTOBYIOTHCS IIPOCTIII IIpaBuJia, HaBe-
JIEMO IIPUKJIAJ[ OJIHOIO 3 HUX. [HJIEKCH eICIJIOH CIIHOpa YMOBHO HA3UBAEMO ‘3axXi-
qHuit” Ta “cXigHuUil’, a 1HJeKC CIiHopa, SKUil OyJeMo OIIyCKATW UM IiJHIMATH, —
BIAMOBITHO “MiBHIYHUI Ta “mBAeHHui . ZKINO 3ropTaTuMeThcs mapa ‘miBHIYHIHA-
zaxijiHuit’, abo “niBJIeHHUI-CXIJIHUI’, TO 3HAK MIHYC He 3’SBJISIETHCH, B 1HAKIIIOMY

BUIIQJIKY 3 SBJIAETHCH 3HAK MIHYC.

[Tigcrasmsioun (A.23) y (A.25), orpumyemo

(= eMBerplt =, = -1 (. (A.26)

A A

Cuinop €, BucTyIae y poJi jiBosumipnoro cumsosty Kponekepa (% =€ = —GAC.
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st mrrpuxoBaHuXx 1HJEKCIB aHAJIOMYHO BBOJAUTHLCS €IICIJIOH-CIIIHOD €4/ Ta 11pa-
BUJIA TJIHIMAHHS 1 OITyCKaHHS 1HJIEKCIB.

CrinopHuii glagauii 6a3mc Ta HOro KOMIOHEHTH

CriH-BeKTOpH 0, L YyTBOPIOIOTH criHOpHUiT Gazuc y npocropi S (nus. (A.13)). 3

(A.22) BuruimBae CIiBBIIHOTIIEHHST OPTOTOHATIBHOCTI OA3UCHWX BEKTOPIB:

[0, L] = eagoP = ot =1, (A.27)
[t,0] = expiPot = 140" = —1, (A.28)
[0, 0] = eqpo?o? = 040" =0, (A.29)
e, 1] = eapt? =04 = 0. (A.30)

JBa 6asucHi crinopu 02,4 € S4 yrsoproors aiajsy B ciinoBomy 1npocropi, aHa-
JIOIYHO JI0 TOTO sIK Oas3uc B mpocTopi MiHKOBCbKOrO yrBOpIoe Terpa,y. Hiajja moxe

OyTH TaKOXK 3allMCaHa 1K KOMIIOHEHTHU € AA c S4, e

6" = o et =4 (A.31)

5BEEB=€AA€AB= : (A.32)

[Topisuiotoun (A.32) 3 ymoamu (A.27)-(A.30), orpumyemo
0 _ 1 _
€4 = —L4, €4 = 04. (A.33)

3i cuiBBijHOIEHB OpToroHaibHocTi (A.27)-(A.30) OTpUMYIOTHCS KOMIIOHEHTH €43

B Oasuci EAA e 54

A A
040" 04l 0 1

A

AHaJjIoriaHO 3HaXOMATHC KOMIIOHEHTH CIIIHOPA, € B g pasuci € AA € Sy4, 9Kl J10-

PIBHIOIOTH KOMIIOHEHTaM CIIHODA €AB: €475 = 4B,
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[Tepenucyioun crissigrormenss (A.34) y Burisiji eap = EABGAAGBB, OTPUMYETbHCs

BUpAa3 eICLIOH-CITIHOPa, Yepe3 CIIHOPHY Tiay
€AB = OALB — LAOR. (A.35)
Poskiaj ciinopa (4 3a BeKTOpaMy 0a3ucy Mae€ BUIVISL
A _ 0 1 _ A 36
Ca=C4€e4" = Coey + Cex = (104 — Cola- (A.36)
OzHaveHHsT KOMIOHEHT CIiHOPa (4 3alKUCYIOTh Yy BULJISIII

Co = Cao™, (1= Ca™ (A.37)

Bci nposejieni MipKyBaHHSI HOMIMPIOIOTHCS TAKOXK HA KOMILIEKCHO-CIIPSI?KEH] CIIi-
Hopu. KowmiuiekcHo-cripsi>kennit  6a3uc 10 0azucy € AA € 5S4 nosmawaernes
A A . .
€. € S4, abo SIBHO — uepe3 CIPsKEeHHsT KOMIIOHEHT CIIHOPHOI J1a i1

/ A — ’ A —
o = o = o4, A= =4 (A.38)

B nosnaueHHI CIPs2KEHOro 6a3ucy prcKa CIpsi>KeHHsI HaJl JIITEePOIo OIycKaeThes. 11po
PO3IJIsi]T CIPSI2KEHOr0 0a3ucy TOBOPUTH IITPUXOBAHUI aOCTpaKTHUI 1HJIEKC.

3B’430K CIIIHOPIB 3 4-TeH30paMu, 130TPOITHA Ta OPTOHOPMOBAaHA TeTpa-
au

TenzopHi piBHsIHHS MAIOTh CBOI CIIiHOpHI BijtnoBijHuku. [Ipu nepexosi J1o criiHop-
HUX PIBHSIHb YaCTO PIBHSHHS CTAIOTH HpocTimuMu. [Ipore, He Jjijist KOXKHOI'O CIIiHOP-
HOT'O PIBHSAHHS MOYXKHa 1MOOY/lyBaTH BIIIOBIJHE TEH30PHE, I MOSICHIOETHCS TUM, 1110
criHOpHU acorioiThest 3 rpynow SL(2,C), roai sk 4-tenzopu — 3 rpymoto Jlopenra
L(4). i rpymu e € i3oMOphHUMHE, & € TOMOMOPMDHUMEL.

Benuunnu o Ap» 1110 3B’AI3YIOTH CIIHODHU 3 4-TeH30paMy Ha3UBAIOTHCA CHMBOJIAMHE
[adenbaa-san jgep Bapaena. i cuMmBosn € 2 X 2 epMITOBUME MATPUISIMU, TPH 3 TKUX

e matpurigMmu Ilaymi, a yerBepTa — ONMHUYHOIO MATPHUIICIO:

(A.39)
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3azHaunuMo, Mo ajigd 0,5 JII0Th IIpaBujla IepeTBOpeHHs 4-BeKTOPIB, AKIIO Hepe-
TBOPEHHS BiJIOYBAaETHCs 38, 1HJIEKCOM @, Ta IIPABUJIA IEPETBOPEHHS CIIIHOPIB, SKIIO

mepeTBOPEHH: BiI0yBaeThes 3a inekcamu A, B'. EpmitoBicts cumBoiis 0, 5 03104~

Hae
O-aAB/ — O-aA/B, (A.40)
a _ =a s : BB'... e
Jie 33 O3Ha4YeHHAM 0% 5 = 0% p. fKIO JedKuil CIIHOD X 44/ € JiiicHuM,
6xi : 6 SN = BB'... _ BB'...
TO HEOOX1JHO 1 JOCTAaTHLO, IIOO BHKOHYBaJIaCb PIBHICTDL XAA’... - XAA’...

3BiJICK BUILIMBAE, 10 KOJIM KIJbKICTH IITPUXOBAHUX 1 HE HITPUXOBAHUX 1HJIEKCIB Y
CIIHOpa pi3Ha, JIUCHICTDH CIIHOPaA HE Mae CEHCY.
3B’s130K cuMmBoJIiB [Heabna-Ban gep Bapjena 3 KOMIOHeHTaME METPUTHOIO TEH-

30pa BU3HAYAETHCS CIIBBLHOIIEHHSIM

/ !
Gy = EABEA/BIO'&AA JBBB . (A.41)

Axmo T BCd € JesaKuM 4-TeH30pOM, TOJI1 HOT0 CIIIHOPHUY eKBIBAJEHT BU3HAYAETHCS
a

HaCTYIIHMM YHXMHOM

cc'DD’ ed _a b cc' _ DD’
TAA/BB/ == T&Z) o AA’O BB,O'é O-Ci . (A42)
. . ! !
[ naBnaku, 4-reH30p OTPUMYEMO 3 HOTO CIIIHOPHOT'O €KBiBaJICHTY TA A'BB CC'DD" 5y
TaKo (GOPMYJIO0
ed CC'DD’ _ AA' _ BB' ¢ d
Tdi) = TAA’BB’ O-fL O_B g CC/U DD’ (A4:3)

CriHOpHUI €KBIBAJICHT METPUKHU MO3HAUAETHCS a4 pp - 3 dopmyn (A.41)

JAA'BB = €ABEA'B'. (A.44)

CniHopHMii eKBIBaJEeHT METPUKH /By MOYKHA, 3allUCYBATU YV BUTJIAI] BUKO-
AA'BB ab)

PUCTOBYIOUM HaJIaJl METOJ abCTPaKTHUX 1HJICKCIB JiJisi 4-TEeH30PiB.

. . . ’
Posrisinemo pesikuii 4-sekrop Z°, cminopHUi eKBiBajent sikoro € 2% = ZA4B'

Z% € 130mponnum TOJII, KOJU BUKOHYEThC £,/ = (. Ile ekBiBaJIeHTHO TOMY, IO
ZAB’

CITIHOD MOXKHA, IIPEJICTABATH Y BUIVISJI] JIOOYTKY JIBOX OJIHOBAJIEHTHUX CIIIHOPIB,

OJTHOTO 3 He IMTPUXOBAHUM 1HJIEKCOM 1 OJTHOTO 3 IITPUXOBAHUM:

ZAB = AP (A.45)
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dkimo Z% e niiicanm, 10610 Z¢ = Z% 10 ZAB' € epmiropum ZAB = ZAB = ZA'B,

Koxen mificHnit BeKTOp MOXKHA 3aIIUCATH Yy BUTJIA]
Z¢ = +¢A¢P (A.46)

Jile Z% € opieHTOBaHUM B MafiOyTHE JIJisi 3HAKY <+, Ta OPIEHTOBAHUM B MUHYJIE JIJIsi
«—». K HAC/IJI0K, 1Iepexiji Bij| PO3IVIsi/ly CIIHOPIB B TOYIIl JIO PO3IJIs/ly CIIIHOPHUX
10JIiB BUMAarae, 1mob mpocrip-dac OyB 4acoBO-OPIEHTOBAHUIA.

Isomponna mempada (mempada Horomena-Ilenpoysa), 1o mopojpKyeThest 6as3u-

coM (0, L), O3HAUEHA TaK:

!
¢ = o%o?, lo, = 0404,
A A
n® = 141", Ng = LALA,
. o (A.4T)
m®* = o™, Mg = 0ALA,
m“:LAoA, Mg = LAOA,

je [*, n® m® m® e i3orponHEMHU BeKTOpaMu. JJisi IMX BEKTOPIB BUKOHYIOTHCS Ha-

CTYIIHI YMOBUA OPTOHOPMOBAHOCTI:

a I a —
[“ng = —m%m, =1, (A48)
“l, =n"n, = m*m, = m*m, = “m, = “m, = nm, = n*m, = 0.

[*, n® e pificnumu BekTopamu, m®, m® — KOMILIEKCHO-CIIpsikeHuMu. Merpuunuit

TEH30P MOXKHA 3allicaT Yepe3 BeKTOPHU 130TPOIHOT TeTpaiu, mijacrapusiim y (A.44)

cripgigromennst (A.35)
Jab = lamy + Naly — Mamy — MMy, (A.49)

3alpoBauMo B KOXKHIiil TOUIl IIpocTOpy-dacy Hablp YOTHPHOX B3a€MHO OPTOI'O-

a

HaJbHUX 4-BEKTOPIB )\(m

) sIK1 yTBOPIOIOTH Oa3uc. [HjieKen 3 JIy>KKaMu € TeTpaJIHIMI
1HJIeKcaM, 1110 HyMepyioTh BekTopu 0, 1, 2, 3. fdkio mu igeaTudikyBaTumMemMo 3 I1i-

€10 TeTPaJI0I0 0A3UCHI BEKTOPHU JIOKAJIBHOI CUCTEMH KOOpauHaT MiHKOBCHKOIO

= >\a >\b = L (A 50)
g m)n - m n gab — 9 :

0 0 0 -1
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TO TEeTPa/a CKIJIATUMETbCs 3 OJIHOIO YaCOI0/1OHOIO )\?0) 1 TPHOX ITPOCTOPOBOIIO-

JU6HUX BEKTOPIB Af)) (i = 1,2,3), ski nosHadaoThest BignosigHo t*, ¢ y* 2%

OGepHena MaTPULA JI0 §(m)(n) BUBHAYAETHCs 31 CHIBBIJIHOIICHHA
= stm) (A.51)
i BpaxoBytoun (A.50),

Gab = (m)(n) )\ém))\((,n)- (A.52)

3 cmisiguommens (A.50) ta (A.52) MeTpUIHUIT TEH30D (4 3AMUCYETHCS Y BUTVISI

Gab = tals — TaZt — YalYb — Za2b, (A.53)
JIe yMOBa OPTOHOPMOBAHOCTI TETPaJ OTPUMYETHCs 31 criBBiHOMeHHs (A.50)

1%, = —2%, = =Yy, = —2%, =1,
(A.54)
1%, = 1", = t2, = 2y = Y2, = 22, = 0.
3B’A30K MiXK 130TPOMHOIO TETPAJOI0 Ta OPTOHOPMOBAHOIO TETPAJIOI0 3aAETHC Ha-

CTYITHUMU CIIBBITHOIIIEHH MU

I'= (" +27), "= (1"+n),

n“:%(t“—za), xa:\%(ma—km“), (A55)
mt = 2 (¢ —iy"), y' = (m" —m"),
ma:\/%(xa—mya), z":\/%(l“—na)

BiacTuBocTi cuMeTpii y ClliHOpHUX €KBiBaJIeHTIB 4-T€H30PiB

BaskjinBuM muTaHHsM 3B’g3KYy 4-TEH30pPIB 1 CIIHOPIB € 3B’S130K 1X CUMETPUUHUX
ByacTuBocTeil. Po3riisinemo 1ieit 38’130K Ha, IPUKJIa/li JIBOBAJEHTHOTO CUMETPUIHOTO
1 aHTUCUMETPUIHOIO 4-TeH30PIB.

CuiHopHHI eKBIBaJIEHT JBOBAJEHTHOIO CUMETPUIHOIO 4-TEH30pa
Top = The, (A.56)

JAKWI B 3araJlbHOMY BHUIIaIKY MO2KE 6YTI/I KOMIIJIEKCHUM, Ma€ BUTJIAJ]

/

1
Tapap = Tiapyap) + ZEABGA’B’TC e, (A.57)
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1€ T apy(a'pr) € €PMITOBUM 1 IpeJIicTaBIiste 0e3C/1 0By YacTuny 4-rensopa Typ, a Apy-
ruii jojanok (A.57) e piiichum 1 npejcrapisie i rensopa Topy — 1/4ga7T. 6.

CrinopHuil Po3KJIa]] JBOBAJECHTHOIO JIICHOIO AaHTUCUMETPUIHOrO 4-TeH30pa
F, = —Fy,, (A.58)
SKUM OINHCYEThCSA €JIeTPOMATrHITHE T0JIe, € TAKUM

Fop = Fapap = pABean + €Appap, (A.59)

Jle (Y Ap CUMETPUIHUN CIIHOP, SKUI HA3UBAETHCA CNIHOPOM EAEKIMPOMAZHIMHO20 NO-
A8, a0 cninopom Makceennra. Y crniHOpHOMY IiJIX0/i mosie MakcBesia OIMCYEThCs
TPbOMa, KOMILJIEKCHUME KOMIIOHEHTAMU CIHOPA @ Ap (3aMIiCTh MIECTH JIHCHUX KOM-

moHeHT TeH3opa Fj), ski o3uaveHi dhopmynamu
A B A B A B A B
P2 = @apt"L”, 1 = a0~ = papt 0", g = papo o . (A.60)

Tenzop JleBi-UuBiTH €40 € TOBHICTIO AHTUCUMETPUIHNAM, HOTO CIIIHOPHUI €KBi-

BAJIEHT 3aIUCYETHCS Yy BUTJIsAIL

€abed = EANBB'CCO'DD = H(EACEBDEA DERCr — EADEBCEACTER D) (A.61)

Hyaabuuit Ten3op Jjio Tenzopa Fy, o3HadyeThes Tak

1

- ab — §€adeFCd' (A62)

CriHopHuiT eKBIBAJEHT JIyaJbHOrO TeH30pa oTpumyeThes 3 Gopmyan (A.59), (A.61),
(A.62)

"Fapap = —1QABEAB T 1€ABPA B, (A.63)

KanoHiIuHMiT pO3KJIaJi CUMETPUYHUX CITIHOPIB 1 ajarebpaiyna kJjacudi-
Kalfis

Y 1npoMy NyHKTI Ha npukJjajl ciinopa Makcesesta i ciiinopa Beitist po3riisinyTo

MUTaHHST KAHOHIYHOI'O PO3KJIAJLY Ta ajredpaidHol Kiacudikallil CHMeTPpUIHUX CITIHO-

piB. Bynb-gakuit cuMeTpuIHuil CIiHOpP PO3KJIAA€ThCA sIK CAMETPU30BaHnil JT0OYTOK

OJIHOBAJIEHTHUX CITIHOPIB.
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Jtst IBOBAJICHTHOT'O CIIIHOPA, QAR KAHOHIYHUM PO3KAGIOM €

©aB = a(aPp), (A.64)

Cuinopu a4, g HA3UBAIOTHCA 20406 HUMU CIIHOPAMU CIIIHOPA Y 4 3. KoXKeH 3 HuX Bu-
3HavYa€ JIMCHUN 130TPOMHNAN HAIPSAMOK, SIKHI HA3WUBAETHCSI 20406HUM 130MPONHUM
nanpamrom (TAKUX HATNPIMKIB JIJIs JBOBAJEHTHOTO ciiHopa € jiBa). CrmiHop ese-
KTPOMATrHITHOIO TOJIs KAACU(PIKYEThCSI HACTYIHUM YUHOM. SIKITO TOJIOBHI CIIHOPH
LPOIIOPIIIIHI, TO CIHIHODP (P45 HA3UBAETHCs aJiredpaldHo-ciieniajibHuM, abo Tuiy N.
B inakimomy Bunajiky Bin Oyjie ajarebpaiano-3arajabaum (rur [).

Kanoniunuit posk.a g cuinopa Beitnist U 4gop — 90TUPUBAJIEHTHOIO CUMETPUIHO-

ro CIIHOpa Ma€ BUTJISA/L
Vapcp = a4BBYcoD), (A.65)

aqa, Bp, Yo, 0p — roJoBHl ciiHopu. Y crinopa Beiiisi € 9oTupy roJIOBHUX 130TPO-
nHux HanpsaMmku. Kiracudikariiisi criinopa Beiisist 3a criBia/{iHHsiM MOJIOBHUX 130TPO-
MHUX HAIPIMKIB € Takoro: Tun [ BusHadaeThest crinopom Beitns surssiny Wapop =
aaBpycopy, man 11 — Vapep = aaapycopy, ™n 11T — W apep = aaapacfp,
tunt D — W ypop = aaapBeBpy, Tun N — Wapep = qaapacap).

Tun D ta N Ha3MBAIOTLCA 6UPOINHCEHUM Ta 130MPONHUM THIOM BiIIOBIIHO.
Hnsa tuny D i30TponHi HanpsMKU rnonapHo kparHi. ng tumy N, 9K 1 B e1eKTpo-
MATHITHOMY BHIIQJIKy, KPATHUMHU € BCi TOJIOBHI 130TPOIHI HampsMKu. ZIKIo xoda 0
OJIHA Tapa MOJIOBHUX 130TPOINHUX HAIPAMKIB € KPATHOIO, TO TaKUil CHIHOD Ha3UBa-
ETHCS A.A2€0PATYHO-CNEULANDHUM, B THAKIIIOMY BUIIAJIKY — G.A2€0PaAi%H0 302040 HUM.
Tinekn i I € anredbpaiuno-zarajbHuM. ¥ 000x Kiaacudikarisx Tun (O o3Havdae
BIJICYTHICTH T10JIs1, Y BUNIAJAKY ciiinopa Beityisi — e npocrtip MinkoBchKoTO.

CninopHa ¢dpopma KOBapiaHTHOI IOXiJTHOI

BrnacTtuBocTi, SKM IOBHHHA, 33 I0BLILHATH KOBapiaHTHA [TOX1IHA BHKJIAIEMO aKCi-

oMaTu4dHO. O3HAUUMO CNIHOPHY KOBAPLGHMHY NoTIOHY V, = V A4 K BiIOOparKeHHsI

! !
Va: 855 =SS g, abo

Va: CD...E/B"'O/ — vAA’CD...E/B"'O/» (A.66)
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/ . . .
Jie CD._.E/B“'C zaraJjibHe criHophe 1oJjie. Bijlodpakennsi V, Ma€ HaCTYIIHI BJIACTUBO-
CTi:
1. JliniitnicTh
B..C' B..C' B..C' B..C'
Va (CD...E/ +Mp..E ) = Valp..pr + Vaip..g ; (A.67)

! !/ . .
ne np ¢ € S5-C, — imme cuinopue noe.

2. IIpapuyo JIaitbnina

B.C'_  B..C B..C' B..C' B..C' B..C'
Va( D.E "p.FE ):77D...E’ Vilp. 5" +Cp. " Vanp. g . (A.6S)

3. Komyrarusnicrs Jiil Ha 3ropTKy

Vol x. " =Valex Cy. ") = ex' Vol y, ", (A.69)

/!

1 aHAJIOTIIHO JIJIsT € X,Y

4. KoMyTaTuBHICTD KOMIIJIEKCHOTO CIIPSIZKEHHS

VGCD...E’B"C/ = VGCD...E’BWC/ﬂ (A.70)

110 [OKa3ye, 10 KoBapiaHTHA IOXijaHa € Jiiicnoo: V, = V.

5. Cumpour JleBi-HusBiTr €45 € KOBaplaHTHO MOCTIAHMI
vaEAB = 0. (A71)

6. BijcyTHicTh KpyUeHHsi

(VoVy — VVo) b = 0, (A.72)

JUTST BCIX cKaJisipiB ¢: 1) — C.

B niit podori mu OyjieMO BUKOPUCTOBYBATHU CIIIHOPHY KOBapiaHTHY MOXIJIHY 3 Ha-
BEJICHUMU BJIACTUBOCTSIMHA 1-6.

CriHopu KpUBUHU

Bpaxorytoun Baactusocti cumerpii tenzopa Pimana Rigyjcaq) = Rabed, Redab =

Rapeds Rafpedq) = 0, HOro crinopuuii poskiiaj € Takum

Raveda = Vapepeapecp + VY apopeapecp + PLapopeapecp+

+ Oy pepeapecy + 2A (eaceppenciepp + €apepceapepcr) . (AT3)



120

Vapcp = V(4Apcp) HA3UBAETHCA 2PaGIMayiinum cninopom, abo (kongopmmum) cni-
nopom Betina. 38’130k crminopa Beitsst 3 rerzopom Beitiist Cupeq € Takum: Cupeg =
Uapcpeanecn + VYapopeigecp. Ockinbku cruinop Beits nosmicTio cumerpu-
YHUI, TO BIH MICTATH 5 KOMILIEKCHUX KOMTIOHEHT. Crinop P 4pcrpr HA3UBAETHCST CNi-
Hopom Piuvi, BIH € epMITOBUM Ta Ma€ TPU JINCHAX Ta 3 KOMITJIEKCHUX KOMITOHEHTH,
A\ HABUBAETLCS CNIMOPHON CKAAAPHOIO KPUSUHOIO 1 € JIHCHUM CcKaJspoM. Tenszop
Pimana pazom micutb 20 mAificHEX KOMIIOHEHT.

CuinopHuit eKkBiBaJieHT TeH30pa Piudi € Takum
b
Roe = Ry = Raace = 6Aeaceacr — 2P acacr, (A.74)
Bakyywmue piBusnus Aiinmraiina (T, = 0) y criHOpHOMY TIXO Ma€ BUTJIST

Qapap =0, (A.75)
A =0, (A.76)

IIpocropu Keppa Ta [lBapimiibjia € po3B’a3KaMi 1IUX PIBHSHb.

A.2. ®opmasizm Heiomena-Ilempoysa

PosrisineMo y KOXKHift TOYIl NpOCTOPY-vacy HabIp YOTUPHOX OPTOHOPMOBAHUX
JIHIHO He3aJeXKHUX BEKTOPIB, IO YTBOPIOIOTHL BeKTOpHE moJje. Koxne Tenzopne
PIBHSHHS MOXKEMO 3aIlMCATH Y BUTJIsi/Il PIBHAHHS (CHCTEMU PIBHSIHB) JIJIs CKAJISIPHUX
yHKIII# — KOMIIOHEHT TeH30pa y 3aJaHiil TeTpaJi.

Dopmanism cninosur koepivicnmic Horomena-Henpoysa (HII-dopmamizm) 28]
HAJIESKUTH JIO TETPAJHUX METOJIIB, Jie B TKOCTI OPTOHOPMOBAHOT 0631 PO3TJISIIAETHCS
4eTBIPKa KOMILJIEKCHUX 130TPOIHUX BEKTOPIB (A.47), ji/isi SIKUX BUKOHYIOTHCS YMOBK
opronopmoBanocti (A.48). Takum uunOM, 3amicTh BUKOpUCTaHHs 24 JifiCHUX He3a-
JIEXKHUX CKaJsspHuX BesudauH (Koedinientis obeprants Piuui) y ssudaiinomy dop-
MaJii3mi oproHopmoBanol Terpaju, y HII dpopmanizmi Bukopucropyerhest 12 kom-
mjieKcnnX. BiractusicTh i3oTpornHocTi Terpagaun Hoiomena-Ilenpoysa mozBosise pos-

igaaTH PI3UUHI [M0JIs IPUPOJIHIM YUHOM, OCKIJIbKHU MOIIMPEHHs IHUX IIOJIB BiJ0Y-
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BAaE€THCs 31 1MIBUJIKICTIO cBiTJia. [Topsiy 3 eKOHOMIUHICTIO Y BUKOPUCTAHHI BEJIMYUH,
HII-cbopmasiizam qacto jiae i sikicHi 1epeBaru — piBHsAHHS Y T€H30PHOMY I1JIX0/1i, Kl
Oysi HeJIHHIHHUMY, CTAIOTh JIHIHHUMU.
CmiHoBi KoedillieHTH
Crinosi kKoedilieHTH BUHUKAIOTH BHACIIOK i1 KOMIIOHEHT OllepaTopa KOBapiaH-

1

THOI ITOX1AHOI™ Ha 0a3UCHUI CIIHOP.

Cninopni xoediivienmu obepmanms Pivui (cninosi xoediyienmu) o3unadeni tax

Vel = €8PV 1 a€n" (A.77)

Bonu € cumerpuuHEME 32 OCTAHHIME JIBOMA, IHACKCAMU Y 4 i/ g = VAii¢f» 1O BUILIA-
Ba€ 3 OPTOHOPMOBAHOCTI CIIIHOBOT'O 0A31CY Ta KOBAPiaHTHOI IOCTIHHOCTI KOMIIOHEHT!
€AB.

Hezanexui koeditientn obepranns Piuui y dbopmasizmi Heiomena-Ileapoysa mo-

3HAYAIOTHCS MAJIMMU T'PEIbKUMU JITepaMu Ta Ha3UBAIOThCS ckasspamu Hvromerna-

Ilenpoysa:

_ 1 _ _ 0 _ 1 _ 0 __

R = =%Yoo = 700000, €= Yoo — —VYoor1 — 0010, T = Yoor1 = 700’11,
_ 1 _ _ 0 _ 1 _ \ = 0 _

P = —TYwo — 710000, &= V0 = ~Y1ipy1r = 71010, = Y101 = 71011, (A 78)
_ 1 _ _ 0 __ 1 _ _ 0__ )

0 = —%Yoro = 70100, p = Yoo = Vo1 = Yorio, K= Vo1 = Yo11ls
_ 1 __ _ 0 __ 1 __ _ 0 _

T = =0 = Moo, YV ="Y10 — — Y111 = v, V=791 = Y1l

Ckauisipu Hpiomena-Ilenpoy3sa 03Hauyl0ThCs TaKOXK 4epe3 3ropTKy 3 BEKTOpaMu

130TPOITHOI TETPAJIM YU CIITHOBOI J1a/u 3 TOX1THOIO 33, HAITPSAMKOM 130TPOITHOI TeTpa-

Ix nasuBators noxijpi 3a HapAMKaMu i30TponHol Terpasu, abo BHYTPiluHi noxiami. ByayTs o3Hadeni Huxde.
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Jii Biji 6a3uCHOIO CliiHOpa,

e = —1(I"Dn, — m*Dm,) = 3 (n"Dl, — m*Dm,) = t"Dos = 0*Duy,

o= % (la(Sna — m“éma) = % ( a5, — m“éma) = 14004 = 04914,

B =—-1(1%n, — m*0m,) = 1 (nl, — m*6m,) = 11604 = 04014,

= % (I*An, — m*Am,) = % (n®Al, — m*Amg) = 14004 = 04 A1y,

k =m®Dl, = 0*Doy, ™= —m*Dn, = 1" Duy,
p=m%l, = 004, A= —mn, = 14604, (A.79)
o =m®l, = 0004, p=—m*n, = 1404,
T =mAl, = 0 Aoy, v=—m"An, = 1*Avy,

e D, A, §, 0 — noxidni 3a nanpamramu izomponnoi mempadu (6Hympiwni nowi-

Jni), 0 BUBHAYAIOTHCS (DOpMyTaMu

D = VOQ/ = OAOA/VAA/ = Z“Va,
A = Vi =44V 4 = nV,,
0= Voy — OALA/VAA/ = m“Va,
5 = Vm/ = LAOA/VAA/ = mava.

(A.80)

KowmyTariiiiHi cniBBijiHOIIIeHHS Ta piBHAHHYA 1101 Hhiomena-Ilenpoy3a

KomrmonenTn komyTaTopa, 110 Ji€ Ha CKaJsIPHY BEJIUYUHY @

HA3UBAIOTHCSA KOMYMAUIIHUMU cnieeidnowertamu. KoMmyraliiini CriBBIIHOIIEHHST

B TepMmiHax ckaJisipiB Hbiomena-Ilenpoysa Ta BHYTPINIHIX TOXIJIHUX MAIOTh BUIJIS]

(AD — DAY = [(v+3)D + (e + )A — (7 + )5 — (7 + 7)Y,
(6D — D6)Y = [(a+ B —7)D + kA — (p+€— &) — adi,
(0A = Ad)tp = [=7D + (1 —a — B)A + (u— v +7)d + Ay,
(66 = 30)¢ = [( =)D+ (p— p)A + (a = B)d — (@ — B)d]y.

3 cucreMu PiBHSHDb BiJIHOCHO KOMIIOHEHT CIIHOPHOI'O €KBIBAJIEHTY TOTOXKHOCTI

(A.82)

Piuui

2V, VyV? =R, V° (A.83)



123

OTPUMYIOThCs PisHAnmA noas Hoviomena-Ienpoysa (pienanns noas)

Dp—06k—p*—06 —(e+&p+rT+rBa+ —7)— Py =0,
Do —dk—(p+p+3c—€o+(r—T+a+30)k—Vy=0,
Dr—Ak—(t+7T)p—(T+m)o—(e—)T+ By+5)k — ¥ — Dy =0,
Da —de — (p+é—2€)a— B+ €f + kA + Ry — (e + p)m — Py = 0,
D —de—(a+mo—(p—€)f+(n+y)k+ (a@—m)e— V¥ =0,
Dy—-Ae—(t+m)a—(n+7)B+(e+e)y+ (v +7)e— 7T +vE—

— Uy + A — By =0,
DN —6m —(p—3e+ N —aou— (m+a—B)1 + vk — Py =0,
Dup—dém—(p—e—€u—or— (T —a+p)r+vk— ¥y —2A =0,
Dv—Ar—(r+T)u— (T+71) A= (y—F)7+ Be +&)v — U3 — &y = 0,
AN—0v+ (p+pa+3y =)A= Ba+p+7—7F)v+ Uy =0.
op—d0 — (@ +B)p+ (Ba—PB)o —(p—p)T — (1 — f)k + ¥y — Py = 0,
da =00 — pp+ Ao —aa — BB +2af — (p—p)y — (p— e + Ty — A — By =0,
0N =d0p—(p=pv— (p— @)1 — (a+ B)p — (@ = 3B)A + U3 — By = 0,
Ap— v+ (+v+3)p+ I —or — (@ + 38— 7)v + Py = 0,
AB—0y—(a+B—T)y+pur—ov—ev—(y—7— B+ al+ =0,
Ac — 0T+ (p—=3v+3)o+ Ap+ (T+ B —a)T — kv + Pga = 0,
Ap—o6T—(v+y—j)p+or—(B—a—7)T—vk+ Uy +2A =0,
Aa—0y—(p+ev+ (T+ A= (7 —i)a— (B —7)y+ V3 =0, (A.84)

ne mianHi (Terpajiai) KoMnorerTu crinopa Beiinsg W pop Ta crminopa Piadi ® 4pcrpr

o3HadeHi popmyaamu

Wy = Yoo = Vapcpo?0”0%0” = Copeal m’I'm® = C1y3y1)(3)»
Uy = o1 = Vapepo?0P0“iP = Copeal®m’In® = C1y3)1)2):
Wy = Vo1 = Wapcpo?o? 90 = Copeal “m"mn® = Ciy3)ay2)»
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B,C,D d

W3 = o1t = Vapepo P8P = Cupeal n"mn® = Cyy))3);

Uy = Uii11 = Vapept™ P8P = Cupeamnmn = Cluy2) ) @);

Dyy = Doy = PapcrpooPo’ o = _%Rablalb = _%R(l)(l)a

D1y = Py = PapcrpoitPo” o = _§Rablamb = —§R(1)(3)7

Doy = P11 = PapcrptttPo o = _%Rabmamb = —%R(g)(g),

Dy = Pogorr = Papcrpo?oPo P = _%Rablamb = —53(1)(4),

1y = Do = PapcrpotBoC P = —%Rablanb +3A = —%R(l)(g) +
Dy = Bpyg1 = PaperptBo P —%Rabmanb = —%R(a)(z),
Dy = Poorr = Papcrpoo? _lRabmamb = —%R(4)(4),

D1y = Boyyr = Paperpo P = —%R pymn® = —%R(4)(2);
Doy = Py = Papcrp P —lRabnanb = —-R9)(2)

(A.85)
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JIOJIATOK B

Po3B’a3yBaHHs HEOJHOPI/THOI cucTeMu PiBHAHb MakcBeJsuia ajd

OJTHOHAITPSMJIEHOIO 130TPOIHOTO I10JId

BuaifjleMo 3arajbHuil po3B’si30K 1epiioro piBHsHHs cucremu (2.17). Bpaxyemo

IIPU I[OMY JIOJAHOK 3 IOX1AHOIO 110 6, KoediIlleHT pK SIKOMY JIOPIBHIOE HYJIIO

2 2 0 0 0 0 1
r“ +a V2 902_|_0. 902+ a P2

= 0.
r2 —2Mr +a? Ot * or 00 12 —2Mr+a? 0¢ +r—z’acosﬁg02

PiBHsIHHS € HEOIHOPIJITHUM PIBHSIHHSAM B YACTUHHUX [OX1JIHUX HEPIIOTO MOPSJIKY,
3aIMIIEMO CUCTEMY 3BUYANHUX JUdepeHIiaJbHUX PIBHsAHb B CUMETpUUHiil dopwmi,

10 BIJITIOBIIAE JTAHOMY PIBHSAHHIO B YACTUHHWX TTOXITHUX

dt dr  df do dips
212 10 —-—a 9
22 Mr+a2 r2—2Mr+a? r—ia cos 6

Tenep 3anuieMo HopMaJibHy cUCTEMY 3BUYAHUX jiudepeniiiaJibHUX PIBHIHD, 1110

BIJINIOBIJIa€ cucTeMi B cuMmeTpudHiit (popmi

( dt r24q2
dr = r2—2Mr+a?’
b — ()

- )
{ (B.1)

do __ a
dr — r2—2Mr+a?’
dpp _ _ _ @2 .

\ dr r—iacos@’

Ta, MPOIHTErpPyeMo 11

( ~
t—r— MIn(r? — 2Mr + a?) — %amtg (\/22—%> = (1,
0 =Cs,

6~ sty (Si4m ) = G,

In ((r — iacos6)-@s) = Cy.

\
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SHaXO/IMMO TIepIi IHTerpaJii CUCTEMI

¢ i . _
él =l=r= MID(T‘Q —2Mr + CLQ) o \/Z\Jf\g—cﬂ In (T—%—F%) )
& =10,

_ a r—M—vM?—a?
& =¢— 2/ M?—qa2 In (T—M+\/M2—a,2> ’
| §a=1In ((r —iacos®)-ps) .

OTrpumyemo 3arajibHuii PO3B’S30K MEPIIOTO PIBHAHHS cucTeMu (2.17) B HestBHOMY

- N

(B.2)

BULJISI]

\11(51752753754) - 07 (BB)

je U - joBibHa gudepeniiiiioBana QyHKIis.
[ligcraBumo orpuManuii HesiBHEN po3s’s30k (B.3) y apyre piBHsAHHS cucTeMu

(2.17). Hns mporo 3anumiemo moxigui Big W (&1, &r, €3, &) no t, 7,0 Ta ¢

.
Vi =We + W 4%%’

—(r*+a?) - 1 1 dp
‘Ij - qul r2—2Mr+a? + \ijB r2— 2]\4ar+a2 + 11154 (r—iacos@ + 58_7’2> )
0 10
Wy = \ijz + \IJ&L (ru;cbzlélow + 7 09 8%2>
10
| Vo = Ve, + Ve, oo 55
BSHBHH/I mudepentian Bijg 06ox dactun (B.3), orpumaemo W, = 0, ¥, = 0, Uy = 0,

(B.4)

Y, = 0. Bupasumo uacrunni noxiani sig GyHkuii o depes noxijiai Bijj HesBHOI

dyuKIil

)
dp Ve
= ( : ) 9027

6902 51 r2_ 2Mr+a le§3 r2—21\62r+a2 . 1
or r—iacos 6 P2,

(B.5)
5902 —Ve, __ _iasinf
00 e, r—ia cos 6 Y2,

Oy e
\ a¢2 ( \11543) P2.
[Tincrasumo (B.5) B apyre piBusinust cucremu (2.17), orpumyemo

oy, (ctg9 L ypllrtia COS@)) U, =0. (B.6)
no V2

Posp’skemo pisnsitnst (B.6) sik ojiHOpi/iHE DIBHSIHHS B YACTHHHUX TTOXIIHUX Tep-

tasin 0We, + Ve, +

ITOT0 TTOPSIIKY BIHOCHO HeBigoMux &1, &9, &3, &4 Banuinemo cucreMy 3BUIaiiHUX -
depeHniajJbHUX PIBHIHb B CUMETPUUHIN (pOpMi, 1110 BiJIIIOBIIa€ JJAHOMY PIBHSIHHIO B

HJaCTUHHUX HOXi,ZLHI/IX
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d&y d§y — ds d€y

1a sin 6 - 1 ﬁ - _ (Ctg(9—|— \/§J2(r+;c;cos€)>'

Hopmausibny cucremy judepeniiiaibHuX PiBHsIHbD, 1110 BIAIIOBIIA€ cucTeMi 3BUYai-

HUX JudepeHIiaJbHUX PiBHsAHb B CUMETPUYHIN (POpPMI, 3aIUIeMO Tak

(

3—2 = tasin 6,
dés 4

) d_gz =L (B.7)
déy Ja(r+iacos )

\ T (ctg@ + \/§—¢2 ) .

Bamicth & mijicraBisiemo 6

(

% = tasin 6,
dés i
\ 98 = = (B.8)

e — (ctg9 + \/5—‘72‘7“*;2“’89)) ;

[leprie Ta jpyre piBHSIHHS PO3B’SKEMO SIK PIBHAHHS 3 BIJIOKPEMJICHUMU 3MIHHUMMA,

\

a TpeTe — AK JIiHiliHe HeoJHOpiHe PiBHAHHA. Po3ryigaaeMo TpeTe piBHIHHSA CUCTEMU

(B.8)

d&, — (et - \/§J2(7“ + ta cosf) ; (B.9)
do L2

B npomy piBusuni & € dywskuiero By @o  (mwB.  (B.2)), nigcraBumo
&4 =In((r —iacosf)-pq) y ocTaHHE PIBHAHHS

dps 1a sin 0
de

+ <ctg9 + :
r —1iacosf

) 3 = —V2J5(r +iacosf); (B.10)

Posp’stz0k atiniitnoro 3P (B.10) mykatumemo y BUTISL 02 = ¢ + 03, e @) —
PO3B’SI30K BIJIITOBIIHOIO OJHOPIIHOINO PIBHSIHHS, go% — JaCTKOBHil PO3B’SI30K HEOTHO-

pijroro pisusinbs (B.10). 3naiijemMo po3s’si30K BiIOBIIHOIO OJIHOPIIHOIO PIBHSIHHSE

del iasin 0 0
—= tgd 4+ —m = 0; b.11
df +(cg +r—iacos€> 72 =0 (B.11)

In @) =InC — In (sinf(r — iacosh));

C

sinf(r —iacosf)

Py =
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YacrkoBuil po3B 130K HEOHOPIIHOIO PIBHSIHHS 3HAMEMO METO/IOM Bapialiil JI0BlJib-

HOI CTaJIOl
c)
) = B.12
727 Sin O(r —iacosf)’ (B.12)
[Tigcrasumo (B.12) y pisusinus (B.10)
ac (o
% = —V2J5(r% + a® cos® ) sin 6,
—\/5/ Jo(r® + a* cos? 0) sin 6d6.
Orxe,
C 2 [ Jo(r? + a® cos® ) sin 0d6
P2 = = . V2] b st cos O)singd) g g
sin 0(r — ia cos 0) sin O(r — ia cos )
sin 6(r — ia cos 0)ps + \/5/ Jo(r? + a® cos® 0) sin 8d = Ci; (B.14)
(
&1 = —iacosf + (Y,
§ &=iln=0 4 Oy, (B.15)
sin 0(r — iacos 0) gy = —V/2 [ Jo(r? + a® cos? 0) sin 0d0 + Cs.
\
3amnuieMo mepiii iHTerpaJm
(
Y1 =& + tacos,
§ Yo =& —iln 151‘;1059, (B.16)
Y3 = sinf(r — iacos0)pa + V2 [ Jo(r? + a® cos® 0) sin Odb.
\
Orpumyemo HesiBHUIT PO3B’si30K piBHsiHHs (B.6)
O (1,1hy, 3) = 0, (B.17)

ne @ - joBlibHA JiudepeniitoBana QyHKIlisd,

Y1 =t—1r—MIn(r? — 2Mr + a®) — Mi hl(rMv _a)+za0089

r—M++/M?2
_ . r— M /A=
¢2 o ¢ o 2V M2 —q?2 In (TM+\/M2a2)

Y3 = sinO(r —iacos )y + V2 [ Jo(r? + a? cos? §) sin 6d6.

(B.18)
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Orpumanuii Hesisauii poss’sizok (B.17) € poss’sizkom cucremu (2.17).
Tt dynkuii (e, 1o, 1h3) 3acTOCyeMO Teopemy npo nesisay gynkiio. Bubepemo
nesiky Touky (to, 7o, 0, o), e —00 <t <00, Ty <1 <00, 0< <7 —00<P<

0o. Tojii AKIIO BUKOHYIOTHCS YMOBU

O (41 (to, 70, 00, d0), a(to, To, Oo, do), W3 (to, To, B, do)) = 0, (B.19)

8&)@0, 70, 60, P0)
03 (to, 10, 80, o)

TO icHye Taka HernepepBHO-Audepenniiopana GyHKIis P, 110 é(wl,wg,gbg) =

£0, (B.20)

= O (11, 12) — 3. Orpumyemo sBHUI Bupas jjis GYHKIIT o

(P2 = ! ((D (Y1, 109) — \/§/J2(r2 + a” cos® ) sin ede) . (B.21)

~ sinf(r — iacosd)
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JIOJTATOK B

JlomaTkoBi mimporpamMu Ta BUKOPUCTAHI MaKeTu

ITlignporpamu Maple o64ncjieHHS KOMIIOHEHT KOBapPiaHTHOI MOXi/THOT Y
dopmaiizmi Heromena-Ileapoysa

st orpumannst piBHsiib y dopmaJiismi Heiomena-Ilenpoysa 31 cuninopHux 4m
TEH30PHUX BUPa3iB, PO3PO0JIEHO JieKijabKa (DYHKINH Ta MpoIeayp s CepeIOBHIIA
Maple. Ilponenypu Ta dyukuil 3anucani y Kopucrybalbky 0i0ioreky NPeq Ta Bu-
KJIMKaOThC KoMan 1010 march(‘open‘, NPeq.mla).

IIporneypa CovariantDerivative(Vector,FirstAbstractIndex, SecondAbs
tractIndex) moBepTae KOBapiaHTHY MOXiJHY V 7z BiJ CIIHOpa, BEeKTOpa abo TeH-
30pa, AKHi 3a/1a€Thcsd apryMenToMm Vector, fe Z BIINOBIAa€ mepiomMy abCTpakKTHO-
My injiekcy FirstAbstractIndex, Z’ sBijnosijae apyromy abcrpakTHOMY 1HJIEKCY
SecondAbstractIndex, ojuH 3 1UX iHJIEKCIB Mae OyTu miTpuxoBanuM. KosapianTha
oxi A 069HCIIoEThest 38 GopMyino Vyy = 007D + 1zt — 07020 — 17049.
[Teprmmmit abo gpyruit abcTpakTHU 1HIEKC TTOAETHCA Y OJIHOMY 3 (bopMaTiB: onyz —
Oz, 1NyZ — Lz, ONyZS — Oy, 1NyZS — Ly, OVZ — OZ, ivz — LZ, ovzs — OZ/, ivzs —
1#". Y macusi Dbasisz2[1i, j] 3bepiratorbes paBua il OepaTopiB 3a HATPAMKAMU
130TPOIHOI TeTpa i Ha OA3UCHUN BEKTOD CIIHOBOI J11aId.
CovariantDerivative:=proc(Vector,FirstAbstractIndex, SecondAbstract
Index)
description "Aplying differential operator to vector in NP formalism"
local dif, a, b, ¢, 1, j, s1, s2, s3, s4, sb5, s6, s7, s8, ss, baso,
basos, basi, basis, dl, Derivative, dop, matr; dop:=UnGreek(Vector);
a:=indets(dop) ;
sl:=convert(ovz,set); s2:=convert(ivz,set); s3:=convert(ovsz,set);

s4:=convert(ivsz,set); sb:=convert(onyz,set); s6:=convert(inyz,set);



s7:=convert(onysz,set); s8:=convert(inysz,set);
ss:=‘union‘(s1,s2,s83,s4,s5,s86,87,88);

a:=a minus ss; b:=convert(a,list); b:=convert(b,array);
c:=ArrayNumElems (b) ; dif [0]:=D(dop);

for j from 1 to 4 do

d1l:=dif [0]

for i from 1 to ¢ do dl:=subs(D(b[i])=DiffScalar(b[i],j),dl):

for 1 from 1 to 10 do
dl:=subs(D(ovz[i])=Dbasisz2[1+4*(j-1),i],d1l):
dl:=subs(D(ivz[i])=Dbasisz2[1+4*(j-1)+1,i],d1l):
dl:=subs(D(ovsz[i])=Dbasisz2[1+4*(j-1)+2,1i],dl):
dl:=subs(D(ivsz[i])=Dbasisz2[1+4*(j-1)+3,1i],dl):
dl:=subs(D(onyz[i])=Dbasisz2[1+4*(j-1)+16,i],d1):
dl:=subs(D(inyz[i])=Dbasisz2[1+4*(j-1)+1+16,i],d1):
dl:=subs(D(onysz[i])=Dbasisz2[1+4x(j-1)+2+16,i],d1):
dl:=subs(D(inysz[i])=Dbasisz2[1+4*(j-1)+3+16,1i],d1):
dif[j]:=dl: od: od:

if SearchText(‘‘s”’, FirstAbstractIndex)##0 and
SearchText (‘‘s’’, SecondAbstractIndex)=0 then
basos:=convert (cat(‘“‘o’’,FirstAbstractIndex) ,symbol):
basis:=convert(cat(‘‘i”’,FirstAbstractIndex),symbol):
baso:=convert (cat(‘‘0’’,SecondAbstractIndex) ,symbol) :
basi:=convert(cat(‘‘i’’,SecondAbstractIndex),symbol): end if:
if SearchText(‘‘s’’, FirstAbstractIndex)=0 and
SearchText (‘‘s’’, SecondAbstractIndex)#0 then
baso:=convert (cat (‘‘0”’,FirstAbstractIndex) ,symbol) :
basi:=convert(cat(‘‘i”’,FirstAbstractIndex),symbol) :
basos:=convert (cat(“0”’,SecondAbstractIndex) ,symbol):

basis:=convert (cat(¢‘i’’,SecondAbstractIndex),symbol): end if:

od:
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Derivative:=simplify(basi*basis*dif [1]+baso*basos*dif [2]-
-basi*basos*dif [3]-baso*basis*dif [4]):
Derivative:=greek(Derivative):

end proc:

Oynkmis DiffScalar(Scalar, j) moBeprae y CHMBOJILHIN (pOpMI JTiTO OJHOTO 3
JOTUPHOX OMEPATOPIB MOXIIHUX 38 HAIIPSIMKAME 130TPOITHOI TeTpa/id Ha JIesIKUil CKa-
Jsip. OnepaTop MMOoXiJHOT 3alucaHnil y CUMBOJIbHINM (DOPMI Ta BUBHATAETHCA HOMEPOM
J.

DiffScalar:=proc(Scalar: :symbol, j::integer)::symbol

description "Derivative operator j (D, A, §, §) applied to scalar"
local a, c;

a:=convert(Scalar, string);

if j=1 then ci=cat(‘D’,a): end if:

if j=2 then c:=cat(‘A’,a): end if:

if j=3 then c:=cat(‘0’,a): end if:

if j=4 then c:=cat(‘dr’,a): end if:

return c;

end proc:

ITaker GRTensorlII

st obunciiennst KOMIOHeHT TeH3opa MakcBesia Ta TeH30pa eHeprii-iMITyJibey
sukopucrano naker GRTensorlIl v.2.4 May 19, 2020 [56]. Haseiemo nux1e ocHoBHI
KPOKW BUKOPWCTAHHSI TTAKETY.

IIpocrip-uac Keppa 3amgaerbes depes izoTpornny Terpaay Kinnepesi Ta 3a3made-
rijih 30epiraeTbes y daitni npupk3.mpl B karanosi metrics. @ynkiieto qload(npupks3)
1HIIIAII3YE€ThCsI pOOOUNIA IPOCTIp-Uac.

3MmiHHl € Ta ¢ OPATUMYTh yIaCTh y CTBOPEHHI cKassapiB £1i2 (o) Ta £12r (@)
e:=fi2:
c:=fi2r:

grdef (sc3):
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grdef (sc3r):
grcalc(sc3):
grcalc(sc3r):
Ha BBl m10/1810THCsT 3MiHHL € Ta C.
Brogumo o3nadenns Tenzopa MakcBesia Ta TeH30pa €HEPril-IMITyIhCy:
grdef (‘F3{a b}:=sc3*(NP1{a}*NPm{b}-NP1{b}*NPm{a})+ sc3r*(NP1l{a}tx*
NPmbar{b}-NP1{b}*NPmbar{a}) ¢, asym = {[1, 21}):
grdef (‘F3Contra{"a “b}:=sc3*(NP1{ a}*NPm{ "b}-NP1{ b}*NPm{"al})+sc3r*
(NP1{"a}*NPmbar{ b}-NP1{ b}*NPmbar{"al})‘, asym = {[1, 2]1}):
grdef (‘Tei{a b}t:=sc3*sc3r*NP1{a}*NP1{b}‘, sym = {[1, 2]}):
grdef (‘TeiContra{”a “b}:=sc3*sc3r*NP1{"a};*NP1{"b}¢, sym = {[1, 2]}):
O069MCIITOEMO KOMITIOHEHTH TEH30PIiB:
grdef (F3(dn, dn), F3Contra(up, up), Tei(dn,dn), TeiContra(up, up)):
3acrocoByeMo mpornieypu crporienis gralter (F3(dn, dn)) Ta BuBOAMMO pe-

3yJbTaT Mporeaypoto grdisplay (F3(dn, dn)).
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