AHOTAIIISA

Xoma Map’sna Boaodumupicena. Sagadi st HEJIHIHHIX €BOJIOIIRHAX CUCTEM
Croxkca 31 3MIHHIMU [TOKa3HUKaMU HeJjliHiftHOCTi. — KBaJsidikaliiiHa HayKoBa Ipa-
151 Ha IpaBax PYKOIIUCY.

ucepraliisgs Ha 3/100yTTS HAYKOBOI'O CTYIEHS JIOKTOpa (bijtocodil 3a creriaib-
ricrio 111 — “Maremarnka” (amysp suans — 11 “Maremarnka Ta cratucruka’). —
JIbBIBChKMIT Haliona/bHNIT yHiBepenTeT iMeni IBana @panka, JIbsis, 2026.

[ucepraniitia podoTa IPUCBsSIUEHA, JOC/ILIPKEHHIO HeJIIHIITHUX eBOJIIOIIHIX C1-
crem CTokca 31 3MIHHUMHI MOKa3HUKaMU HesiHiitHocTl. Po3riisgaioThest cucreMn
PiBHSIHB, 1110 OIUCYIOTH JMHAMIKY BEKTOPHUX IIOJIIB y OaraToBUMIPpHUX IIPOCTOPAX
3a HAsIBHOCTI yMOB HECTUCJUBOCTI. ¥ JaHUX cUCTeMaX PiBHSHb MPUCYTHIN HeJTi-
HiftHuit gudepenIiagbauil U iHTerpo-audepeniiaibanii orepaTop Y . 30Kpema,
et onepaTop ) MICTUTDH HEJIHINHI JOMaHKNA CTENIEHEeBOrO XapaKTepy, dKi MaloTh
BULJISA]T \u\q*Q , JIe BeJInYuHy q > 1 Ha3uBaloTh ITIOKA3HUKOM HEJIHITHOCTI CUCTeM,
sK1 BUB4alOThcsd. Jlana Bemdanna Moke OyTH CTaJI010, 00 3aJ1€7KHOI0 BiJl TPOCTO-
poBOI X, 4K Biji mPOCTOPOBOI 1 dacoBol 3minuOl (x,t) dyHkiieo. B neprmomy
BUIIQJIKY TaKl CUCTEMHU € CUCTEMaMU 31 CMasuM NOKAZHUKOM HEATHITHOCTMI, & B
JIPYTOMY — 31 3MIHHUM NOKA3ZHUKOM HEATHITHOCTN.

Memoro ducepmauitinoi pobomu € JTOCTiIKEHHsI CUCTeM PIBHAHD 3 YaCTHHHIMU
MOXIJTHUMHU, K1 MOJIEIIOI0TH JesKl IPolech TJIPOJInHAMIKHI 1y sKl MICTSITh HEBI-
JIOMY BEKTOP-(QYHKIIIO, O BIAOBIJIAE 3a MIBUJKICTH PINHE, & TAKOXK HEBLJIOMY
CKaJIAPHY (DYHKILIIO, sIKa BIJIIOBIIA€E 3a TUCK. Po3rysinyTi cucTeMu TakoxK BKJIIOYa-
I0Th HeJIIHIHII qudepenIiajbHuil Ta iHTerpo-audepeniiaibHuil oepaTop, sIKuii
OIIMCY€E BHYTPIIIHI BJIACTUBOCTI cepeoBUIIA, MaTeMaTudYHa MOJE/Ib IKOT'O PO3TJIsI-
IaeThesd. TakoXK OKpIM JeTepMiHOBAaHUX MOJIeJel, JOCTIIKYIOThCSI CTOXACTIIHI
eBOJIIONIIHI crcTeMu, TOOTO CUCTEMU PIBHAHB 3 YACTUHHUMU IOX1IHUMU, HEBITOMI
GyHKIIT y IKUX 3a/1eKaTh Bijl BUIIQKOBOIO ITapaMeTpa, a caMi CUCTEeMU MiCTATH
YJIeHN, IKI BPaxXoBYIOTH BILIUB Ha MOJEb BUTIAIKOBOTO 30ypeHHs. Taki y3arajib-
HEHHsI JIAl0Th 3MOI'y OIcaTH OlLJIBII PeaiCTUUHI IIPOIECH, 1110 CTBOPIOIOTH OCHOBY
JIJTs1 TIOJIAJIBIIIONO aHa I3y 1X pO3B’s3KiB.

06 exmom docaidxrcernns TucepTaliiiHol podOTH € KJIacu HeJHHIHUX eBOJIIOIiii-
HUX CUCTeM PiBHsIHb 3 YaCTHHHUMU IHoXiaHumu tuiy cucrem CTokca 31 3MIHHUMU
IMOKa3HUKaMU HeJIHIHOCTI.

IIpedmemom docaidotcenns auceprallil € NUTaHHSA OJHO3HAYHOI PO3B SI3HOCTI 1

JIOCJTIJIZKeHHSI JIedKIX BJIACTUBOCTEN PO3B’sI3KiB MillIaHUX 3a1ad JIJIsd
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— iHTerpo-audepeHialbHuX HapaboIiuHuX cucteMm piBHAHL CTOKca 3i cTa-

JIMMU TTOKa3HUKaMU HeJIHIHOCTI,

— mudepentianbanx cucrem CTokca 31 3MIHHUMU TOKA3HUKAMU HEJIIHIHHOCTI,
dK1 3aJ1e2KaTh B1Jl 9aCOBOI Ta, IPOCTOPOBUX 3MIHHUX Ta SIK1 MICTSATL BHUIIA/I-
KOBe 30ypeHHsI TUIly OLJIOro IIyMmy;

— iHTerpo-audepeHIiagbHuX cucTeM piBHAHL OckokoBa-CToKca 31 3MiHHU-
MU TTOKa3HUKaMU HEeJIIHIRHOCTI, sKl 3a/1eKaTh BlJl 4acOBOI Ta ITPOCTOPOBUX
3MIHHUX;

— iHTerpo-audepeHIiajpbHuX JierepMiHoBaHux cucreM Bycinecka-Crokca 31
3MIHHUMM TTOKa3HUKaAMU HEJIHIHOCTI, sKi 3aJeKaTh BlJ 9acoBOl Ta IpO-
CTOPOBUX 3MIHHUX;

— nudpepeHIiaJbHIX CTOXacTUYHUX cucrteM bycinecka-Ctokca 31 3MiHHUMUI

MOKA3HUKAME HEJIIHIHHOCTI Ta BUMAIKOBUMU 30y PEHHSIMIU.

Y poboTi JI0BEJIEHO TeopeMU iCHYBaHHS 1 €IMHOCTI y3araJilbHEHHUX PO3B’s3KiB
MIITAHUX 334 JJId PO3IVISHYTHX cucTeM. [Ipu nboMy BUKOPUCTaHO METOIU TEO-
pil piBHAHBb 3 YACTUHHUMHU MOXITHUMU Ta (DYHKIIIOHAJIBHOIO aHa i3y, J0KpeMa, y
nucepTalil Bukopuctano Meroan Paejo-l'aabopKina, MeTo s MOHOTOHHOCTI, METO,
KOMIIAKTHOCTI.

Jucepranisg cKIaJaeTbcsd 3 aHOTallil yKpalHCHKOIO I aHIVIIICHKOIO MOBAMM,
BCTYITy, YOTUPHOX PO3JILJIB, BUCHOBKIB, CINCKY JIITEPATypH Ta J0JaTKY. Y BCTYIII
OOI'PYHTOBAHO aKTYyaJIbHICTh TEMU JIOCIIZKEHHS, CPOPMYILOBAHO METY, 3aBJlaH-
Hsl, IIPeJMeT, 00’ €KT Ta METOJIN JO0C/IiKeHHs. TaKkoK HaBeIeHO HayKOBY HOBHU3HY,
IIpaKTUYHE 3HAYEHHsI OTPUMAHUX PE3YJIbTaTiB, 3B's130K POOOTH 3 HAYKOBUMU Te-
MaMHI Ta 0COOMCTHIl BHECOK 3100yBava, a TaKoyK BKa3aHO iHQOpMAaIlio, JIe alpo-
60BaHO Ta OIyOJIKOBAHO OCHOBHI PE3YJIbTaTH JIMCEPTAIlil.

Y pos3aini 1 HaBeieHo orJIs JJiTepaTypH, IO CTOCYEThC TeMu JaucepTarii. [1i-
po3iist 1.1 MiCTUTB JIONOMIXKHI TTO3HAYEHHS, IKi BUKOPUCTOBYIOThCA MTPH (DOPMY-
JIIOBAHHI 1 JIOBEJICHHI OCHOBHUX PE3YJIbTATIB AUCEPTaliitHOl podoTu. ¥ Iiapo3iiii
1.2 po3IIAHYTO JHTEpaTypy PO PO3B’SI3HICTH 3a/1a4 Il PiBHAHD 3 YACTUHHUMU
MOXIJIHUME B 3BUYAHUX Ta y3arajbHeHux rmpocropax Jlebera i CoboseBa. ¥ 1miji-
po3iiti 1.3 MicTuTh onuc GpisMIHUX MTPOIIECIB, TPU MOJIETIOBAHHI SKUX BUHIKAIOTH
CHUCTEMU PIBHAHDb 3 YACTUHHUMU TTOXIIHUMH, SKi JOCJIJIZKEHO B JIUcepTaIiiini po-
6oTi. PosriistHyTo 3arajibHi piBHsIHHS PYyXY PIJAWH, & caMe PiBHsIHHA HEPO3PUBHOCTI
CepeJIoBNUINA, 3arajbHe PIBHAHHS PYXYy CYLIJIBHOTO CEPEIOBUINA Ta PIBHAHHSI Te-

IJI0TIepeHocy. Y MbOMY TiIPO3/IiIl TAKOXK BUCBITJIEHO OKPEMI BUMAJIKN 3arajbHOl
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CHCTEeMHU PIBHSHD T1APOAMHAMIKH, K1 IICJs BIAMIOBIIHAX IIePETBOPEHD IPUBOIATH

1o piBastab Hap’e-Crokca. VY mijiposiii 1.4 HaBeJIeHO pe3yJsibTaTi M0/10 PO3B’si-
3HOCTI 3aa4 i napabosigaux cucrem Crokca Ta Hap’e-Crokca.

Posin 2 npucssiueno 3ajadaM sl HeJliHifHUX napabosiaanx cucrem Crokca.
[Tokaznuky HEJIHIHHOCTI PO3IVIAHYTHX YV TiJIpo3aiaax 2.1 piBHIHDb € CTAJIUMU, a Y
miApo3/aii 2.3 — 3MIHHUMH.

Y migposaiii 2.1 j1oBejieHO iCHYBaHHS Ta €JIUHICTH y3araJbHEHHUX PO3B A3KiB
MiIaHol 3a/1a4i Jiutd mapadosidHux cucrteM piBHsiHb CTOKCa 31 CTAJIUM TOKA3HI-
KOM HeJiiHiliHOCTI. OTpuMaHO OIHKY X po3B’si3KiB. Mun 30yproemo KjacudHi
cucremn CTOKCa MOHOTOHHUM HEJIHIMHUM JIOJAHKOM Ta JIHIHHIM IHTerpajbHUM
JnogankoM. Mimany 3ajiaqy Jijis CUCTeM TaKOT'O BUIVISLY PaHille He BUBYAJIN.

Y miapos i 2.2 po3rIgHYyTO OCHOBU CTOXACTUYHOIO IHTErpPyBaHHS Ta Jude-
pPEeHIIIoBaHHA, SIKI BUKOPUCTAHO y HACTYIMHUX Migposmiiax. et miaposain mae
JIOTIOMI>KHHIT XapaKTep.

Y migposgiii 2.3 posrisinyTo cucteMn CToKca 31 3MIHHUMU IOKA3HUKAME He-
JIHIAHOCTI Ta BUITAKOBUM 30ypeHHAM Ty Oijoro mymy. [lokazano icHyBaHH:
Ta €INHICTD y3araJbHEeHNX PO3B’S3KIiB MIMTaAHUX 3aa9 JIJId PO3TJITHYTUX CHCTEM.
Croxacruuni judepeniiaibii pIBHIHHS 3 3a/1€2KHUM BiJl 3MIHHUX (T, 1) HTOKA3HU-
KOM HEJTIHIFTHOCTI Ta OLIMM IIyMOM pPO3TJISTHYTO BIIEpIIE.

Y TpeTboMy PO3/IJI JicepTaliiinol podoTu jociijzKeHo cucreMn OCKOJIKOBa-
Crokca 31 3MIHHUMEI [TOKa3HMKAMU HEJIIHIHHOCTI, IO 3ajexKaTh Bijl BCiX He3aJjie-
JKHUX 3MIHHUX.

Y migposaii 3.1 po3ragHyTo MiMany 3ajady JJId CUCTeMU PiBHAHDL 31 3MiH-
HUM ITOKaQ3HUKOM HEJIHIHHOCTI Ta MaJjuM IapamMeTpoM. BukopucTaBiim MeTo
Daeno-I'abopKiHa J1I0BeIeHO iCHyBaHHs y3araJbHeHHX PO3B’sI3KiB IIi€l 3ajadl, a
TJTsl JIOBEJIEHHS €/IMHOCTI BUKOPUCTAHO METOJ BiJl cynmpoTuBHOTO. TakoxK Ha mpe-
JIMET iICHYBaHHS PO3B’A3KY JIOCTILIZKEHO 3a/1a9y, IKy OTPUMYEMO IIPU MIPsIMYBaHHI
MaJIoro napamerpa Jjio HyJas. Mimana 3agada juia cucreM Crokca 31 3MIHHUMU
IMOKa3HUKaMM HEeJIHIHHOCTI Ta MaJIIM ITapaMeTpoOM paHillle He Po3IJis/laiach.

YersepTuit po3jia aucepTallii TPUCBAYEHO 3a/a4aM JIJIsi €BOJIIOIIIHIX CUCTEM
turty Bycinecka-Crokca.

Y migposain 4.1 posrisnyTo JerepMinoBany cuctemy bycinecka-Ctokca 3i

3MIHHUMM TTOKa3HUKAMU HEJIHIHOCTI, $K1 3a/eKaTh Bl IPOCTOPOBOI 1 4aCcOBOI
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s3MinHol. Bukopuctasinm Meton Paeio-I'anbopKina 1oBeeHo iCHyBaHHS y3arab-

HEHUX PO3B’43KIB MilTaHUX 3ajad4 JId 1ux cucreM. [lokazaHo TakoXK IXHIO €11-
HicTh. 3ajadi Jjs iHTerpo-audepenmiagibaux cucreM bycinecka-Crokca 31 3MiH-
HIMI [TOKA3HIKAMIE HEeJIIHIHHOCTI, 110 3aexkaTh B (,1) paHiiie He BUBIAJUCH.

Y mijposaia 4.2 mepeHocuMo pe3yabraTi mijapo3aiay 4.1 Ha cToXacTU4IHYy CH-
cremy Bycinecka-Crokca. Ilepie piBHAHHSI cucTeMu 30yPIOEMO JIOJAHKOM THUILY
6ioro mrymy. Takok JOBejIeHO icHyBaHHS Ta €JIMHICTH y3araJbHeHOTrOo pO3B’si3-
Ky JIJIsT Takol 3ajadqi. 3ajadi st Takux cucrteM Bycinecka-Crokca 31 3MiHHUMN
MOKA3HUKAMU HEJIHIHHOCTI, 1110 3a/1eKarh Biji (x,t), BUNAJIKOBUM HapPAMETPOM i
JIOJTAHKOM THUITY OLJIOrO IMTyMy paHillie He BUBYAJIICS.

PoboTa 3aBeplIyeThcs BUCHOBKAME, B KUX I11JICYMOIOTbCsSI OCHOBHI pe3yJIbTaTH
JIOCJIJIZKEHHSI Ta CIIMCKOM BUKOPUCTAHUX JIZKEpeJl.

IIpakTuuHe 3HAYEHHS OTPUMAaHWUX Pe3yJIbTaTiB. Pe3ynbraTn mguceprariil
MAIOTh TEOPEeTHYHe 3HaYeHH: 1 MOXKYTh OyTH BUKOPUCTaHI JJiT PO3BUTKY TEO-
pil PiBHSIHD 3 YACTHHHUMU HOXIJIHIMH. X MO’KHA 3aCTOCYBATH DU PO3B’sI3yBaHH]
3a1a4 (piHAHCOBOI MaTEeMATUKM, TeOPil 0100 YHIX MOIYJIAL, OITUMAIBHOIO Ke-
pPyBaHHs TOIIIO.

Kuro4oBi cyioBa: piBHAHHS 3 YaCTUHHUME TOXITHUME, HeJIiHiliHe mapaboivdne
PIBHSIHHS, €BOJIONIIHE PIBHAHHA, 1HTEIPO-AudepeHIliajbHe PIBHAHHA, CTOXACTH-
yHe judepenIiaibie PIBHSIHHS, BUIIAIKOBUI IIPOIiec, BiHepiBChbKUil 1poriec, Olimit

Iy M, 3MiHHI MOKA3HUKK HesTiHiftHOCTI, y3arajabHeHi npoctopu Jlebera i CobosieBa.



ABSTRACT

Khoma Mariana Volodymyrivna. Problems for nonlinear evolutionary Stokes
systems with variable nonlinearity exponents. - Qualifying scietific work on the
right of the manuscript.

The thesis presented for the degree of Doctor of Philosophy in the speciality 111
- “Mathematics” (field of studies - 11 “Mathematics and Statistic”) — Ivan Franko
National University of Lviv, 2025.

The dissertation is devoted to the study of nonlinear evolutionary Stokes-type
systems with variable nonlinearity exponents. The systems under consideration
describe the dynamics of vector fields in multidimensional domains under the
incompressibility condition. The dissertation is devoted to the study of nonli-
near evolutionary Stokes-type systems with variable nonlinearity exponents. The
systems of equations under consideration describe the dynamics of vector fields
in multidimensional domains under incompressibility conditions.

These systems involve a nonlinear differential or integro-differential operator
Y. In particular, the operator ) contains nonlinear power-type terms of the
form |u|?7?, where the quantity ¢ > 1 is called the nonlinearity exponent of the
systems under study.

This exponent may be either constant or depend on the spatial variable z, or
on both the spatial and temporal variables (z,t). In the first case, such systems
are referred to as systems with a constant nonlinearity exponent, whereas in the
second case, they are systems with a variable nonlinearity exponent.

The purpose of the dissertation work is to investigate systems involving an
unknown vector-valued velocity function as well as an auxiliary scalar pressure
function. The considered systems also include nonlinear differential and integro-
differential operators describing the internal properties of the medium. In additi-
on to deterministic models, stochastic evolutionary systems incorporating random
perturbations are studied. Such generalizations make it possible to describe more
realistic processes and provide a basis for further analysis of solutions, in parti-
cular, their existence and uniqueness.

The object of the study is classes of nonlinear evolutionary Stokes systems with
variable nonlinearity exponents. Existence and uniqueness theorems for solutions
to these systems are established.

The subject of the study concerns solvability issues and qualitative properties

of of generalized solutions to problems for:



— parabolic Stokes systems with constant nonlinearity exponent;

— Stokes systems with variable nonlinearity exponents and random perturba-
tions;

— Oskolkov—Stokes systems with a small parameter;

— deterministic Boussinesq—Stokes systems;

— stochastic Boussinesq—Stokes systems.

The methods of partial differential equations and functional analysis are em-
ployed in the dissertation. In particular, the Galerkin method, the contraction
mapping principle, and methods of monotonicity and compactness theory are
used.

The dissertation consists of abstracts in Ukrainian and English, an introduction,
four chapters, conclusions, a list of references, and an appendix. The introduction
substantiates the relevance of the research topic and formulates the aim, objecti-
ves, subject, object, and research methods. It also presents the scientific novelty,
practical significance of the obtained results, the relation of the work to scientific
research topics, the personal contribution of the author, and information on the
approbation and publication of the main results of the dissertation.

Chapter 1 contains a literature review related to the topic of the dissertation.
Section 1.1 presents auxiliary notation used in the formulation and proofs of the
main results. Section 1.2 discusses solvability results for partial differential equati-
ons in classical and generalized Lebesgue and Sobolev spaces. Section 1.3 describes
the physical background of the studied systems, including the continuity equation,
the general momentum equation for a continuum, and the heat transfer equation.
Particular cases of the general hydrodynamic system leading to the Navier—Stokes
equations are also considered. Section 1.4 presents known solvability results for
parabolic Stokes and Navier—Stokes systems.

Chapter 2 is devoted to nonlinear parabolic Stokes systems. The nonlinearity
exponents of the equations considered in Subsection 2.1 are constant, whereas in
Subsection 2.3 they are variable.

In Section 2.1, the existence and uniqueness of weak solutions to mixed boundary
value problems for parabolic Stokes systems with constant nonlinearity exponent
are proved. An a priori estimate for the corresponding weak solutions is establi-
shed. The classical Stokes system is perturbed by the addition of a monotone
nonlinear term and a linear integral term. Boundary—initial value problems for

systems of this type have not been previously investigated. Section 2.2 introduces
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the fundamentals of stochastic integration and differentiation required for further

analysis. Section 2.3 investigates Stokes systems with variable nonlinearity expo-
nents and random perturbations of white-noise type. The existence and uniqueness
of weak solutions to the corresponding mixed boundary-initial value problems
are established. Stochastic differential equations with a nonlinearity exponent
depending on the variables (x,t) and driven by white noise are considered for the
first time.

Chapter 3 investigates Oskolkov-Stokes systems with variable nonlinearity ex-
ponents depending on all independent variables.

In Section 3.1 a mixed boundary-initial value problem for a system with a vari-
able nonlinearity exponent and a small parameter is considered. The existence of
weak solutions to this problem is proved by means of the Faedo—Galerkin method,
while uniqueness is established by a contradiction argument. The limiting problem
arising as the small parameter tends to zero is also investigated with respect to the
existence of solutions. To the best of our knowledge, mixed problems for Stokes-
type systems with variable nonlinearity exponents and a small parameter have
not been previously studied. proves existence and uniqueness of weak solutions to
mixed boundary value problems with a small parameter and analyzes the limiting
problem as the parameter tends to zero.

Chapter 4 is devoted to problems for evolutionary systems of the Boussinesq-
Stokes type.

In Subsection 4.1, a deterministic Boussinesq—Stokes system with variable nonli-
nearity exponents depending on the spatial and temporal variables is studied. Usi-
ng the Faedo—Galerkin method, the existence of weak solutions to the correspondi-
ng mixed problems is proved, and uniqueness is established. Integro-differential
Boussinesq-Stokes-type systems with variable nonlinearity exponents depending
on (x,t) have not been previously investigated.

In Subsection 4.2, the results of section 4.1 are extended to a stochastic
Boussinesq—Stokes system. The first equation of the system is perturbed by a
white-noise-type term. The existence and uniqueness of weak solutions to the
corresponding problem are also proved. Problems for such Boussinesq—Stokes-
type systems with variable nonlinearity exponents depending on (z,t), a random
parameter, and a white-noise-type perturbation have not been previously studied.

The dissertation concludes with a summary of the main results obtained.

Practical significance of the thesis results. The results of the dissertation

are of theoretical importance and may be used in the further development of
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the theory of partial differential equations. They can be applied to problems in

financial mathematics, population biology, optimal control theory, and related
fields.

Key words: partial differential equations, nonlinear parabolic equation, evoluti-
onary equation, integro-differential equation, stochastic differential equation, ran-
dom process, Wiener process, white noise, variable nonlinearity exponents, genera-

lized Lebesgue and Sobolev spaces.
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